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Preface 


Near rings, fuzzy ideals, and graph theory is a very fascinating course. Near 
ring theory has enormous applications in different subject areas such as dig- 
ital computing, sequential mechanics, automata theory, graph theory, and 
combinatorics. The first step toward near rings was axiomatic research done 
by Dickson in 1905. He exhibited that there do exist “fields with only one 
distributive law.” Near rings arise in a natural way. The set M(G) of all map- 
pings of a group (G, +) into itself, with the usual addition and composition of 
mappings becomes a near ring. Another example is the set of all polynomials 
with addition and substitution. 

This book provides the reader with a comprehensive idea about near ring 
theory with some links to fuzzy ideals and graph theory. It broadly covers 
three major topics: near rings, fuzzy ideals, and graph theory. Chapter 1 dis- 
cusses all necessary fundamentals of algebraic systems. Chapters 2 and 3 
cover the essentials of the fundamentals of near rings theory, appropriate 
examples, notations, and simple theorems. Chapter 4 covers the prime ideal 
concept in near rings. The rigorous approach of the dimension theory of 
N-groups, along with suitable illustrations, is presented in Chapter 5. Most 
of the chapters cover topics from the recent literature about certain notions 
and results such as prime ideals, essential ideals, uniform ideals, finite 
dimension, and primary and tertiary decompositions along with several 
characterizations. In Chapter 6, we make a brief study of matrix near rings 
with detailed proofs presented wherever necessary. The concept of gamma 
near ring, a generalization of the concepts of both gamma and near rings, is 
presented in Chapter 7 with suitable results. In Chapter 8, an introduction 
to fuzzy algebraic systems is presented. Particularly, the fuzzy ideals of near 
rings and gamma near rings are studied extensively. In Chapter 9, an attempt 
is made to discuss the concept of graph theory. A good presentation on some 
important concepts such as directed hypercubes, dimension, prime graphs, 
and graphs with respect to ideals in near rings completes the book. 

This textbook can be used by students as an introductory course for MSc 
(pure/applied mathematics) and as a prescribed book for MPhil and PhD 
course work. In addition, one can select suitable parts from this textbook to 
frame the syllabus of the relevant papers for different courses according 
to one’s needs. 
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Introduction 


The book consists of nine chapters. Each chapter has been provided in a 
thorough manner with appropriate illustrations. The necessary prerequi- 
sites, such as notions of basic set theory, group theory, ring theory, the theory 
of vector spaces, the theory of modules, elementary graph theory, and an 
introduction to fuzzy sets with some algebraic structures, are provided in 
Chapter 1. Most of the symbols and notations used are initiated in this chap- 
ter so that the reader will be familiar with the rest. Chapter 2 provides the 
fundamental concepts of near rings, substructures, isomorphism theorems, 
and briefly introduces the theory of matrix near rings. Chapter 3 provides 
the notion of an N-group, related homomorphism theorems, chain condi- 
tions on ideals, and the direct and inverse systems. We also discuss results 
on the matrix near rings in this chapter. In Chapter 4, we present the con- 
cepts of prime and semiprime ideals; various characterizations of prime and 
semiprime ideals are also given. The concept of insertion of factors’ property 
of near rings and N-groups is discussed in this chapter. A brief introduction 
to the finite spanning dimension has also been provided. In Chapter 5, the 
concept of the finite Goldie dimension is discussed. Several results on lin- 
early independent elements in N-groups are presented. The concepts of 
primary and tertiary decomposition are provided. Chapter 6 contains the 
results of prime ideals in matrix near ring, and the finite Goldie dimensions 
in matrix near ring module are studied. The concept of the gamma near ring, 
a generalization of both the near ring and the gamma ring, is presented in 
Chapter 7. Substantial results on prime ideals and nilpotent ideals are pre- 
sented. Further, introductory results on the modules over gamma near rings 
have been provided. Chapter 8 deals with the concept of fuzzy sets, which 
involves the study of uncertainty and vagueness. This concept is extended 
to algebraic systems such as near rings and gamma near rings. The fuzzy 
ideal structure, prime ideals, and homomorphism results are provided. 
Chapter 9 deals with the various concepts connected to graph theory. We 
provide the prime graph corresponding to a ring and the graph of a near ring 
with respect to an ideal. This covers some application domains of algebraic 
structures with graph theory. 
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1 


Preliminaries 


In this chapter, we present necessary fundamental definitions and results. 


1.1 Set Theory 


A set is considered as a primitive term, and is thus formally undefined, but 
we have an idea of what constitutes a set. 

A set is a collection of objects in which we can say whether a given object 
is in the collection. We denote this by a € A, read as “a belongs to A.” The 
members of a set are called its elements. 

If x is not an element of A, then we write x ¢ A. 

Suppose A and B are two sets. Then we say that A is a subset of B (written 
as A cB) if every element of A is also an element of B. 

Two sets A and B are said to be equal (denoted by A = B) if A is a subset 
of B, and B is a subset of A. 

If A and B are two sets, then the set {x | xe Aor xe B} is denoted by AU B 
and is called the union of A and B. The set {x | xe A and x € B} is denoted 
by Ao B and is called the intersection of A and B. 

If A and B are two sets, then the set {x € B | x ¢ A} is denoted by B—A (or 
B\A) and is called the complement of A in B. The set that contains no mem- 
bers is called the empty set and is denoted by ©. 


Definition 1.1.1 


(i) If S and T are two sets, then the set {(s, t) | s € Sand te T} is called 
the Cartesian product of the sets S and T (here, the elements (s, £) 
are called ordered pairs, and the ordered pairs satisfy the property 
(a, b) = (s, t) if and only if a=s and b =f). 

The Cartesian product of S and T is denoted by S x T. Thus, 


SxT={,t) | se Sandte T}. 


Note that if S and T are two sets, then S x T and T x S may not be 
equal (an example is given in Example 1.1.2 (iv)). 


2 Near Rings, Fuzzy Ideals, and Graph Theory 


(ii) If S,, S,, ..., S, are n sets, then the Cartesian product is defined as 
S,X SX... XS, = {(S1, $9, ---, 8,) | $,€ 5; for 1 <i<n}. 
Here, the elements of S,x S,x ... x S,, are called ordered n-tuples. The 
ordered n-tuples satisfy the condition 


(81, Soy veey Sy) = (Ey, to, «4 ty) OS; = 4, 1 Si <n. 


Example 1.1.2 


(i) {Rama, Sita, Lakshmana} is a set. 

(ii) Suppose A = {a, b, c} and B = {a, b, c, 3, 4}. Then A is a subset of B. If 
X = {c, b, a}, then A= X. 
If D = {a, b, 2, 4}, then A 7 D = {a, b} and A U D = {a, b, c, 2, 4}. 

(iii) An empty set is a subset of every set. For any set Y, we have © c Y. 

(iv) If X = {a, b} and Y = {x, y}, then 
Xx Y= {(a, x), @ y), (b, 9), (b, y)} and Y x X = {(x, a) (x, b), (y, a), (y, BD}. 
Note that X x Y#Yx X. 

(v) If A= {a, b}, B= {2}, C= {x}, then A x Bx C= {(q, 2, »), (b, 2, x)}. 


SS 


Example 1.1.3 


List the elements of the set 
{a/b | aand bare prime integers with 1 <a< 10 and3<b< 9}. 


Solution 


We know that the prime numbers that are greater than 1 and less than 10 are 
2, 3, 5, 7. Therefore, a may be 2 or 3 or 5 or 7; b may be 5 or 7. Therefore, the 
set is 


{2/5, 2/7, 3/5, 3/7, 5/5, 5/7, 7/5, 7/7} = {2/5, 3/5, 1, 7/5, 2/7, 3/7, 5/7}. 


Exercise 1.1.4 


List the elements of S x T, T x S, where T = {a, b, c, d} and S = {1, 2, 4}. Observe 
that the intersection of S x T and T x S is empty. 


Definition 1.1.5 


Let A; be a collection of sets—one for each element i belongs to I, where I is 
some set (e.g., ] may be the set of all positive integers). 
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We define [j-: A; = {a| a € A; for allie I}, and 


Nie Ai = {a|a € A; for some ie I}. 


Note that if {Aj}; -,; is a collection of subsets of X, then X — (UA) = 7 (X — A)). 


Example 1.1.6 


Write A; = {i,1+1,1+2, ...} for eachi eé N, the set of natural numbers. Then it 
is easy to observe that U;-v Aj = N and fe A; =D. 


Definition 1.1.7 


(i) Two sets A and B are said to be disjoint if A 7 B= ©. 
(ii) A collection {A}};. of sets is said to be mutually disjoint if A; 1 A;=9 
for all i € I, j € Isuch that i 4). 


Example 1.1.8 


(i) The sets A = {1, 2}, B = {a, b}, and C = {x, y, z} are mutually disjoint. 
(ii) If B; = {2i, 21 + 1} for alli € N, then {B},. is a collection of mutually 
disjoint sets. 


Definition 1.1.9 


Let A be a set. The power set of A is the set of all subsets of A. It is also 
denoted by P(A). 


Problem 1.1.10 


If the set A has n elements, formulate a conjecture about the number of ele- 
ments in P(A). 


Solution 
Suppose A has n elements. Let m be an integer such that 0 <m <n. We can 
select m elements from the given set A in "C,,, ways. So, A contains "C,,, distinct 


m 
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subsets containing m elements. Therefore the number of elements in P(A) = 
number of subsets containing 0 number of elements 

+ number of subsets containing only one element 

aks 

+ number of subsets containing n elements 

Cy AP Cyst Cy MC, HS 2", 


Definition 1.1.11 


A relation R between the sets A,, A,, ..., A, is a subset of A, x A,X... X A, 
This relation R is called an n-ary relation (two-ary is called binary, three-ary 
is called ternary). In general, a relation means a binary relation on a set S 
(means a subset of S x S). A relation R on S is said to be 


) transitive if (a, b) € R, (b,c) € Rimplies G@, 0) € R; 

) reflexive if @, a) € R forallae S; 

i) antisymmetric if (@, b) e€ Rand (b,a)—e R>a=b; 

) symmetric if (a, b) € R implies (b, a) € R; 

) an equivalence relation if it is reflexive, symmetric, and transitive. 


If (a, b) is an element of the equivalence relation, then we write a ~ b and we 
say that a and b are equivalent. 

Let R be an equivalence relation on S and a an element of S. Then the set 
[a] = {s € S | s ~ a} is called the equivalence class of a (or the equivalence 
class containing 4). 


Example 1.1.12 


(i) If A= {a, b,c} and R = {(@, a), (b, b), (c, c), @, D), (b, a)}, then R is an equiva- 
lence relation on A and [a] = {a, b}, [b] = {a, b}, and [c] = {c}. 
(ii) Let Z be the set of all integers. Consider the set 
X = {¢|a,be Zand b+ 0}. Define 4 ~ 5 (or = 4) if ad =be. 
Then this ~ is an equivalence relation on X. 
An equivalence class of is called a rational number. 

(iii) Let fi X — Y. Define a relation on X as follows: x, ~ x, = f(x) = f(x»). 
Show that this is an equivalence relation and describe the equiva- 
lence classes. 

(iv) On the set R of all real numbers, let us define a relation as follows: 
x~y@&x—yis an integer. 

Show that this is an equivalence relation and describe the equiva- 
lence classes. 

(v) For two sets X and Y, we say that X is numerically equivalent to Y, 
if there exists a bijection from X to Y. Take a set A and consider 
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P(A) = {X | X cA}. Then the relation “numerically equivalent” is an 
equivalence relation on P(A). 

(vi) Let S be the set of all the items for sale in a grocery store: we declare 
a~b fora, be S, if the price of a equals to that of b. Clearly, ~ is an 
equivalence relation. Note that in measuring this “generalized equal- 
ity” on S, we ignore all the properties of the elements of S other than 
their prices. So, a ~ b if they are equal as far as the price is concerned. 

(vii) Let S be the set of all integers and n > 1 a fixed integer. The symbol 
“|” denotes divides. We define a ~ b fora, be S, ifn|(a—). 


We verify that this is an equivalence relation. Since n|0 and 0 =a — a, we 
have a ~ a. 

Because 1|(a — b) implies that n|(b — a), it follows that a ~ b implies that b ~ a. 

Suppose a ~ b and b ~ c, then n|(@— b) and n|(b — c); hence, n|(a — b) + (b — 0), 
that is, 1|(a —c). Therefore, a ~ c. 


Definition 1.1.13 


A partition of a set S is a set of subsets {S; | 9 #5; S andie I, where I is 
some index set} satisfying Uie)S;=S and $;A S;=@ if i #/}. 


Example 1.1.14 


(i) Write A = {1, 2, 3, 4, 5, a, b, ch, S, = {1, 2}, S, = {3}, S, = {4 5, a}, and S,= 
{b, c}. Then S,, S3, $3, $4 form a partition for A. 

(ii) Consider R, the set of all real numbers. The collection {(a, b) | a,be Z 
and b=a + 1} of subsets of R forms a partition for R. 


Lemma 1.1.15 states that any two equivalence classes are either equal or 
disjoint. 


Lemma 1.1.15 


If Ris an equivalence relation on S anda, be S, then either [a] = [}] or [a] 1 [b] = ©. 


Proof 


If [a] A [b] = ©, then it is clear. Now suppose the intersection is nonempty. Let 
xe [a] O [b] > xe [a] andxe [b] >x~aandx~b>a~xand x ~ b (since ~ 
is symmetric) = a ~ b (since ~ is transitive). Now we show that [a] = [b]. For 
this, let y € [a] = y ~ a. We already have a ~ b. Therefore, y ~ b (by transitive 
property) => b~ y = yé [b]. Hence, [a] c [b]. Similarly, we get that [b] c [a]. 
Therefore, [a] = [b]. a 
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Lemma 1.1.16 


Let A be a set and ~ an equivalence relation on A. Then, the set of all equiva- 
lence classes forms a partition for A. 


Proof 


The collection of all equivalence classes is {[a] | a € A}. Since each [a] c A, 
it follows that U,<a[a] c A. Now, let x € A. It is clear that x €[x] CU, eala]. 
Therefore, it follows that A = U,ea[a]. By Lemma 1.1.15, we know that either 
[a] = [b] or [a] J [b] = © for any a, b € A. Hence, the set of all equivalence 
classes forms a partition. a 


Lemma 1.1.17 


Let A bea set and {A; | ie I} be a collection of nonempty subsets of A, which 
forms a partition for A. Then there exists an equivalence relation ~ on A such 
that the equivalence classes are nothing but the sets of the partition. 


Proof 


Define the relation ~ on A as a,b € A,a ~ b if there exists i € I such that a, 
b € A;. Now we show that this ~ is an equivalence relation on A. To show ~ 
is reflexive, take ae A. Since A = UA, it follows that a € A; for someie I> a4, 
aé A;=>a~a. Therefore, ~ is a reflexive relation. To show ~ is symmetric, 
take a, b € A such that a ~ b. This implies that there exists i € I such that a, 
be A;>b,a€ A;=>b ~a. Therefore, ~ is symmetric. To show ~ is transitive, 
let a, b, ce A such that a ~ b and b ~ c. Now there exists i, ] € I such that a, 
be A,;andb,ceé A,. So, be rvigiret: Ifi#j,thenbe A, 0 A; = ©, which is a 
contradiction. Therefore, i = j and A; = A; Nowa,ce Aj>a~c. Therefore, ~ 
is transitive. Hence, ~ is an equivalence relation. To show the last part, take 
ie€ Iand x e€ A;. Now we show that [x] = A;. For this, let y € [x] >x~y=> x, 
y € Aj=> ye A,. Therefore, [x] c A;. Let z € A;. Now, x,z€ Aj>x~z=>> ze [x]. 
Therefore, A; ¢ [x]. Hence, [x] = A;. So, every A;is an equivalence class. Let [b] 
be an equivalence class. Then b € A = there exists j € I such that b < A;. Now 
by the previous part, it follows that [b] = A;. Therefore, the set of all equiva- 
lence classes is nothing but the sets of the given partition. a 


Theorem 1.1.18 


Let A be a set. If ~ is an equivalence relation on A, then the set of all equiva- 
lence classes forms a partition for A. Conversely, if {A; | i € I} is a partition 
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on A, then there exists an equivalence relation on A whose equivalence 
classes are A,,i¢é I. 


Proof 


Combination of Lemmas 1.1.16 and 1.1.17. |_| 


Definition 1.1.19 


Let S and T be sets. A function f from S to T is a subset f of S x T such that 


(i) fors € S, there exists t € T with (s, ft) € f 
(ii) (|, uy) € fand(s, fhe fo=t=u 


If (s, t) € f, then we write (s, f(s)) or f(s) =t. 

Here, t is called the image of s, and s is called the preimage of t. 

The set S is called the domain of f, and T is called the codomain. 

The set {f(s) | s € S} is a subset of T, and it is called the image of S under f 
(or the image of f). We denote the fact 

“fis a function from S to T” by “f:S > T’ 

f:S > Tis said to be a one-one function (or injective function) if it satis- 
fies the following condition: f(s,) = f(s) > $; = $9. 

f:S > Tis said to be an onto function (or surjective function) if it satisfies 
the following condition: t ¢ T > there corresponds an element s in S such 
that f(s) = t. 

A function is said to be a bijection if it is both one-one and onto. 

Let g: S > Tandf: T > U. The composition of fand gis afunction fog: 5 > U 
defined by (fo g)(s) = f(g(s)) for all s in S. 

A binary operation on a set S is a function from S x S into S. 

An n-ary operation on a set S is a function from S x S x ... x S (n times) 
into S. A unary operation is a function from S into S. If fis a binary operation 
on S, then for any two elements a, b in S, the image of (a, b) under fis denoted 
by afb. A binary operation “” on S is said to be associative if (s-f)-u=s-(t-u) 
for all elements s, t, u in S. A binary operation on S is said to be commutative 
ifs-t=t-s foralls,tinS. 

A binary operation on S is said to have an identity if there exists an ele- 
ment ein S such that e-s=s=s-e forallsinS. 


Example 1.1.20 


(i) Show that if g: S > T and f: T > U are one-one functions, then fog 
is also one-one. 
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Solution: Suppose that (fo 9)(s) = (fog)(6 fors, t € S. By the definition 
of composition of maps, we have f(9(s)) = f(g(b). Since f is one-one, 
we get 9(s) = g(t). Since g is one-one, we get s = ¢. Therefore, fog is 
one-one. 
(ii) If g: S > T and f: T > U are onto, then so is fog. 

Solution: Let uv ¢ U. To show that fog is onto, we have to find an 
element s in S such that (fog)(s) = u. Since f is onto, there exists t in 
T such that f(f) = u. Now since g is onto, there exists s in S such that 
g(s) =t. It is clear that (fog)(s) = f(g(s)) =f) = u. Hence, fog is an onto 
function. 


Definition 1.1.21 


A function f: S > T is said to have an inverse if there exists a function g from 
T to S such that (gof)(s) =s for alls in S and (fog)(t) =¢ for all t in T. We call 
the function g the inverse of f A function f: S > S is said to be an identity 
function if f(s) =s for alls in S. The identity function on S is denoted by either 
Tor I;. The inverse of a function f, if it exists, is denoted by f. Two functions 
f:A-— Band g: C > Dare said to be equal if A = C, B = D, and f(a) = g@) for 
all elements a € A =C. If two functions f and g are equal, then we write f= g. 
The identity function is one-one and onto. A function g is inverse of fif and 
only if fog and gofare identity functions. 


Problem 1.1.22 


Prove that a function f has an inverse if and only if fis one-one and onto. 


Solution 


Suppose the inverse of f:S > Tis g:T > S. 

By definition, gof(s) =s for alls in S and fog (f) = ¢ for all t in T: 

To show fis one-one, suppose a, b € S such that f(@) = f(b). 

By applying the function g on both sides, we get gof(@) =gof(0). 

Since gof is an identity, we get a = gof(a) = gof(b) =b. 

Hence, fis one-one. To show f is onto, let t be an element of T: Write x = g(f). 
Then x € S and f(x) =f(g() =fog( = +t. Hence, fis onto. 


Converse 
Suppose f is one-one and onto. 
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Define g: T > S as g(t) =s, where f(s) =t. To verify that g is a function, sup- 
pose g(t) =a and g(t) = b. Then fa) = t and f(b) =t. 

So, f(a) = f(b), which implies a = b (since f is one-one). Therefore, g is a 
function. 

For alls in S, it follows that gof(s) = 9(f(s)) = gf) = s (where t = f(s). 

Also, for all t in T, we have fo g(t) =f(g() =f(s) = t. Hence, g is the inverse of f. 

Note that the inverse of a function is unique. The identity function on a set 
is unique. An identity element in a set with respect to a binary operation is 
unique. 


Notation 1.1.23 


If S is a nonempty set, then we write 
A(S) = {f | f: S > Sis a bijection}. 


Theorem 1.1.24 
If f, g,h € A(S), then 


(i) foge A(S). 
(ii) (fog)oh=fo(goh). 
(iii) There exists an element I € A(S) (the identity mapping on S) such 
that fol = f=Iof. 
(iv) For fe A(S), there corresponds an element fin A(S) such that fof += 


I=frof. 


Proof 


(i) f g€ AG) =f g are both one-one and onto 

= fog is both one-one and onto 
= fog is a bijection 
= fog e A(S). 

(ii) This is a direct verification. 

(iii) We know that I: S > S defined by I(s) =s for alls € S, 
(fol\(s) =f(I(s)) = f(s), for alls e S > fol = 
(Lof)(s) = I(f(s)) =f(s), for allse S => ae 

(iv) Define f7: S > S by f"(y) =, if f@) = 
Then f+ is a function and (fof )(x) a ey Ff (2d) aie =x = I(x). 
So, fof =I. Similarly, (fof)(y) =f") =f) = y =I. 
This implies fof = I. Therefore, fof =I=f"o i. Oo 
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Problem 1.1.25 


Let |S|denotes the number of elements in S. If |S| =1, then show that | A(S)| = 1! 


Solution 
Suppose S = {x; | 1<isn}. Iffe A(S), then fis a bijection. 

To define f: S > S, we have to define f(x,) as an element of S for each 1 Si<n. 

To define f(x,), there are n possible ways (because f(x1) € {X1, X, .., Xul)- 

Since f is one-one, it follows that f(x,) # f(x»). 

So, after defining f(x,), there are (n — 1) ways to define f(x,), because f(x) € 
{X1, Xo, ..., X,}\Uf(%)}. Thus, both f(x) and f(x,) can be defined in n(n — 1) ways. 
Now, for f(x3), there are (1 — 2) ways. Hence, f(x), f(x), ..., (x,) can be defined 
in n(n — 1) -2) ...2 x 1 =n! ways. Therefore, n! number of bijections can be 
defined from S to S. This means |A(S)| = 1! 


1.2 Group Theory 


In this section, we study an algebraic object known as a “group,” which 
serves as one of the fundamental building blocks for the development of 
“abstract algebra.” In fact, group theory has several applications in many 
areas where symmetry occurs. Applications of groups can also be found in 
physics and chemistry. Some of the exciting applications of group theory 
have arisen in fields such as particle physics and binary codes. 


Definition 1.2.1 
For a nonempty set G, a binary operation on G is a mapping from G x G 
into G. In general, binary operations are normally denoted by * ,, or o. 


Definition 1.2.2 


A nonempty set G together with a binary operation * is called a group if the 
algebraic system (G, *) satisfies the following four axioms: 


(i) Closure axiom: a, b are elements of G implies that a * b is an element 
of G. 
(ii) Associative axiom: (a * b) *c=a* (b+ c) for all elements 4, b,c in G. 
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(iii) 
(iv) 


Identity axiom: There exists an element e in G such that a *e=e*a=a 
for all elements a in G. 

Inverse axiom: For any element a € G, there corresponds an element 
be Gsuch thata+b=e=b+a. 


Note 1.2.3 


The element e of G (given in the identity axiom) is called an identity element. 
The element b (given in the inverse axiom) is called an inverse of a in G. 
Later, we prove that the identity element in a group is unique. The inverse of 
a given element is also unique. 


Problem 1.2.4 


Let S be a nonempty set. Let A(S) be the set of all bijections on S. Suppose “o 


“a 


is the composition of mappings. Then (A(S), 0) is a group. 


Solution 


(i) 


(ii) 


(iii) 


(iv) 


Closure axiom: Let f, g be in A(S). Then f, g are bijections. Then fog, 
the composition of two bijections, is also a bijection. Hence, fog is in 


A(S). 

Associative axiom: Let f, g, h be in A(S). We know that for any map- 
pings f, g, h, the condition of the associative law fo(goh) = (fog)oh 
holds. Thus, associativity holds. 

Identity axiom: We know that the identity mapping I on S, defined 
by I(x) =x for all x in S, is a bijection on S. Therefore, J is in A(S). Also, 
we know that fol =f=IJof for all mappings from S to S. Hence, J is an 
identity element in A(S). 

Inverse axiom: Let f be an element of A(S). Then fis a bijection. Now 
the mapping g is defined by g(x) = y, whenever f(y) = x is a bijection 
on S. Therefore, ¢ is an element of A(S). Also, it is easy to verify that 
fog=I=gof. Hence, g is the inverse of fin A(S). 


From these facts, we conclude that (A(S), 0) is a group. 


Definition 1.2.5 


Let (G, *) be a group. Then (G, *) is said to be a commutative group (or Abelian 
group) if it satisfies the commutative property: a * b=b « a, for alla, b in G. 
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TABLE 1.1 
Multiplication Table 
A -l1 +1 
-1 1 -1 
1 -1 dl 


Example 1.2.6 


Consider the real numbers —1, +1. Take G = {-1, 1}. Then (G, -) is a commutative 
group with respect to the usual multiplication of numbers. 


Verification 


Closure axiom: From the multiplication table (Table 1.1) it is clear that a-b is 
in G for alla, binG. 

Associative axiom: We know that the real numbers satisfy the associative 
law. Since 1 and —1 are real numbers, this axiom holds good. 

Identity axiom: From Table 1.1 it is clear that 1-a4=a=a-1 for all elements a 
in G. Hence, 1 is the identity element. 

Inverse axiom: From Table 1.1 it is clear that 1 is the inverse of 1 and —1 is 
the inverse of —1. 

Commutative law: From the table it is clear that (—1)-1 = 1-(-1). Therefore, 
the commutative law holds well in (G, -). Hence (, :) is a commutative group. 


Definition 1.2.7 


Let G be a group. If G contains only a finite number of elements, then G is 
called a finite group. If G contains an infinite number of elements, then G 
is called an infinite group. If G is a finite group, then the order of G is the 
number of elements in G. If G is an infinite group, then we say that the order 
of G is infinite. The order of G is denoted by O(G). 


Examples 1.2.8 


(i) Let G be the set of all integers and + be the usual addition of num- 
bers. Then (G, +) is an Abelian group. Here, 0 is the additive identity 
and —x is the additive inverse of x for any x in G. This G, +) is an 
infinite group, and so O(G) is infinite. 

(ii) Consider Q, the set of rational numbers, and R, the set of all real 
numbers. Clearly, these two are infinite Abelian groups with respect 
to the usual addition of numbers. 
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(iii) From Example 1.2.6, it is clear that the set G consisting of —1 and 1 is 
a group with respect to usual multiplication. This group is a finite 
group, and O(G) = 2. 


Example 1.2.9 


Let 1 be a positive integer. Write G = {a' | i=0,1,...,n}, where a° = a" =e for 
some fixed symbol a. Define an operation, denoted by “” on G, by 


a-d=a'tiifitj<n 
=ati-"ifitjen. 


Then (G, :) is a group of order n. 
We call this group (given in Example 1.2.9) a cyclic group of order n. 


Lemma 1.2.10 


If G is a group, then 
(i) The identity element of G is unique. 
(ii) Every element in G has a unique inverse in G. 
(iii) For any a in G, we have (a")" =a. 
(iv) For all a, b in G, we have (a-b)1=b1- a. 


Proof 


(i) Let e, f be two identity elements in G. Since e is the identity, it follows 
that e-f =f Since fis the identity, it follows that e-f =e. Therefore, e = 
e-f=f. Hence, the identity element is unique. 

(ii) Let a be an element in G, and 4,, a, are two inverses of a in G. Now 
a, = a, -e (since e is the identity) 
= a, -(a- az) (Since ay is the inverse of a) 
= (a -a)- a2 (by associative law) 
= €- dp (since a, is the inverse of a) 
=A. 
Hence, the inverse of an element in G is unique. 
(iii) Leta € G. Since a-a“! =e =a" -a, it follows that a is the inverse of a7. 
Hence (a7)! =a. 
(iv) Let a, b be elements in G. Consider (b7-a")a-b) = b1-(a1-a)-b = 
b1.e-b=b1-b=e. 


Similarly, e = (a-b)-(b-a"). This shows that (a-b)+ = bt-at. a 
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Definition 1.2.11 


Let (G, 0) be a group. A nonempty subset H of G is said to be a subgroup of G 
if H itself forms a group under the product in G. 
The following lemma provides an equivalent condition for a subgroup. 


Lemma 1.2.12 


A nonempty subset H of a group G is a subgroup of G if and only if 
(i) a,b € Himplies ab € H and (ii) a €¢ Himplies ate H. 
Proof 


Suppose that H is a subgroup of G 
= Hitself isa group under the product in G 
= (i) and (ii) hold. 


Converse 


Suppose H satisfies (i) and (ii). By (i), H satisfies the closure property. For any 
a, b,c € H, we havea, b,c € G = a(bc) = (ab)c. By (ii), for any ae H,ale H. 
Now by (i), e = aa? € H. Therefore (H, :) is a subgroup of (G, :). The proof is 
complete. | 


Lemma 1.2.13 


If His anonempty finite subset of a group G and H is closed under multipli- 
cation, then H is a subgroup of G. 


Proof 


Suppose H is a nonempty finite subset of a group G and H is closed under 
multiplication. Now we have to show that H is a subgroup of G. It is enough 
to show that a¢ H >a" e H (by using Lemma 1.2.12). Since H is a nonempty 
set, there exists a € H. 

Now, 4,a€ H=> a’ H. Similarly, a° € H,...,a" € H,.... Therefore, H D {a, 
a’, ...}. Since H is finite, it follows that there must be repetitions in a, a’, .... 
Therefore, there exist integers r,s with r > s > 0 such that a" = a° = a"- a* =a" 
>a" *=e>ece H(sincer—s>Oandae H> a" ‘e H).Sincer—s—120, we 
have a’-*-!e Handa-a’-*-!=a"-S=ee H. 

Hence, a’~*~! acts as the inverse of a in H. Hence, H is a subgroup. |_| 
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Example 1.2.14 


“wa 


Let S be a set. We know that (A(S), 0) is a group where “o” is the composition 
of mappings. Write H(x)) = {fe A(S) | f(%o) = xo}, where x, is a fixed point of S. 
Then H(x,) is a subgroup of A(S). 


Solution 
Let f g € H(x) = fl%) = Xp and Q(X) = Xp. Now consider (fo g)(Xp) = f(g(%o)) = 
f(Xo) =X = fog € H(x). Hence, the closure axiom holds well. 

Also, f(%o) = X) > f"(Xo) = Xp (Since fis a bijection, f+ exists) = f1 € H(x)). 
Therefore, H(x9) is a subgroup of A(S). 


Definition 1.2.15 


(i) Let Gbe a group anda e G. Then @) = {a' | i=0, +1, ...} is called the 
cyclic subgroup generated by the act aeG. 

(ii) Let G be a group. Then G is said to be a cyclic group if there exists an 
element a € G such that G = (a). 


Definition 1.2.16 


If ~ is an equivalence relation on S, then [a], the class of a, is defined by [a] = 
{be S| b~ah. 


Definition 1.2.17 


Let G bea group and H beasubgroup of G,a,b € G. We say that ais congruent 
to b (mod H), written as a=b (mod H) if abte H. 


Lemma 1.2.18 
The relation a = b (mod H) is an equivalence relation. 
Proof 
We have to show that 
(i) a=a (mod H) 


(ii) a=b (mod H) > b=a (mod H) 
(iii) a=b (mod H), b=c (mod H) > a=c (mod H), for all a, b, ce G. 
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(i) Since His a subgroup of G, it follows that aa!=ee Hforae G>az=a 
(mod H). 

(ii) Suppose a = b (mod H) 
=ab'e H= ab") € H (since H is a subgroup of G) 
=> (b>)a1 ¢ H= bate H>b=a (mod H). 

(iii) Suppose a = b (mod H), b=c (mod H) 

>ab'!e H,be!e H 
=> (ab) (bc*) € H (since His a subgroup of G) 
=> a(b"b)c € H => aec!e« H>ac!e€ H=>a=c (mod H). 


Therefore, the relation a = b (mod H) satisfies (i) reflexive, (ii) symmet- 


ric, and (iii) transitive properties. Thus, the relation is an equivalence 
relation. oO 


Definition 1.2.19 
If H is a subgroup of G anda e G, then Ha = {ha | h € Hy} is called the right 
coset of H in G. The set aH = {ah | h € H} is called the left coset. 


Lemma 1.2.20 
For alla € G, Ha= {x € G | a=x (mod H)} = [a]. 


Proof 


Consider [a] = {x € G | a=x (mod H)}, the equivalence class under the equiva- 
lence relation defined in Definition 1.2.17. Let x ¢ Ha > x=ha for somehe H. 
Since h € H, it follows that ax! = a(ha)"' =aath"=eh=h'« H>=axte H> 
a=x (mod H) > xe [al]. 


Converse 
Suppose x € [a] > a=x (mod H) = axte H 
=S(act)te H>xateH 
=> xa'=h forsomehe H>x=hae Ha. 
Therefore [a] = Ha. Oo 


Lemma 1.2.21 


There is a one-to-one correspondence between any two right cosets of H 
inG. 
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Proof 


Let H bea subgroup of G and Ha, Hb be two right cosets of H in G (for some 
a,b &€ G). Define @: Ha > Hb by (ha) =hb for all ha € Ha. 
To show that @ is one-one, let 1,4, h,a € Ha such that (1,4) = o(h,a) > hb = 
hyb = h, = h, (by the Cancellation Law) => /,a = h,a. Therefore, @ is one-one. 
To show @ is onto, let hb € Hb > he H. Now ha € Ha and (ha) = hb. 
Therefore, @ is onto. Thus, there is a one-to-one correspondence between any 
two right cosets of H. a 


Note 1.2.22 


Since H = He, it follows that H is also a right coset of H in G, and by Lemma 
1.2.21, any right coset of H in G has O(H) elements. 


Theorem 1.2.23 (Lagrange’s Theorem) 


If G is a finite group and H is a subgroup of G, then O(H) is a divisor of O(G). 
Proof 


Let G be a finite group and H a subgroup of G with O(G) = n, O(A) = m (note 
that since G is finite, H is also finite). We know that any two right cosets are 
either disjoint or identical. Now, suppose Ha,, Ha», ..., Ha, are only distinct 
right cosets of H in G. 

This implies G = Ha, U Ha, U ... U Ha,. Since every right coset has O(H) 
elements, it follows that O(G) = O(Ha,) + O(Ha,) + ... + O(Ha,) = O(H) + O(H) + 
... + O(A) (k times). This implies O(G) = k-O(H). This shows that O(H) divides 
O(G). 

The converse of the Lagrange’s theorem is not true, that is, the statement 
“If Gis a finite group and k | O(G), then there exists a subgroup H of G such 
that O(H) =k” is not true. a 


Example 1.2.24 


Consider the symmetric group S,. We know that S,={f: AA | fis a bijec- 
tion and A = {1, 2, 3, 4}}. Clearly, |S,| = 24 © 4!). Now, A, = the set of all even 
permutations in S,. Then |A,| = 12. It can be verified that any six elements of 
A, cannot form a subgroup. Therefore, 6 | O(A,) but A, contains no subgroup 
of order 6. 
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Definitions 1.2.25 


(i) If H is a subgroup of G, then the index of H in G is the number of 
distinct right cosets of H in G. It is denoted by i(H). 

(ii) If Gis a group and a ¢€ G, then the order of a is defined as the least 
positive integer m such that a” =e. 


Note 1.2.26 


If there is no positive integer n such that a" =e, then a is said to be of infinite 
order. 


Corollary 1.2.27 
If Gis a finite group and ae G, then O@) | OG). 


Proof 


Suppose G is a finite group and a € Gand O(G) =n, O@) =m. Let H = {a, a’, 
a™ =e}. Clearly, H is a subgroup of G. Now we have to show that O(A) = m. For 
this, suppose O(H) < m = a'=ai forsome 0 $i,jsm=>a'-at=a-ai(ifj<i)=> 
a'~i=a° =e, where 0 <i-—j <m, which is a contradiction (since m is the least 
positive integer such that a” = e). 

Therefore, O(H) = m = O(@). Now, by the Lagranges theorem, we have 
O(H) | OG). This shows that O@) | O(G). | 


Corollary 1.2.28 
If Gis a finite group and ae G, then a? =e. 


Proof 


By Corollary 1.2.27, it follows that O(@) | O(G) = there exists m such that OG) = 
m-O(a). Now, a°© = a 0@ = (q0@)" =e" =e. 

Let Z be the set of all integers and let n > 1 be a fixed integer. For the equiv- 
alence relation a= b (mod n) @is congruent to b mod n), if n|(a— b), the class of 
a (denoted by [a]) consists of all a + nk, where k runs through all the integers. 
We call this the congruence class of a. | 
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Theorem 1.2.29 


Z,, forms a cyclic group under the addition [a] + [b] = [a + b]. 


Proof 


Consider Z,, = {[0], [1], ..., [1 — 1}. 

We define the operation + in Z,, as [a] + [b] = [a + b]. 

Suppose that [a] = [a']; then n|(a — a’). Also suppose that [b] = [b']; then n| 
(b-’). 

Hence, n|(@ — a’) + (b — b’) > n|(a +b) -@' +b). 

Therefore, (a + b) = (a! + b') (mod n). Hence, [a + b] = [a' + b']. 

This shows that the operation + is well-defined on Z,,. 

The element [0] acts as the identity element and [-—a] acts as —[a], the inverse 
of [a]. It can be verified that Z,, is a group under the operation +. Also, it is a 
cyclic group of order n generated by [1]. a 


Note 1.2.30 


(i) We define the multiplication on Z,, as [a] -[b] = [ab]. 
For instance, if 1 = 9, then [2] - [7] = [14] = [5] and [3] - [6] = [18] = [0]. It 
can be verified that Z,, does not form a group under multiplication, 
since [0] -[a] = [0] for all a, and the unit element under multiplication 
is [1], and [0] cannot have a multiplicative inverse. 
(ii) If n = 6, then [2] # [0], [3] 4 [0], yet [2] - [3] = [6] = [0]; so, the nonzero 
elements (in general) need not form a group. 
(iii) Let U,,= {[a] € Z, | @ n)= Uj, noting that (@, n) =1 if and only if (6, n) =1 
for [a] = [b]. If @ n) = 1 and (b, n) = 1, then (ab, n) = 1. So, we have 
[a] - [b] = [ab]. 
Therefore, if [a], [b] € U,,, then [ab] € U,,. Therefore, U,, is closed under 
the operation product. The associativity condition can be easily veri- 
fied (follows from the associative law of integers under the operation 
multiplication). [1] is the identity element. Multiplication is commu- 
tative in U,,. 
If [a][b] = [a][c], where [a] € U,,, then we have [ab] = [ac], and so [ab — ac] = 
[0]. This shows that 1 | a(b —c) = ab —ac; but ais relatively prime to n. 
Now we have n|(b — c), and so [b] = [c]. In other words, we have the 
cancellation property in U,,. Thus, U,, is a group. 
(v) |U,| =the number of integers m with 1 sm <n such that (m, n) = 1. 


we 
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Euler Function 1.2.31 


The Euler-@-function is defined for all integers in the following way: 9(1) =1, 
e(n) = the number of positive integers <n, and are relatively prime to n (ifm > 1). 
Therefore, if X, ={ae Z | 0<a<nand4@,n) = Jj, then o(n) = O(X,), ifn > 1. 


Notation 1.2.32 


If H, K are subgroups of G, then HK = {xe G | x=hk,he H,ke K}. If KCG, 
then K+= {x | xe K}. 


Note 1.2.33 


His a subgroup of G=> H1!=H. 


Verification 


Suppose His asubgroup of Gandxe Htexte (At Sexte Ho 
(x)1 € H (since H is subgroup) = x € H. Therefore, H! = H. 


Note 1.2.34 


(i) If Gis a group and H is a subgroup, then Ha = {ha | h € H} = [a], the 
equivalence class containing a (under the equivalence relation x = 
y if and only if xy! € H). Therefore, for any a, b € G, it follows that 
either Ha = Hb or Ha Nn Hb= ©. 

(ii) Let A =the set of all left cosets of Hin G, and 
P =the set of all right cosets of H in G. 

Define 9: P > A by (Ha) = aH. To verify that @ is one-one, let @(Ha) = 
o(Hb) > a'H =b1H = @)1b1 e H>= ab" e€ H=> Ha=Hb. Hence, 9 is one- 
one. To verify that is onto, take a left coset xH € A. Now, write a= x1; then 
(Ha) = aH = (x)'H = xH. Therefore, © is onto. Thus, there is a one-to-one 
correspondence between the set of all left cosets of H in G and the set of all 
right cosets of Hin G. 


Definition 1.2.35 


A subgroup N of G is said to be a normal subgroup of G if for every g € G 
and ne N, we have gng te N. 
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It is clear that a subgroup N is a normal subgroup of G, if and only if 
gNgtcN forall ge G. 


Lemma 1.2.36 


N is anormal subgroup of G, if and only if gNg-! = N for every geé G. 
Proof 
Suppose N is a normal subgroup of G 
= eNgtcN, forallgeG (1.1) 
Since g € G, it follows that g1 € G. 
Therefore, g1N(g)1CN> eg INgcN > (9 'Ng) CENSNecgNs> 
Ngg'c gNg” 
=>NcgNgt (1.2) 


Therefore, from Equations 1.1 and 1.2, we have N = gngtt. 


Converse 

Suppose gng! = N for every g. Let g € G,neé N. Consider gng te gNgt=N. 
Therefore, gNg-c N. Hence, N is normal in G. Oo 
Lemma 1.2.37 


The subgroup N of G is anormal subgroup of G, if and only if every left coset 
of N in Gis a right coset of N in G. 


Proof 


Suppose N is a normal subgroup in G > gN¢!=N for all g € G=> gNg-lg = 
Ng => gN = N¢ for all g € G. Therefore, every left coset of N in G is a right 
coset of N in G. 


Converse 

Suppose that every left coset of N in G is a right coset of N in G. Then the left 
coset xN = Ny for some y € G. Since x = xe € xN = Ny, it follows that x « Ny => 
xe [y]. Therefore, Nx = [x] =[y] = Ny = xN = Nx => xNx1=Nxx1t=> N=xNx1 
for all x € G. Therefore, N is anormal subgroup in G. a 
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Lemma 1.2.38 


A subgroup N of G is a normal subgroup of G if and only if the product of 
two right cosets of N in G is again a right coset of N in G. 


Proof 


Suppose that N is normal in G and a, b € G. Consider (Na)(Nb) = N@N)b = 
N(Na)b. Since N is normal, we have Na = aN (by Lemma 1.2.37) = NN(ab) = 
Nab. Thus, the product of two right cosets of N in G is again a right coset of 
NinG. 


Converse 


Suppose that the product of two right cosets of N in G is again a right coset 
of N in G. We have to show that N is anormal subgroup in G. For this, take 
xe G. Then xe G. Now Nx, Nx tare two right cosets of N in G. By converse 
hypothesis, (Nx)(Nx~*) is also a right coset of Nin G. Since e=ex ex te NxNx 
andee Ne=N, it follows that the product of the two right cosets, Nx Nxt and 
Ne, have the common element e. Therefore, NxNx-! = Ne=N > n,xnx te N 
for some n, and for allne N= xnxten tNcN=>xnx'e N forallxeG, 
and for alln € N. Therefore, N is anormal subgroup of G. Oo 


Theorem 1.2.39 


If G is a group and N is a normal subgroup of G, then G/N is also a group. 
This group is called a quotient group or a factor group of G by N. 


Proof 


Let N be anormal subgroup of G. Consider G/N = {Na | ae G}. 

Closure property: Let Na, Nb e G/N > a,b € G= abe G= (Na) - (Nb) = 
Nabe G/N. 

Associative property: Let a, b, ce G. Then, Na, Nb, Ne € G/N. Consider 
Na(Nb- Nc) = Na(Nbc) = Na(bc) = N(ab)c = NabNc = (Na-Nb)Nc. 

Identity property: Let e be the identity in G. Then Ne € G/N. Now, for any 
Nae G/N, we have (Na)(Ne) = Na = (Ne)(Na). This shows that Ne € G/N is the 
identity element. 

Inverse property: Let Na € G/N. Then a ¢€ G, and hence a™ € G. Consider 
Na € G/N and (Na)(Na7) = Naa“ = Ne = N(aa) = (Na“)(Na). This shows that 
Na is the inverse of Na in G/N. Therefore, G/N is a group. a 
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Definition 1.2.40 


A mapping 9: G > G!, where G, G! are groups, is said to be a homomorphism 
if for alla, b € G, we have 9(a-b) = e(@) -e(0). 


Example 1.2.41 


Let G be a group of real numbers under addition, and G! be the group of non- 
zero real numbers with ordinary multiplication. Define a mapping @ from 
(G, +) > (G1, :) by @@ = 2°. Now consider o(a + b) = 27+" = 27.2" = @@)- @(b). 
Therefore, @ is a homomorphism. 


Lemma 1.2.42 


Suppose G is a group and N is a normal subgroup of G. Define @: G > G/N 
by (x) = Nx for all x € G. Then @ is an onto homomorphism. This is called the 
natural (or canonical) homomorphism or natural/canonical epimorphism. 
Also note that ker 9 = N. 


Proof 


Let x, ye G. Now @(xy) = Nxy = Nx- Ny = 9(x)- @(y). To show @ is onto, take 
Nae G/N. Thena € Gand 9@) = Na. Hence, @ is an onto homomorphism. 

xe kerosow=NeeaNx=NeoxeteNoexeeNoxe N. Therefore, 
ker Q=N. a 


Definition 1.2.43 


If @ is ahomomorphism of G into G1, then the kernel of @ (denoted by ker 
or k,) is defined by ker 9 = {x € G | @ (x) =e', where e' is the identity in G'}. 


Lemma 1.2.44 


If @ is a homomorphism of G into G1, then 


(i) oe) =e!, where e! is the identity element of G! 
(ii) oO) = [o~l, for all x inG 
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Proof 


(i) Let xe G > g(x) € G'*. Since @ is a homomorphism, we have (x) = 
o(x)-e! and Q(x) = e(xe) = E(x) - Qe). Therefore, (x) .e' = O(x)- Qe) > e!= 
oe) (by cancellation laws). 

(ii) By (0), e' = 9) = O(xx) = E(x): P(x) S E(x) is the inverse of ¢(x). 
That is, @(x') = [e()]“. This is true for all x € G. | 


Lemma 1.2.45 


If @ is a homomorphism of G into G! with kernel K, then K is a normal sub- 
group of G. 


Proof 


First we show that K # ©. Since @(e) = e!, where e! is the identity in G1, it fol- 
lows that e € ker @ = K. Therefore, K # ©. Now we have to show that K is 
closed under multiplication and that every element in K has an inverse in K. 
Let x, ye K > g(x) =e! and Q(y) =e! => oxy) = OX) (y) [Since @ is a homo- 
morphism] = e!-e! = e! = xy € K. Therefore, the closure axiom holds. Now, 
let x € K = (x) =e!. Therefore, p(x) = [¢(x)]* (by Lemma 1.2.44) = [e!]* = el. 
Therefore, x! € K. Thus, every element in K has its inverse in K. Therefore, K 
is a subgroup of G. 

Now we have to show that K is a normal subgroup of G. For this, take g € G, 
ke K. Consider @(gke) = o(g)9(K@(g7) = O(g)-e!- P(g) (Since k € K, we have 
o(K) =e!) = O(g)0(g7) = O(8)LQ(g)F (by Lemma 1.2.44) = e! = @ (gkg) = el > 
gkg € K. Hence, K is anormal subgroup of G. a 


Lemma 1.2.46 


If @ is ahomomorphism of G into G! with ker @ = K, then the set of all inverse 
images of g'¢ G!under @ in G is given by Kx, where x is any particular 
inverse image of g! in G (that is, @(x) =’). 


Proof 


Let e, e! be the identities in G, G', respectively. Let x € G such that @(x) = gt. 
Write @(¢4) = {x € G | @(x) =g}. Now we have to prove that @(¢") = Kx. Let 
y € Kx > y=kx for someke K. Then Q(y) = (kx) = 9(k)- 9) = e.@(X) = G(x) = 
8'= OY) =8'= ye Oo (g’). Hence, Kx < 9-(g’). 
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Other Part 


Let z€ (1) = 92) =8'= 9) = 9@) = 9) = 9 [P@!" =e! > 9@ - Oe) = 
e! => o(zx) =e! > zx te K> ze Kx. Therefore, o-(¢') Cc Kx. Hence, Kx = 


(g'). = 


Definition 1.2.47 


A homomorphism @ from G onto G! is said to be an isomorphism if @ is a 
bijection. Two groups G, G! are said to be isomorphic if there is an isomor- 
phism from G to G'. In this case, we write G = G1. 


Corollary 1.2.48 


An onto homomorphism 9: G > G! with K, = K= ker g is an isomorphism if 
and only if K = {e}. 


Proof 


Suppose @ is an onto homomorphism from G to G!. Assume that @ is an iso- 
morphism. Let x € K => 9(x) = e!, where e! is an identity in G! > @(x) = 9) > 
x =e (since @ is one-one). Therefore, K = {e}. 


Converse 

Suppose K = {e}. Now we show that @ is one-one. Let a, b € G such that @(@) = 
o(b) > e@[loO] =e!=> o@- (64) =e'=> o@b) =e!=>abte K={e} > abt=e> 
abb = eb > a=b. Therefore, @ is one-one. The proof is completed. | 


Theorem 1.2.49 (Fundamental Theorem of Homomorphisms) 


Let @ be a homomorphism of G onto G! with kernel K. Then G/K = G1. 
Proof 


Since @ is an onto homomorphism from G to G!, we have @(G) = G'. That is, 
G' is the homomorphic image of @. Define f: G/K > G! by f(Ka) = @(@) for all 
Kae G/K. 

To show that fis well-defined, let Ka= Kb (fora, be G) =ab'e K>(ab})=e! 


= 9(@) [oD]? =e! = @@) = 9(b) = f (Ka) =f (KO). 
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To show fis one-one, suppose f(Ka) = f(Kb) => 9(@) = (0) = o(@)- [ob] =e! 

=> o(@)-o(b7) =e! => o@b) =e! sabe K=> Ka=Kb. 

Therefore, f is one-one. 

To show that fis onto, let y ¢ G'. Since @: G > G' is onto, it follows that there 
exists x € G such that (x) = y. Since x € G, it follows that Kx e G/K. Now 
f(Kx) = 9(x) = y. Therefore, fis onto. 

To show that f is a homomorphism, let Ka, Kb € G/K. Consider f(Ka- Kb) = 
f(Kab) = e(ab) = 9@)- o(b) (Since @ is a homomorphism) = f(Ka) -f(Kb). Therefore, 
fis a homomorphism. 

Hence, f: G/K > G1 is an isomorphism. | 


Theorem 1.2.50 (Correspondence Theorem) 


Let @ be a homomorphism of G onto G with kernel K. Let H be a subgroup 
of G. Define H= {x € G | (x) € H}. 

Then (i) H is a subgroup of G and K CH. 

(ii) If H is normal in G, then H is normal in G. 


Proof 


Suppose @ is a homomorphism of G onto G, and K = ker ». Consider H as in 
the statement. 


(i) To show that H is a subgroup, let x, y € H. This implies that @(x), 
oy) € H=> @(x)- gy) € H (by the closure property of H) > (xy) € H 
(since @ isa homomorphism) => xy € H (by the definition of H). Hence, 
the closure property holds well in H. Now, let x € H. This implies 
that o(x)e H> lo@'e H>o (x €¢ H>= x" H. Therefore, H is 
a subgroup of G. Now, let x € K = (x) =e (since K = ker @) > Q(x) = 
e€¢ H>xe H. Therefore, K CH. 

(ii) Suppose H is normal in G. Leth € H,g € G. Then 9(f) € Hand @(g) € G 
= 0(g)e()Q(g)1 € H (since H is a normal subgroup) 


= o(goo(g) ¢ H 
= o(ghg) € H => ghge H. This shows that H is normal in G. | 


Theorem 1.2.51 


Let @ be a homomorphism of G onto G with kernel K, and let N be a normal 
subgroup of G, N = {xe G | @(x) € N}. Then G/N = (G/K)/(N/K). 
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Definition 1.2.52 


Let G be a group. An isomorphism from G to G is called an automorphism 
of G. 


Example 1.2.53 


For any set S, the set of all bijections on S forms a group with respect to the 
composition of mappings. 


Example 1.2.54 


If G is a group, then A(G) = the set of all automorphisms of G is a group with 
respect to the composition of mappings. 


Solution 


Consider the set A(G) = {f: G > G | fis an automorphism}. Now we have to 
show that AG) is a group under the operation, the composition of mappings. 

Closure property: Let fg € AG) => f: GG, g: G > G be isomorphisms. 
Then fog € A(G). [Verification: (fo 9)(ab) = f(g(ab)) = fig(@)-g(b)) (since g is a 
homomorphism) = f(g(@)) -f(g¢(b)) (since f is a homomorphism) = (fo g)(@) - (fog) 
(b). Therefore, fog is a homomorphism] 

Associative property: Let f, g, h ¢ A(G). We know that functions satisfy 
the associative law with respect to the composition of mappings. Therefore 
(fog)oh=fo(goh). 

Existence of identity: Consider the identity mapping I: G > G defined by 
I(x) =x for all x € G. We know that this is a one-one and onto mapping. Also, 
(xy) = xy = I(x) - I(y). That is, lis a homomorphism. Therefore, I is an automor- 
phism. Thus, I ¢ A(G). Now for any f € A(G), we have (fol)(x) = fl) = f(x). 
Therefore, fol =f Similarly, lof=f Hence, fol = lof=f. This shows that I acts 
as the identity in A(G). 

Existence of inverse: Let f € A(G). Since f: G > G is a bijection, f: G > G 
by f(x) = y if f(y) = x is also a bijection. Now we show that f7 is a homomor- 
phism. Let a, b € G. Write a' = fa), b! = f(b). Consider f-(a'b') = f(f@ - f(b) = 
f7(f@b)) = ab = f(a!) f(b) (since a = f(a") and b = f(b"). Therefore, f~ is 
a homomorphism. Hence, f-! is an automorphism. So, f-! € A(G). Now we 
know that fof =I = fof. Therefore, f is the inverse of f in A(G). This 
shows that A(G) is a group with respect to the operation composition of 
mappings. 
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1.3 Ring Theory 


The concept of a “group” was introduced in the previous section. A group is 
an algebraic system with a single binary operation satisfying certain axioms. 
We know that addition and multiplication are two binary operations on such 
number systems as integers, rational numbers, real numbers, and complex 
numbers. With respect to addition, all these systems satisfy the axioms of a 
group. Also, the systems of the set of nonzero rational numbers, the set of 
nonzero real numbers, and the set of all nonzero complex numbers form a 
group under the multiplication binary operation. Several of the properties 
of numbers depend simultaneously on both the addition and multiplication 
operations. The addition and multiplication operations, on number systems 
are interrelated, and lead mathematicians to study algebraic systems with two 
binary operations. A ring is an algebraic system with addition and multiplica- 
tion binary operations. In this section, we introduce the concept of a ring and 
study some fundamental concepts of ring theory. 


Definition 1.3.1 


A nonempty set R is said to be a ring (or an associative ring) if there exist 
two operations: + (called addition) and - (called multiplication) on R, satisfy- 
ing the following three conditions: 


(i) (R, +) is an Abelian group 
(ii) (R, :) is a semigroup, and 
(iii) a(b +c) =ab+acand (a+ b)c=ac + be for alla, b,ce R 


Definition 1.3.2 
Let (R, +, :) be a ring. 


(i) If there exists an element 1 € R such that a-1=1-a=a for everyae R, 
then we say that R is a ring with identity (or unit) element. The ele- 
ment “1” is called as the identity element of the ring R. 

(ii) If the ring R satisfies the condition a-b = b-a for alla, b € R, then we 
say that R is a commutative ring. 


Examples 1.3.3 


(i) (Z, +,-) isa commutative ring with identity. 
(ii) (2Z, +, :) is a commutative ring without identity. 
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(iii) (Q, +, :) is a commutative ring with identity. 
(iv) (Z,, + -) is a commutative ring with identity. 


Definition 1.3.4 


(i) If Ris a commutative ring, then 0 #4 € R is said to be a zero divisor 
if there exists 0 #b € R such that ab =0. 
(ii) A commutative ring is said to be an integral domain if it has no zero 
divisors. 
(iii) A ring R is said to be a division ring if (R*, -) is a group (where R* = 
R — {0}). 
(iv) A division ring is said to be a field if it is commutative. 


We may define the concept “field” as follows: 


Definition 1.3.5 


An algebraic system (EF, +, :), where F is anonempty set and +, - are two binary 
operations, is said to be a field if it satisfies the following three properties: 


(i) (F, +) is an Abelian group 
(ii) (F*, -) is a commutative group, where F* = F — {0}, and 
(iii) a(b +c) =ab+acand (a+ b)c=ac + be for alla, b,c in F 


Example 1.3.6 


Let R be the set of all real valued continuous functions on the closed unit 
interval [0, 1]. For fg ¢ Rand xe [0, 1], define (f+ 9)(x) = f(x) + g(x) and (f-g) 
(x) =f) -g(). 


(i) Define h: [0, 1] > R by h@) =%-xifO0sx<sYandh(x)=0if¥%sx<1. 
Then his continuous and sohe R. 

Now, we verify that h does not have its inverse. Let us suppose fi! € R 
such that hh! =e. Then (hh!)(1/2) = e(1/2) = 1 = h(1/2)-(1/2) =1 > 0- 
h\(1/2) = 1 => 0=1,a contradiction. Hence, h does not have its inverse. 
Thus, the ring R cannot be a field. 

Define f: [0, 1] > R by f(x) =0ifO<xs%and f(x) =x-Yif¥vsx<l. 
Then f is continuous, and so fe R. 

Since h # 0, f# 0, and hf =0, it follows that the ring R is not an integral 
domain. 


Gi 


we 


30 Near Rings, Fuzzy Ideals, and Graph Theory 


(iii) If d € R for all d(x) # 0 for all x € [0, 1], the function d' is defined 
by d\(x) = 1/d(x) for all x with 0 < x < 1 a continuous mapping, and 
d-d' =e, then, d' is the inverse of d. 

Conversely, if d € R has an inverse, then d-(d“) =e => d(x)-d\(x) =1 
for all x € [0, 1] = d“(x) =1/d(x) for all x € [0, 1]. 

From this discussion, we can conclude that d € R has an inverse if 
and only if d(x) #0 for all0 <x <1, and the function defined by d(x) = 
1/d(x) for all x € [0, 1] is continuous and the inverse of the continuous 
function d. 

(iv) From (i), it is clear that there exist nonzero elements in R that do not 
have a multiplicative inverse. Hence, this ring R cannot be a division 
ring. 


Example 1.3.7 


(i) Let F be the field of real numbers, and let R be the set of all formal 
a b 


square arrays | ; | where a, b, c, d are real numbers. 


We define 
ay by i ay b, i a, + a2 b, +b» 
Cy dy C2 d> a Cy +Co dy +d» , 
It is easy to verify that R forms an Abelian group under addition 


with t acting as the zero element with respect to the addition 


operation + defined. 


The element . F 


—b a b 
‘| is the additive inverse of ! } 


We define the operation multiplication on R by 


a b)\(r os 7 ar+bt ast+bu 
c djlt uJ lertdt cstduJ 
1 O 


The element k acts as a multiplicative identity element. 


With respect to the addition and multiplication operations defined 
earlier, R becomes a ring. 


Since / . oa = o , it follows that R is not an integral 
0 Oj}{1 Oj} {0 O 
domain. 
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: 1 0)/0 O 0 O 0 0 0 Oy1l oO). 
Since , = x = , it fol- 
0 Oj|1 O 0 O 1 0 1 O]}0 O 
lows that R is not a commutative ring. 
(ii) (Field of Real Quaternions, invented by William Rowan Hamilton 
(1805-1865)): Let F be the field of real numbers. Consider the set of all 


formal symbols 0) + Ouf + Oj + Ogk, where Op, Ol, On, &3 € F. Equality 
and addition of these symbols are defined as follows: 


Oy + O42 + Of + Ogk = By + B,i + By + B3K, if and only if 0% = Bo, O = By, O& = Ba, 

and 3 = Bs, and (Op + Oh7 + Oj + O3k) + (By + Byi + Boj + B3k) = (% + Bo) + 

(, + By)i + (Oy + BL) + (A + B3)k. 

We now define multiplication of vectors. [When Hamilton discovered the 
concept of quaternions on October 16, 1843, he used his penknife to carve out 
the basic rules of multiplication on Brougham Bridge in Dublin.] 


i 
<@) 
J 


Multiplication of vectors. 


The product is based on the conditions: 


2=pP=k=-1, ij =k, jk=i, ki=j and ji=—k, kj =-i, ik=-j. 


If we go round the circle clockwise, the product of any two successive ones 
is the next one, and going round counterclockwise, we get the negatives. 

We can write out the product of any two quaternions as follows: 

(Og + O47 + Oj + OL3k) (Bo + Byi + Bo + B3kK) = Yo+ Yii+ Yj + Y3k, where 


Yo = Op — 0,8; — OB, — a8, 
Y= OB; + Bo + OB; — OB. ¢ Yo = OB, — 0483 + O8o + O48, 
Y3 = Ooo + OB, — Of, + O58, (1.3) 


If some Gis 0 in x = Oy + Oi + Oj + 3k, we shall omit it in expressing x; thus, 

0 + 0i + 0j + Ok will be written as 0, 

14+ 0i+0j+0k as 1, 

0+ 31+ 4j + Ok as 31 + 4). 

It can be observed that 

(Ol9 + Obi + Oyj + OLgk) (Oly — O41 — Olaf — Obgh) = Oly? + O47 + O,? + 0,7 (1.4) 

This has a very important consequence. 

Suppose that x = ) + yf + Oj + Ok # 0 (implies that some & is nonzero). 
Since the a’s are real, B = 0? + 01,2 + 0,2 + O47 #0. 
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Thus (09 + Oi + O2j+ ast) ee $2 |=1 


B B Bp” B 


We observed that if x #0, then x has an inverse. This shows that the set of 
all real quaternions forms a noncommutative division ring. 


Example 1.3.8 


Let R be aring and M be the set of all 1 x n matrices over R (that is, the entries 
of the matrices are elements from the ring R). Then M becomes a ring with 
respect to the usual addition and multiplication of matrices. This ring M is 
called the ring of n x n matrices over R, and it is denoted by M,,(R). 


Definition 1.3.9 


A ring R is said to be a Boolean ring if x? =x forallxe R. 


Note 1.3.10 (The Pigeonhole Principle) 


If a objects are distributed over m places and if a>m, then some place receives 
at least two objects. 


Theorem 1.3.11 
A finite integral domain is a field. 


Proof 


It is clear that in the case of an integral domain, we have ab = 0 = a=0 or b=0. 
Now it is enough to show that every nonzero element has a multiplicative 
inverse. Let D be an integral domain. Now we show that 


(i) there exists 1 ¢ D such that a1 =a for allae D,and 
(ii) 0#a€ D = there exists b € D such that ab=1. 


Let D = {x,, x, ...,X,} and 0 #a€ D. Now, x,4, Xa, ..., X,a are all distinct (for 
Xia = Xa => (x;- x)a =0 => x;- x, = 0 = x;= 4; (since a # 0)). Therefore, D = {x,a, 
XM, ...,X,0} => a = x,a for some 1 <k <a (since a € D). Since D is commuta- 
tive, it follows that x,a = a = ax,. We show that x, is the identity element. For 
this, let y e D; then y = x,a for some i. Now consider yx, = (x,a)x, = x,(ax,) 
xa =y. Thus, yx, = y for all y € D. Therefore, x, is the identity element. Now, 
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for x, € D = {x,a, x24, ...,X,4} => x, = x;a for some 1 <j <a. Therefore, x; is the 
multiplicative inverse of a. Hence, D is a field. |_| 


Problem 1.3.12 


If p is a prime number, then I (that is, Lbs the ring of integers modulo p, is a 
field. 


Solution 


We know that J, contains exactly 0, 1, 2, ... (py — 1). Let a, b € J, such that ab = 0 
(mod p) = ab — 0 is divisible by p = p divides ab = p divides a or p divides 
b (since p is prime) > a — 0 is divisible by p or b — 0 is divisible by p> a=0 
(mod p) or b=0 (mod p). Therefore, Jp is an integral domain, and by Theorem 
1.3.11, J, is a field. 


Definition 1.3.13 


(i) An integral domain D is said to be of characteristic 0 if the relation 
ma =0, where 0 #4 € D and m is an integer, can hold only if m= 0. 

(ii) An integral domain D is said to be of finite characteristic if there 
exists a positive integer m such that ma = 0 for alla e€ D. If D is of 
finite characteristic, then we define the characteristic of D to be the 
smallest positive integer p such that pa = 0 for all a € D. The charac- 
teristic of R is denoted by Cha. R. 


Examples 1.3.14 


(i) (Z, +,-) is an integral domain with characteristic 0. 
(i) Z,,+,) is an integral domain with characteristic p because for every a € 
Z,, we have pa=a+a+t...+a (p times) =ap =a-0=0 (since p=0 in Z)). 
(iii) (Z,, +, :) is a commutative ring, but not an integral domain (since 
2:3=6=0, but 2#0 #3). 


Definition 1.3.15 


Let (R, +, -), (R, +, -) be two rings. A mapping @: R > R! is said to be a 
homomorphism (or a ring homomorphism) if it satisfies the following two 
conditions: 


@) 9@+b)=9@ + 9(b), and 
(ii) e(ab) = o@) ¢(b), for alla, be R. 
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Problem 1.3.16 


If @: R > R'is a homomorphism, then (i) @(0) = 0 and (ii) @(-a) = —¢(a) for all 
aeR. 


Solution 


(i) Consider 0 + @(0) = g(0) = g(0 + 0) = (0) + (0) = @ (0) =0. 
(ii) 0 = @(0) = 9@ + Ca) = 9@ + QCA) => G(-a) = -E@). 


Note 1.3.17 


Let @: R > R' be a nonzero homomorphism. 


(i) If Ris an integral domain, (1) = 1. 
(ii) If @ is onto, then @(1) = 1 (here R, R! are rings with identity). 


Verification 


(i) Since @ is a nonzero mapping, it follows that @(R) # 0. This implies 
that there exists x € R such that @(x) #0. Now, 1- 9(x) = 9(x) = o(1-x) = 
(1): o(x) = [1 -— pM] og) =0 > 1 - (1) =0 (since @(x) #0 and R'is an 
integral domain) > (1) = 1. 

First, we show that @(1) is the identity in R!. For this, let y € R'. Since 
@ is onto, it follows that there exists x € R such that (x) = y. Now, 
9(1)-y=y = (1) eX) = (1 -x) = OX) = y. Therefore, p(1)-y=y for ally € 
R1. Similarly, y- @() = y, for all y € R'. This shows that (1) is the iden- 
tity in R!. Since the identity element is unique, it follows that @(1) = 1. 


Gi 


~ 


Note 1.3.18 


For any two rings R and R’, if we define g: R > R! by g(x) = 0 for all x € R, 
then @ is a homomorphism. This homomorphism is called the zero 
homomorphism. 


Definition 1.3.19 


(i) Let g: R> R' be a homomorphism. Then the set {x € R | (x) = 0} is 
called the kernel of the homomorphism @, and it is denoted by ker @ 


or I(@). 
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(ii) A homomorphism @: R> R'is said to be an isomorphism if @ is both 
one-one and onto. 

(iii) Two rings R and R' are said to be isomorphic if there exists an iso- 
morphism @: R > R'. 


Problem 1.3.20 


Let @: R> R* be a homomorphism. Then 


(i) ker @ = {0} = @ is one-one, and 
(ii) If @ is onto, then @ is an isomorphism if and only if ker @ = {0}. 


Solution 
(i) Suppose ker @ = {0}. To see if @ is one-one, suppose x, y € R such that 


(x) = y). This implies 9(x) — p(y) = 0 > 9@) + PCY) =0 > Oy) = 
O>x-ye kerg={0} > x-y=05x=y. Therefore, @ is one-one. 


Converse 

Suppose @ is one-one. Since (0) = 0, it follows that 0 € ker @ => {0} c ker @. 
Now let y € ker 9 => Q(y) = 0 = Q(0) (we know that @(0) = 0) > y = 0 (Since @ is 
one-one => ker @ Cc {0}. Therefore, ker @ = {0}. 


(ii) Suppose @ is an isomorphism = 9@ is a bijection > @ is one-one > 
ker @ = {0} (by (i)). Converse: Suppose ker @ = {0} = @ is one-one 
(by (i)). Since @ is onto, it follows that @ is a bijection. Hence, @ is an 
isomorphism. 


Definition 1.3.21 


A nonempty set J of a ring R is said to be 


(i) a left ideal of R if [is a subgroup of (R, +) and ra € I for every re R, 
ael 

(ii) aright ideal of R if lis a subgroup of (R, +) and ar € I for every re R, 
ael 

(iii) an ideal (or two-sided ideal) of R if I is both left ideal and right ideal 


Problem 1.3.22 


If @: R> R'is a homomorphism, then ker @ is an ideal of R. 
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Solution 


To verify that ker @ is an ideal of R, we have to show that (i) ker @ is a sub- 
group of (R, +) and (ii)a € kerg,re R= ar,rae€ ker @. 


(i) Leta, be ker 9 > 9@) =0= (0). Now, o@— b) = 9@) — o(b) =0-0=0. 
This implies a —b € ker @. Hence, ker @ is a subgroup of (R, +). 
(ii) Now let ae ker o. Then g(@) = 0. Therefore, 9(ar) = (a) e(7) = 0- or) = 
0, and so ar € ker @. Similarly, we can show that (ra) = 0, and so 1a € 
ker @. Therefore, ker @ is an ideal of R. 


Lemma 1.3.23 


Let f: R > R' be a ring homomorphism. 


(i) If J is an ideal of R, then f(J) = {f(x) | x € J} is an ideal of R’. 
(ii) IfJ,, J, are ideals of R such that f(J,) and f(J,) are equal, and ker f c J, 
then J, CJ. 
(iii) If W' is an ideal of R', then f"(W!) = {x € R | f(x) € W}} is an ideal of R. 


Remark 1.3.24 


Let R be a ring and I an ideal of R. 


(i) Define a relation ~ on R asa ~ bif and only ifa—be Ifora,be R. 
Now we verify that this relation is an equivalence relation. 
Since a—a=0e L it follows that a ~ a. This shows that the relation is 
reflexive. 
Suppose a~b>a-—be I>b-—ae I= b ~a. This shows that the rela- 
tion is symmetric. Supposea ~b,b~c > a-—bel,b—-ce l>a-c= 
(a — b) + (b-c) € Ia ~c. This shows that the relation is transitive. 
Since this relation is reflexive, symmetric, and transitive, it follows 
that the relation ~ is an equivalence relation on R. 

(ii) Writea+I={a+x | xe I} forae R. Nowa +1is the equivalence class 

containing a. We say that a + I is a coset of I. 

Write R/I= {a +I | ae Rj, the set of all equivalence classes (or) the set 

of all cosets. 

(iv) Define +and-on R/Ias(a+1D+(b+D=(@+b)+land@+I)-(b+D= 
(a-b) + I. Then (R/I, +, :) becomes a ring. In this ring, 0 + I is the addi- 
tive identity, and (—a) + I is the additive inverse of a + I. This ring R/I 
is called the quotient ring of R modulo the ideal I. 


(iii 


we 


Now we have the following conclusion: 
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Theorem 1.3.25 


If R is a ring and J is an ideal of R, then R/T is also a ring. 


Problem 1.3.26 


Let R be a ring, J an ideal of R, and R/I the quotient ring. If we define @: R > 
R/las 9(@) =a +I, then @ is an epimorphism (that is, an onto homomorphism). 
The verification is left as an exercise for the reader. 


Definition 1.3.27 


(i) Consider g: R > R/I defined in Problem 1.3.26. This @ is called the 
canonical epimorphism from R onto R/I. 
(ii) The ring (R/T, +, :) is called the quotient ring of the ring R by an ideal I. 


Note 1.3.28 


Consider 9: R > R/I as it was defined in Problem 1.3.26. Then x € ker 9 if and 
only if p@%) =0=0+lex+l=0+l Sfx] =[0] ox~0Sx-Oeloxrel. 
Therefore, ker @ = I. 


Lemma 1.3.29 


Let f: R> R' be a ring homomorphism. 


(i) If J is an ideal of R, then f(J) = {f(x) | x € J} is an ideal of R'. 
(ii) If J,, J, are ideals of R such that f(J;) = (f(x) | x € J;} and fUJ2) = {fx) | 
x € J,} are equal, and ker f CJ, then J, C Jp. 
(iii) If Wis an ideal of R!, thenf-(W}) = {xe R | f(x) € Wis an ideal of R. 


Theorem 1.3.30 


Let R, R' be two rings, and f: R > R! is an epimorphism such that I = ker f 
Then 


(i) (First Homomorphism Theorem) (R/ker f) = (R/I) is isomorphic to R'. 

(ii) (Correspondence Theorem) There exists a one-to-one correspon- 

dence between the set of ideals of R'! and the set of ideals of R con- 
taining I. 
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(iii) (Third Homomorphism Theorem) This correspondence can be 
achieved by associating with an ideal W! of R!, the ideal W of R 
defined by W = {x € R | f(x) € W'}. With W so defined, R/W is iso- 
morphic to R!/W1. 


Theorem 1.3.31 (Second Homomorphism Theorem) 


Let A be a subring of a ring R and J an ideal of R. ThenA+I={a+I | aeA, 
Te I} is asubring of R, lis an ideal of A+ I,and (A+ D/I=A/(AN I). 


Note 1.3.32 


Let f: R > R‘ be a ring homomorphism. Write R! = Im f. We know that R? is 
a subring of R’. So R'is a ring in its own right. Clearly, f: R > Im f= R'is the 
ring homomorphism. Also, it is onto. Therefore, by Theorem 1.3.31, R/ker f= 
R'=Imf. So, for any homomorphism f we get R/ker f = Im f 


Problem 1.3.33 


If R is a ring with identity and g: R > R' is a ring epimorphism, then show 
that @(1) is the identity in R'. 


Solution 
Let y € R'. We have to show that @(1)-y = y = y- 91). Since @ is onto, it fol- 
lows that there exists x € R such that @(x) = y. Consider @(1)-y = @(1)- 9) = 


@(1-x) = (x) = y. Also, y- @(1) = 9(x)- (1) = (x: 1) = YX) = y. Therefore, ¢(1) is 
the identity in R'. 


Notation 1.3.34 


(i) Let X CR. The intersection of all ideals of R containing X is called 
the ideal generated by X. It is denoted by <X>. If X = {a}, then we 
write <a> for <X>. For an element a € R, the ideal <a> is called the 
principal ideal generated by a. 

(ii) It is easy to verify that for ae R, the following is true: 


k 
<a>= presse Se Jers R, ner} 


i=1 
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Definition 1.3.35 


Let R be a ring and S Cc R. If S is a ring in its own rights, then S is called a 
subring of R (equivalently, if (S, +) is a subgroup of (R, +) and ab € S for alla, 
be S, then S is called a subring of R). 


Example 1.3.36 


a b 
Let R= {( ' |a,be al ;R is a subring of the 2 x 2 matrices over the set 


of real numbers. 
0 b 
Let I= a. |be R-, where R is the set of real numbers; 


(i) It is easy to verify that I is an additive subgroup of R. Now the 
following two steps show that I is an ideal: 


; at 4 t 7 
= el. 
0 xi}0 O 0 O 
k ile ‘| f ‘a 
= el. 
0 Oj;,O0 x 0 0 
a Ob 
(ii) Take [ Jer 
0 a 
Now f Fl nut } so that 
0 a 0 a 0 0 
a DY, 5 We 2 De Og 
a alk lle alla e a. on psince |, | sand. 


a 0 
Thus, all the cosets of Jin R may be represented in the form E 1; }s I 


a O 
If we map this element onto a, that is, if we define (0 : }: I } a, then 


it is easy to verify that y is an isomorphism onto the field of real numbers. 
Therefore, R/I= R. 
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b 
(iii) Define @: R> R by (6 } a. Weclaim that @isahomomorphism. 
a 


a b\f(c d a Db c h(Ud 
For the gi h = = 
or the given e ae ‘} we have (i ‘ “eh ‘| C, 
a b n c h(a _{ate b+d 
0 a 0 c} | 0 a+c} 
Also, \ ) . é a & = | and hence 
0 a ac 
a b c h(Ud __ fate b+d _ _ f(a b c h(Ud aad 
ba 0 a * 0 c my 0 atc Seon 0 a is 0 cy)’ 
a bo c h(Udd __ (ac ad + be _ fa b c h(Ud 
Ilo alto cl} °lo ac made | al’ lo c) 


Hence, @ is ahomomorphism of R onto R. 


; a b a b a b ; 
(iv) If f e ker, then off a a, and also of; a 0, since 
a ob a bD 
k 4 € ker g. Thus, a = 0 and so f eI. From this it follows 
a 


that I = ker @. So R/I = image of p= R. 


Example 1.3.37 


Let R be any commutative ring with 1. Ifa e R, let @ = {xa | x € R}, then @ 
is an ideal of R. 

Thus, u+v0=xa + ya=(x + y)ae (a). Also, if ue (@) andre R, then u = x4; 
hence, ru = r(xa) = (rx)a, and so is in (a). Thus, (a) is an ideal of R. Note that 
if R is not commutative, then (a) need not be an ideal; but it is certainly a left 
ideal of R. 


Theorem 1.3.38 


Let R be a commutative ring with a unit element whose only ideals are (0) 
and R itself. Then R is a field. 
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Example 1.3.39 


If U, V are ideals of R, then the two sets U+ V= {a+b | ae U,be V} and 
uUV= {i a;b; |a;<¢ U, b; € V and nisa positive integer and1<i< n\ are ideals 
of R. 


Example 1.3.40 


If A is a right ideal and B is a left ideal of R, then A 1 B need not be a left (or 
right) ideal of R. We observe this by a suitable example. 
Let R! = M,(R) = the ring of all 2 x 2 matrices over the set of real numbers R. 


b 
Write a-[t A |a,be a} ana {[t 5 |c,de al. 


Then, A is a right ideal of R and B is a left ideal of R. 


a 0 
Now || Jie Rp 
0 0 


Leta e R,a #0. Since fi ‘| . i dl = k oe AB, we conclude that 


A OB cannot be a left ideal. 


a O;||3 4 3a = Aa 
Since ; = ¢ AB, we conclude that A 7 B cannot 
0 oO; }1 #=O a 0 


be a right ideal. Therefore, A 1 B is neither a left ideal nor a right ideal of R. 


Definition 1.3.41 


(i) An ideal I of R is said to be a maximal ideal if it is maximal among 
the set of all proper ideals of R. 
(ii) A ring R is called simple if it has exactly two ideals (that is, (0) is the 
maximal ideal of R). 
(iii) A ring R is said to be primitive if (0) is the largest among the ideals 
of R contained in a maximal right ideal. 


Definition 1.3.42 


(i) A left (respectively, right) ideal I of R is said to be a monogenic ideal 
if there exists 0 #a € I such that Ra =I (respectively, aR = I). 
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(ii) A ring R isa subdirect product of a family of rings {S; | i¢ I} if there 
is a monomorphism k: R> S= I17; such that 1; 0 k is an epimor- 
phism for all Ie I, where n;: S > S; is the canonical epimorphism. 

For the necessary definitions and results that are not mentioned here, we 
refer to the books written by Herstein (1964), Hungerford (1974), and Lambek 
(1966). 

In this chapter, we use the term “ring” to mean an associative ring (not 
necessarily commutative). 

Now we present the definition of a prime ideal and some related results. 

We start with the following definition. 


Definition 1.3.43 


(i) A proper ideal P of R is called prime if for any two ideals A and B, 
ABCPS>ACPorBcP. 
(ii) A proper ideal S of R is said to be semiprime if I? c S and I is an ideal 
of Rimply 1 cS. 
(iii) A ring R is said to be a prime ring if the zero ideal is a prime ideal. 


Theorem 1.3.44 (Proposition 2, P27 of Lambek, 1966) 


The proper ideal P of a commutative ring R is prime if and only if for all 
elements a and b,ab € Pimpliesae P or be P. 


Theorem 1.3.45 (Proposition 4, P28 of Lambek, 1966) 


The ideal M of a commutative ring R is prime if and only if R/M is an inte- 
gral domain. 


Theorem 1.3.46 (Exercise 17, P134 of Hungerford, 1974) 


Let I be an ideal of R and f: R > R/I, the canonical epimorphism. An ideal P 
of R containing I is a prime ideal in R if and only if f(P) is a prime ideal in R/I. 


Definition 1.3.47 


Let R be a commutative ring. 
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(i) The intersection of all prime ideals of R is called the prime radical 
of R. This prime radical is denoted by “rad R.” 

(ii) An element r € R is called nilpotent if r" = 0 for some natural num- 
ber n. 


Definition 1.3.48 


A commutative ring R is called semiprime if its prime radical is 0. 


Example 1.3.49 


Consider Z, the ring of integers: 


rad Z = (\P < (0) (since (0) is a prime ideal). 


P isa prime ideal 


Therefore, rad Z =0. Hence, Z is semiprime. 


Verification 


Suppose 0 #me rad Z=pZ. 

This means that m € pZ for all prime p, and so p|m for all primes. 

Since there exist an infinite number of prime numbers, there exists a prime 
number g such that m < q. 

Now gq is a prime number, and q cannot divide m, which is a contradiction. 


Theorem 1.3.50 (Proposition 8, p. 29 of Lambek, 1966) 


In a commutative ring, we have rad R= {r € R | r is nilpotent}. 


Definition 1.3.51 


(i) An element a € R is said to be strongly nilpotent provided every 
sequence fg, 41, ..., 4, ... With the property dy = 4, A, € 4,R,,, for all 
positive integers n is ultimately zero. 

(ii) An ideal I of R is said to be nilpotent if I” = 0 for some positive 
integer n. 
(iii) An ideal I of R is called a nil ideal if every element of J is nilpotent. 
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Note 1.3.52 


(i) Every strongly nilpotent element is nilpotent. Nilpotent elements 
need not be strongly nilpotent (for this, observe Example 1.3.53). 

(ii) If R is commutative, then the concepts of nilpotent and strongly 
nilpotent are the same. 


Example 1.3.53 


Consider the ring of all 3 x 3 matrices over the ring of integers. 


0 1 1 1 1 1 
Write a9=|0 O 1]andx=/1 1 = #1). 
0 0 O 1 1 1 


Define a, = apXAo, ..., Ay, =A), 4Xa, 4, .... Now a, #0 for all n = 0, and hence ay is 
not strongly nilpotent. But aj = 0. This shows that ay is nilpotent. 
Hence, ay is a nilpotent element that is not strongly nilpotent. 


Theorem 1.3.54 (Proposition 1, p. 56 of Lambek, 1966) 


The prime radical of R is the set of all strongly nilpotent elements. 

Theorem 1.3.50 states that in the case of a commutative ring R, the prime 
radical is equal to the set of all nilpotent elements of R. Note 1.3.52, together 
with Example 1.3.53, clarifies that the prime radical of an associative ring 
need not be equal to the set of all nilpotent elements of R. 


Result 1.3.55 (P70, Lambek, 1966) 


Let R be a ring and Jan ideal of R. Then R is nilif and only if land R/Jare nil. 
The concept of a I-ring was introduced by Nobusawa (1964). Later, this 
concept was generalized by Barnes (1966). 


Definition 1.3.56 (Nobusawa, 1964) 


Let M be an additive group whose elements are denoted by a, b,c, .... and T 
another additive group whose elements are a, B, y, .... Suppose that aab is 
defined to be an element of M and that ou is defined to be an element of T 
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for every a, b, o, and B. If the products satisfy the following three conditions 
for every a,b,ce M,a,BeT. 


(i) @ + b)ac =aac + bac, 
a(a + B)b = aab + ab, 
aa(b +c) =aab + aac. 
(ii) (aab)Bc = aox(bBc) = a(abB)c. 
(iii) If aab =0 for all a and b in M, then a=0, 


then M is called a I-ring. 


Definition 1.3.57 (Barnes, 1966) 


Let M and I be additive Abelian groups. M is said to be a I-ring if there 
exists a mapping M x T x M > M (the image of (a, ©, b) is denoted by aab) 
satisfying the following conditions: 


(i) @+ d)ac = aac + bac 
a(o + B)b = aab + aBb 
aa(b +c) =aab + aac. 
(ii) @ab)Bc = aa(bBe) for alla, b,ce Manda, Be T. 


Most authors have studied I-rings in the sense of Barnes. So, in this book, 
we include the results related to the concept: I-ring in the sense of Barnes. 

Henceforth, all T-rings considered are I-rings in the sense of Barnes. 
A natural example of a I-ring can be constructed in the following way. 


Example 1.3.58 


From the following observation, we may conclude that every ring is a 
T-ring. 
Let R bea ring. Write M = R, T = R. Now we verify that M is a I-ring. 
Take a,b,ce M,a,B, ye I. 
aab is the product of a, a, bin R. So,aabe R=M. 
Using the distributive laws in R, it is easy to verify that 


(a + b)ac = aac + bac, 
a(a + B)b =aab + ab, 
aa(b +c) =aab + aac. 


Since the product in R is associative, it follows that (@ab)Bc = aa(bBc). 
Hence, M is a I-ring. 
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1.4 Vector Spaces 


We recall the “addition” and “scalar multiplication” defined on the space of 
solutions of a homogeneous system of linear equations. We define a vector 
space to be a set on which similar operations are defined. More precisely, we 
define the concept “vector space” as follows. 


Definition 1.4.1 


Let (V, +) be an Abelian group and F a field. Then V is said to be a vector 
space over the field F if there exists a mapping F x V — V (the image of (a, 0) 
is denoted by a-v or aw) satisfying the following conditions: 


(i) ovt+w)=av+ aw 
(ii) (0+ B) v=c00+ Bo 
(iii) o(Bv) = (oB)v and 
(iv) 1-v=09 

for allo, B ¢ F and v, we V (here 1 is the identity element of F with respect 
to multiplication). 


Note 1.4.2 


We use F to denote a field. The elements of F are called scalars, and the ele- 
ments of V are called vectors. 


Remark 1.4.3 


Let (V, +) be a vector space over F. Let a € F. Define f: V > V by f(v) = aw for 
allve V. Then 


(i) fis a group homomorphism (or group endomorphism) 
(for this, consider f(v, + 02) = A(V, + Vp) = OW, + HV, = f(V,) + f(0>)). 
(ii) If a #0, then fis an isomorphism. 


Verification 

To show fis one-one, suppose f(v,) =f(v,). Then av, = aw. This implies oa, = 
OO, => V1 = V». To see if f is onto, let we V. Write v = ow. 

Then f(v) = av = aortw = w. 
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Example 1.4.4 


(i) Let K bea field and F a subfield of K. Write V = K. For any a € F and 
v € V=K, we have the product ov € V = K (since K is a field and o € 
FcK,ve K> ave K). Now V=Kisa vector space over F. Therefore, 
every field is a vector space over its subfields. 

(ii) Let R be the field of real numbers. 
R" = {(X1, Xy «2, X,) | x) € R, 1 Sis n}. Define the scalar product of 
re Rand (X41, Xp, ..., X,) € R" as 1X1, Xo, ..-, X,) = (1X, 1Xo, ..., TX,). Then 
R" is a vector space over R. This R” is called the Euclidean space of 
dimension n. 

(iii) Let F be a field. Write V = F" = {(x,, x5, ..., x,) | x, € F, 1 <i <n}. 
Define the scalar product of a € F and (x1, xp, ..., X,) € F" as 
O(X1, Xo, -.-, X,) = (OX, OXy, ..., OX,). Then, F" is a vector space of 
dimension 1. 

(iv) Let F bea field. Consider F[x], the ring of polynomials over F. 


Let deg f(x) denotes the degree of the polynomial f(x), which is the highest 
of the degree of all its terms. Write V,, = {f(x) | f(x) € Flx] and deg(f(x)) < nh. 
Then (V,,, +) is a group where “+” is the addition of polynomials. 


() fx), g(x) € V, = deg(f(x)) < n and deg(g(x)) < n = deg(f(x) + g(x) = 
max{deg(f(x)), deg(g(x))} < n. Hence, f(x) + g(x) € V,,. This shows that 
“4” is closed on V,,. 
(ii) The associative law is true since it is true in FL]. 
(iii) O@%) =0+0x+...+ 0x" is of deg <n, and also O(x) € V,, is the identity 
element of V,,. 
(iv) —f(x) is the inverse of f(x) for any f(x) € V,,. 


(v) We know that “+” is commutative in F[x]. 


Hence (V,,, +) is an Abelian group. 

Now for any a € F and f(x) =a) + a,x+...+4,x" € V,, we define scalar mul- 
tiplication as follows: o(f(x)) = Oa) + Ox +... + O14,X". 

Then deg[a(f(x))] < n, and hence a(f(x)) € V,,. 


Now it is easy to verify that V,, is a vector space over F. 


Definition 1.4.5 


Let V be a vector space over F and W be an additive subgroup of V. Then W 
is called a subspace of V if W is a vector space over F under the same scalar 
multiplication. 
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Theorem 1.4.6 


Let V be a vector space over F and © # W c V. Then the following two condi- 
tions are equivalent. 


(i) Wis a subspace of V. 
(ii) a, Be Fandw,w,e W> aw, + Bu, e W. 


Proof 


ji) > @i):a0e Fw,e W>0w,e Wipe Ew.e W=> Bu,e W. Since ow, 
Bw, € Wand Wis a subspace, we have aw, + Bw, € W. 

(ii) > (i): Let w,, w, € W. Since 1€ F, it follows that w,+w,=1-w,+1-w,= 
aw, + Bw, € W (here a= 1 and B = 1). Therefore, + is a closure opera- 
tion on W. Since W c V, the associative law holds.xe« W>x,xe W 
=> 0=1-x+(Cl)x = ax + Bx € W (here o = 1, B = -1). Therefore, the 
additive identity 0 is in W. 


Let xe W. Then -x =0-x+ (I)x=ax+ Bx e W (here a=0, 8 =-1). 

Therefore, for any element x € W, we have the additive inverse —x « W. We 
verified that (W, +) is a group. Since W c V and V is Abelian, it follows that 
(W, +) is also Abelian. It is easy to verify the other conditions of vector space. 


Hence, W is a subspace of V. a 


Note 1.4.7 


For a subset W of vector space V, to show that W is a subspace of Y, it is 
enough to verify that aw, + Bw,€ W for alla, Be Fand w,,w,e€ W. 


Definition 1.4.8 


If U and V are vector spaces over F, then the mapping T: U > V is said to be 
a homomorphism if 


(i) Tu, + uy) = Tu, + Tu, and (ii) Tow,) = aT (u,) for all uw, u,¢ Vand aeF. 


If a homomorphism T is one-one, then we say that it is a one-one 
homomorphism (or monomorphism). If T is onto, then we say that it 
is an onto homomorphism (or epimorphism). If it is a bijection, then 
we say that it is an isomorphism. If U = V, then a homomorphism 
T: U- Vis called an endomorphism. If T: U > Uis an isomorphism, 
then it is called an automorphism. 
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Notation 1.4.9 


Let Uand V be two vector spaces over F. Then we write Hom (U, V)={fiu- V | 
fis a vector space homomorphism}. Also, Hom (U, F)={f: U- F | fis a vector 
space homomorphism}. 


Lemma 1.4.10 


If V is a vector space over F, then we have the following four conditions: 


(i) «0=0 forallae F. 
(ii) 0-v=0 forallve V. 
(iii) (-o) v =—(av) for allae Fandve V. 
(iv) IfO#veE Vae F,thenaov=0>a=0. 


Proof 


(i) 0+ 00 =a0=a(0 + 0) = 00+ «0 = 0 = a0 (by right cancellation law). 
(ii) 0+ Ov =0v = (0 + 0)v = 00 + 0v = 0 = 00 (by right cancellation law). 
(iii) 0 = Ov = [(-a) + ()]v = —av + av = —av is the additive inverse of av 
=> (—av) = —(av). 
(iv) Suppose 0 # ve V,av=0. If a #0, then at € F. Now ov =0 > ao (av) = 
o (0) = 0 => v=0,a contradiction. Hence, o = 0. o 


Construction of Quotient Space 1.4.11 


Let V be a vector space and W be a subspace of V. Define a relation ~ on V 
as a ~ bif and only if a—be W. Clearly, this ~ is an equivalence relation. We 
denote the equivalence class of ae V by a+ W. Write V/W = {a+ W | ae V}. 
Define “+” on V/W as (a + W) + (b+ W) = (@ +b) + W. Since V is an Abelian 
group, it follows that (V/W, +) is also an Abelian group (called as the quotient 
group of V by W). Now, to get a vector space structure, let us define the scalar 
product between a € Fanda+We V/Was aa + W) = aa + W. With respect 
to these operations (V/W, +) becomes a vector space over F. This vector space 
is called the quotient space of V by W. 


Note 1.4.12 


From the previous discussion, we conclude the following: If V is a vector 
space over F and if W is a subspace of V, then V/W is a vector space over F, 
where the operations are defined as follows: 
(i) (¥, + W) + (v2 + W) = (v, + 02) + W and 
(ii) a(v, + W) =00,+W 
for v,+ W,v,+We V/Wand ce F. 
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Theorem 1.4.13 


If T is ahomomorphism of U onto V with kernel W, then V is isomorphic to 
U/W. Conversely, if U is a vector space and W is a subspace of U, then there 
exists a homomorphism of U onto U/W. 


Proof 


Given that T: U > V is an onto homomorphism with ker T = W. To show 
that V = U/W, define f: U/W > V by fa + W) = T@) for alla+ We U/W. 
Nowa+W=b+Wea-be W=kerToTa@—b)=0STa=Thof(at 
W) =f(b + W). 

Hence, f is well-defined and one-one. 

To show f is onto, let v € V. Since T is onto, there exists a € U such that Ta =v. 
Therefore, f(a + W) = Ta =v. Hence, fis onto. 

To show fis a homomorphism, consider f[@ + W) + (b+ W)] =fl@+b) + W] = 
Ta@+b)=Ta+Tb=fat+W)+f(b+ W). Also, fla(a + W)] = flaa + W] = Ta) = 
o(Ta) = a(f(a + W)). Hence, f is a vector space homomorphism. 


Converse 


Suppose U is a vector space and W is a subspace of U. Define 9: U > U/W 
by g(@) =a + W for alla e V. Then it is easy to verify that @ is a vector space 
homomorphism. Also, for any a+ We U/W, we have 9(@) =a + W. This shows 
that @ is onto. Hence, @ is an onto homomorphism. Oo 


Definition 1.4.14 


Let V be a vector space over F and let U;, 1 <i <n be subspaces of V. Then V 
is said to be the internal direct sum of U,, 1 <i <n, if every element v € V 
can be written in one and only one way as v=, +U,+...+Uu, for u;€ U, 
1ls<i<n. 


Definition 1.4.15 


Suppose V;,, 1 <i<n are vector spaces over a field F. Write V = {(1, Vy, ...,U,) | 
v,€ V;, 1<is<n}. Define “+” on V componentwise (that is, (V1, 02, ..., 0,) + Wy, 
Wo, ..-, W,) = U1 + Wy, V2 + Wy ..., UV, + W,)). Then (V, +) is an Abelian group. In 
this group, 0 = (0, 0, ..., 0) is the additive identity and (—v,, —v,, ..., -v,) is the 
additive inverse of (v1, V2, ..., V,). To prove a vector space structure for V, for 
ae Fand (0, 05, ...,0,) € V, define OY, Uo, ..., U;,) = (A0y, AV, ..., H0,,). Then, it 
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is easy to verify that V is a vector space over the field F. This vector space V is 
called the external direct sum of the vector spaces V;, 1 <i <n, and we write 
V=V,0V,0...8V,orV = di V;. 


Theorem 1.4.16 


If V is the internal direct sum of U;, 1 <i < n, then V is isomorphic to the 
external direct sum of U;, 1 <i<n. 


Definition 1.4.17 


Suppose V is a vector space over F,v,;€ V and a, € F for 1 <i<n. Then av, + 
pV) +... + 0,0, is called the linear combination (over F) of 0, 0, ..., 


nv n "* 


Definition 1.4.18 


Let V be a vector space and S c V. We write L(S) = {0,0; + 0. +... + 0,0, | 


n™~ nN 


ne N,v,;€ Sanda,;eé F for 1 <i<n} =the set of all linear combinations of 
finite number of elements of S. This L(S) is called the linear span of S. 


Note 1.4.19 


Ifve S, then 1- visa linear combination, and hence v € L(S). So, S c L(S). 


Lemma 1.4.20 (5.20 of Satyanarayana and Prasad, 2009) 


If S is any subset of a vector space V, then L(S) is a subspace of V. 


Lemma 1.4.21 (5.21 of Satyanarayana and Prasad, 2009) 


If S and T are subsets of a vector space V, then 


(i) SCT>L(S) CL(T). 
(ii) L(S UT) =L(S) + L(1). 
(iii) L(L(S)) = L(S). 
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Definition 1.4.22 


(i) The vector space V is said to be finite-dimensional (over F) if there 
is a finite subset S in V such that L(S) = V. 

(ii) If V is a vector space and v; € V for 1 <i <n, then we say that v, 1< 
i <n are linearly dependent over F if there exist elements a; € F,1< 
i<n, not all of them equal to zero, such that a,v, + 4,0, +... +4,0, = 0. 

(iii) If the vectors v;, 1 <i <n are not linearly dependent over F, then they 
are said to be linearly independent over F. 


Examples 1.4.23 


Consider R, the set of reals, and write V = R?; then 


(i) Vis a vector space over the field R. 

(ii) Consider S = {(1, 0), (1, 1), (0, 1)} c R?. Then L(S) = {a,(1, 0) + 0, (1, 1) + 
03(0, 1) | a, ¢ R,1Si<3}={(,+O%, +05) | ae R,1Si<3} Cc R’. 
If (x,y) € R? then write a, =x, 0, =0, =. It is clear that (x, y) = (a, + 
O,, OL, + A) € L(S). Hence, L(S) = R? = V. This shows that R? is a finite- 
dimensional vector space. 

Write v, = (1, 0), v2 = (2, 2), v3 = (0, 1), 04 = G, 3). Then 0,0, + Oy V2 + A403 + 
40, = 0, where o, = 2, & =—1, O, = 2, &, = 0. Thus, there exist scalars 
1, Oy, O3, O4, Not all of them equal to zero, such that 0,0; + O V2 + 
0303 + O40, = 0. Hence, {v; | 1 <i <4} is a linearly dependent set. 
Suppose 2, = (1, 0), v, = (0, 1). Suppose 0, + 0&0, = 0 for some 0%, 0, € R. 
Then ©,(1, 0) + o,(0, 1) = 0 = (0, 0) = (a4, &) = (0, 0) => a, =0=a,. Hence, 
V1, V7 are linearly independent. 


we 


(iii 


~~ 


(iv 


Lemma 1.4.24 (5.24 of Satyanarayana and Prasad, 2009) 


Let V be a vector space over F. If v1, vz, ..., v, € V are linearly independent, 
then every element in their linear span has a unique representation in the 
form Av, +A,0. +... +A,0, with A;e E 1 <i<n. 


n~n 


Lemma 1.4.25 (5.25 of Satyanarayana and Prasad, 2009) 


Let S = {v,; | 1<i<n} bea subset of vector space V. If vjisa linear combination 


of its preceding ones, then L({0,, Vy, ..., Vjay Uj, +++7 Onl) = LS). 


Preliminaries 53 


Theorem 1.4.26 (5.26 of Satyanarayana and Prasad, 2009) 

If v;e V,1<i<n, then either they are linearly independent or some %, is a 
linear combination of the preceding ones 01, 05, ..., Oj4: 

Definition 1.4.27 (5.29 of Satyanarayana and Prasad, 2009) 


A subset S of a vector space V is called a basis of V if S consists of linearly 
independent elements (that is, any finite number of elements in S is linearly 
independent) and V = L(S). 

If S contains finite number of elements, then V is a finite-dimensional 
vector space. If S contains an infinite number of elements, then V is called an 
infinite-dimensional vector space. 


Corollary 1.4.28 (5.31 of Satyanarayana and Prasad, 2009) 


If V is a finite-dimensional vector space and if u, Uz, ..., U,, spans V, then 
some subset of {u, Uz, ..., u,,} forms a basis of V (equivalently, every finite- 
dimensional vector space has a basis {v; | 1 <i<n}). 

Lemma 1.4.29 (5.32 of Satyanarayana and Prasad, 2009) 

If 1, Vz, ..., 0, is a basis of V over F, and if w,, Wz, ..., W,, in V are linearly inde- 
pendent over F, then m <n. 

Corollary 1.4.30 (5.33 of Satyanarayana and Prasad, 2009) 

If V is a finite-dimensional vector space over F, then any two bases of V have 
that same number of elements. 


Result 1.4.31 (5.34 of Satyanarayana and Prasad, 2009) 


Let V and W be two vector spaces over F. Suppose h: V — W is an isomor- 
phism and {v; | i€ I} is a basis of V. Then {h@,) | i€ I} is a basis for W. 
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Definition 1.4.32 


(i) If V is a finite-dimensional vector space, then the integer n in Result 
1.4.31 is called the dimension of V over F. Equivalently, the condition (ii). 
(ii) If V is a finite-dimensional vector space and S = {v; | 1 <i < n} is 
a linearly independent set such that L(S) = V, then n is called the 
dimension of V. In this case, we write n = dim(V). 
(iii) If Vis not a finite-dimensional vector space, then we say that the dimen- 
sion of V is infinite. In this case we say that V is an infinite-dimensional 
vector space. 


Corollary 1.4.33 


Any two finite-dimensional vector spaces over F of the same dimension are 
isomorphic. 

(Sketch of the proof: Let V and W be two vector spaces with dim(V) = 
dim(W) =n. Suppose {0 Vz, ..., V,} and {w,, W2, ..., W,} are bases for V and W, 
respectively. Define f: V > W by f(a,0, + 0,02+ ... +.0,0,,) =O4W, + O,W2 +... +0,0,,. 
Then it is easy to verify that fis a one-one, onto vector space homomorphism.) 


Lemma 1.4.34 (5.38 of Satyanarayana and Prasad, 2009) 


If V is a finite-dimensional vector space over F, and if u,, ux, ..., U,, € V are 
linearly independent, then we can find vectors Uji, Una +--+» Ung, in V such 
that {u; | 1<i<(m+n)} is a basis of V. 


Lemma 1.4.35 (5.39 of Satyanarayana and Prasad, 2009) 


If V is a finite-dimensional vector space and if W is a subspace of V, then the 
following conditions are true: 


(i) Wis a finite-dimensional vector space. 
(ii) dim(W) < dim(V). 
(iii) dim(V/W) = dim(V) — dim(W). 


1.5 Module Theory 


The concept of a “module” over a ring is a generalization of a “vector space” 
over a field. The definition is given as follows. 
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Definition 1.5.1 


Let M be an additive Abelian group and R a ring. We say that M is a left 
R-module if there exists a mapping from R x M to M (we denote the image of 
(r, m) by rm) satisfying the following conditions: 


(i) r(m,+m,) =rm,+rm, 
(ii) (7, +7.)m=rmt+rom 
(iii) 7,(r,m) = (4r.)m (iv) 1-m=mif1le R forallr,r,, 7, € R,m,m,, m,€ M. 


If Mis a left Remodule, then we denote this by pM. 

If we take the elements of the ring R into the right-hand side, then we call 
M aright R-module. 

In this case, we consider the mapping M x R to M (the image of (m, 1) is 
denoted by mr). 

It is clear that if R is a division ring, then a left R-module is called a vector 
space over the division ring R. 


Theorem 1.5.2 


Any additive Abelian group is a module over the ring of integers Z. 
Proof 


Let (A, +) be an additive Abelian group and Z be the ring of integers. Define 
a mapping “” from Z x A to A as follows: 
Letke Zandae A. Ifk is a positive integer, then define 
ka=a+a+...+a(k times). 
If k = 0, then define ka = 0, where 0 is the additive identity in A. 
If k is a negative integer, then we can write k = —p, where p is a positive 
integer. 
Now define ka = (—-p)a = —(pa), where —(pa) is the additive inverse of pa. 
First, we show k(a, + a) =ka,+ka, for allk € Z, and aj, a, ¢€ A. 
If k> 0, then k(a, + a.) = (@, +a) +... + G+ 4) (k times) 
=(a,+a,+...+4a,) (k times) + (@,+a)+... +4) (k times) 
= ka, + ka,. Ifk=0, then 
O@, + ka.) =0=0+0=0a, + 0a,= ka, + a) = ka, + kay. 
If k< 0, then k =-y, where p is a positive integer. 
Now k(a, + a) = —p(a; + a) 


= -(p(a + a2)) = (pay + par) 
= —pay — pay = (—pay) + (—par) 
= (—p)a, + (—p)d2 = kay + kay. 
Therefore, k(@, + 4,) =ka,+ ka, for allke Z,a,,a,€ A. 
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Similarly, we can show that (k, + k,)a =k,a + kya. 
(k,k,)a =k,(k,a), 1-a=a forallk,,k,¢ Z,ae A. Therefore, A is a left Z-module. 
So, an additive Abelian group A is a module over the ring of integers Z. 


Example 1.5.3 


(i) Every ring R is a module over itself. 
[Verification: Let R be a ring and M = R. Then we have the scalar 
multiplication f: R x M > M defined by f(r, m) = rm. With respect to 
this scalar multiplication (M, +) becomes a module over R.] 
(ii) Every Abelian group is a module over Z. 
(iii) Every vector space over a field F is a module over the ring F. 


Note 1.5.4 


Let M be a left R-module. Then 


(i) 0-m=0 forallme M 
(ii) r-0=Oforallre R 
(iii) rm) = (-")m =-rm for allre Randme M. 


Verification 


(i) 0+0:-m=0-m=(0+0)m=0-m+0-m. Therefore, 0 = 0m. 
(ii) 0+70=r0=7r(0+ 0) =10+ 70 > 0= 70. 
(ii) O=Om=(r+ (-))m =rm + (-r)m = -(1m) = (-r)m. 
Similarly, we can prove the other part. 


Throughout the book, we use the term “module” to mean “left module,” 
unless otherwise stated. 


Example 1.5.5 


(i) Every ring R is a left R-module. 
(ii) Every left ideal M of a ring R is a left R-module. 


Example 1.5.6 


(i) Let M be the set of all m x n matrices over the ring R. Then M is a left 
R-module. 
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(ii) Let M be an additive Abelian group and R be the ring of all endo- 
morphisms of M. Then M is a left R-module. 

(iii) Let M, N be two R-modules. Then the Cartesian product M x N is 
also an R-module by defining 
(X1, Yi) + (Xa, Yo) = (1 + Xp, Ya + Yo) and r(x, y) = (rx, ry) for allr € R, x1, 
xX, € M, yy, Y2 € N. 

(iv) The polynomial ring R[x] (that is, the ring of all polynomials in one 
indeterminate x) over a given ring R is an R-module. 


Problem 1.5.7 


Let M be an additive Abelian group. Then show that there is only one way of 
making M a Z-module. 


Proof 


We know that an additive Abelian group M is a Z-module by defining k-a as 
in Theorem 1.5.2. 
Suppose M is a Z-module with respect to the mapping f: Z x M > M. 
Now we show that f(k, a) =k-a for allke Z,ae M. 
Since M is a Z-module with respect to f, we have 


(i) f(k, a, + i =f, é + f(k, a2) 
(ii) Kk, az pe a =f(k, a ie a) 
(iii) f(k, ite a) = flky, flky, a) 
(iv) f(1, a) =a for all a, a,,a,€ M,k,k,,k, € Z. 


If k>0, f(k, a)= f(l+1+...+1), a) 


= f(1,a)+ f(1, a) +...+ f(1, a) (k times) 
=at+at...+a(k times) = ka. 
If k = 0, then consider 
f(1, a) = f1+0, a) = fC, a) + FO, a) 
= f(l,a)+0= f(1, a)+ f(0, a) 
=> 0=f(0,a)>0-a= f(0, a). 


Therefore, f(k, a) =ka if k=0. 
Ifk <0, thenk= e where p is a apap — 
Now f(1, a) + f(CL a) =f. + -1, a) Figs a 

= f(-L, a) =-f(1, a) =-a. 
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Therefore, f(k, a) = f(-p, a) = f((-1) + (-I)+...+(-D), a) 
= f(-1, a)+ f(-1, a)+...+ f(-1, 4) 
= ((—a)+(—a)+...+(—a)) 


p(—a) = —pa = (—p)a = ka. 
Therefore, f(k, a) =ka for allke Z,ae M. 
So there is only one way of making an additive Abelian group into a 
Z-module. a 


Definition 1.5.8 


A nonempty subset N of an R-module M is called an R-submodule (or sub- 
module) of M if 


(i) a—be N foralla,be Nand 
(ii) rae Nforallre Rae N 


Example 1.5.9 


(i) Every left ideal of a ring R is an R-submodule of the left R-module R. 


(ii) If M is an R-module and x € M, then the set Rx = {rx | re Rsisan 
R-submodule of M. 

(iii) Consider Z (the ring of integers) as a Z-module. Then every 
Z-submodule of Z is of the form nZ, where n € Z. 


Note 1.5.10 
Let R bearing and /c R. Then J is a submodule of ,R if and only if lis a left 
ideal of R. 


Theorem 1.5.11 


If {N oe , is a family of R-submodules of an R-module M, then NN, is also 
ice A 
an R-submodule of M. 
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Proof 
Write N = () Nj. 
ieA 
We have to show that N is an R-submodule of M. 


(i) Let a, b € N. This implies that a, b € N; for all ie A. Since each N; is 
a submodule, it follows that a—b € N; for allie A. This implies that 
a-be al N; =N, 

ieA 
(ii) Leta e Nandre R. This implies that ae N; andre R for allie A. 
Since each N; is a submodule, it follows that ra € N; for allie A. This 


means race (| N;=N. 
ieA 


Therefore, N is an R-submodule of M. | 


Remark 1.5.12 


(i) The union of two submodules of M need not be a submodule of M. 
[Example: Let Z be the ring of integers. Then we can consider Z as a 
module over Z. 

Write A =2Z, B=3Z,and C=A UB. 

Now, A and B are two submodules of the module Z. Since 2€ A CC, 
3¢€ BcC,and1=3-2¢ C it follows that C cannot be a submodule 
of the module Z.] 


(ii) If A and B are two submodules of M, then A+ B= {a+b | ae A,be B} 
is also a submodule of M. 


Theorem 1.5.13 


If M is an R-module and x € M, then the set K = {rx + nx | re R,neé Z} isthe 
smallest R-submodule of M containing x. Moreover, if R has the unit element, 
then K = Rx. 


Proof 


Part 1: In this part, we show that K is an R-submodule of M. 
Let k,,k,¢ K. Then k, =1,x + 1,x, k, =1,x + n,x, where r,,r,€ Rand n,,n,€ Z. 
Now k, — ky = (14% + 1.x) — (72X + 15x) 

= 1X — 9X + 1X — Nyx 

=(r, —1,)x + (1, — n,)x € K. 
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Letae Randrx+nxe K. 
Now we have to show that a(rx + nx) € K. 
If n>0, a(rx+nx) = a(rx) + a(nx) 


=(ar)x +a(x+...+ x) (n times) 


=(ar)x +(ax+ax+...+ax) (n times) 


=(ar+a+..+a)x 


n times 


= vx, wherev=art+at+...t+aeR 


n times 


=vx+0x, whereve R,0EZ 


eK. 

If 1 =0, then a(rx + nx) = a(rx + nx) =a(rx + 0) =arx e€ K. 
If n <0, then n = -p, where p is a positive integer. 
Now, a(rx + nx) = a(rx + (—p)x) 

= a(rx) + a((—p)x) 

= (ar)x + a((—x) + (-x) + ...4+ (—x)) 

= (ar)x + a(—x) + a(-x) + ...+.a(—x) (p times) 

= (ar)x + (—a)x + (—a)x +...4+ (-a)x 

= (ar +(-a) + (-a) +...+ (—a))x 

p times 
= ux (for some u € R) 


EK. 


So, in all cases, a(rx + nx) € K forallae R,rx+nxe K. 
Therefore, K is an R-submodule of M. 
Clearly, x =0x + 1x € K. Therefore, K is an R-submodule of M containing x. 


Part 2: Let L be an R-submodule of M containing x. 

Now x € L. Since L is an R-submodule, we have rx € L for all re Rand 
nx e€ Lforallne Z. Now, rx+nxe L forallre R,neé Z. 

So, K cL. Therefore, K is the smallest R-submodule of M containing x. 


Part 3: Suppose R has the unity element e. 

Now we show that K = Rx. 

Since x € K, we have Rx c K. 

Let rx+nxe K. 

For n >0, rx +nx =rx + n(ex)=rx + (ex+ext+...+ex) (n times) =(r+et+... +e) 
x=ux e Rx (forsome ue R). 

Similarly, if n < 0 we can show that rx + nx € Rx. 

Therefore, K c Rx. Hence, K = Rx. | 
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Definition 1.5.14 


Let M be an R-module and S be a nonempty subset of M. Then the inter- 
section of all R-submodules of M containing S is called the R-submodule 
(or submodule) generated by S. The submodule generated by the set S is 
denoted by either <S> or (S). If S = {a}, then <S> is denoted by <a>. 


Note 1.5.15 


(i) The submodule generated by S is the smallest R-submodule of M 
containing S. 
(ii) Let M be an R-module and x e M. Then the submodule generated by 
x is given by (x) ={rx+nx | re R,ne€ Z}. 
If R has the unity element, then the submodule generated by x is Rx. 


Definition 1.5.16 


An R-module M is called a finitely generated module if M = <{x,, x,, ..., X,}>, 


where x; € M,1<i<n. These elements x,,X,,...,x,, are called the generators 
of M. 


Remark 1.5.17 


The set of generators of a module need not be unique. 
[To justify this, let S be the set of all polynomials in x of degree < n, over a 
field F. 
Then S is a vector space over F with the usual addition and multiplication. 
It is easy to see that S is generated by the set {1, x, ..., x"}. 
Let f(x) € S. 
Then f(x) =a) + a,x +... +.a,x" (since {1, x, ... x"} is a generating set) 
=Ay— a, +0,+a,x+...+4,x" 
= (4) — a) +a, +X) + ayx? +... 44,x". 
So, we can also write a general element f(x) as a linear combination of the 
elements 1, (1+), ...,.x". 
Therefore, S is also generated by {1, 1+ x, x?, ..., x"}.] 


Definition 1.5.18 


An R-module M is called a cyclic module if M = <x> for some x € M. 
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Theorem 1.5.19 


If an R-module M is generated by a set {x,, X»,...,X,} and 1 R, then M= {r,x,+ 


ToXq +... $1 Xy | ri € R}, and the right-hand side is symbolically denoted by 
Diy Rx. 


Proof 


Given that M is generated by the set {x,, Xp, ..., X,,}. 


Then M is the smallest R-submodule of M containing x1, X3, ..., X). 

Write D7,Rx; = {4x + mx +...+%Xn | 1%; €.R}. Now we show that M = 27, Rx;. 
Since M is an R-module and xj, X, ..., x, € M, it is clear that Dj-,Rx; = 
{nx + HX +...4+%Xy | 1; €R} CM. Now we show that 2, Rx; is an R-submodule 
of M containing x1, X5, ..., Xy. 

Let a, be LiyRx;. Then a =r,x,+ xX, +... +7,X, and b= sx, + SX. +... +8,X, 
for r;,,s;€ R,i=1,2,...n. Now, 


A-—D=(tyXy t+ oXy H+ ... AMX) — (S4X] + $yXy +... + S,X,) =X] HX +... +7 


nn. n 


4X1 — $5Xy — 20. —$,.X, = (1 — $y) X1 + (7p — $9)X) +... + (1, — S,,) Xn © LEAR; and 


Xx. 


no 


VA = 11 4X] + yXy HAN Ny) HI Hy AX +. HIN, X 


n’* 11. nn 


= (rr y)xy + (11r2)Xo +... + (11, Xn € Li Rx; for all re R. 
Therefore, /.,Rx; is an R-submodule of M. Moreover, 


x; = 0x, +0x2 +...41x;+...4+0x, € LL Rx;, for alli =1, 2, ...,n. 


Therefore, 2/_,Rx; is an R-submodule of M containing x1, x, ...,X,,. But M is 
the smallest R-submodule of M containing x1, X, ..., X,.50, M © Zi Rx;. 
Hence, M = {1X1 + %oX%) +... +1 ,X | ne Rt}. | 


nen 


Definition 1.5.20 


If an element m € M can be expressed as 11 = 4,X, + GX) +... +4,X,, where a;€ R 


nen 


and x,;€ M for alli=1, 2, ...,1, then we say that m is a linear combination of 
elements x,, X,, ..., x, over R. 
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Definition 1.5.21 


Let {Ni}, 1 Sisk bea family of R-submodules of a module M. Then the sub- 
module generated by Ut, N;, that is, the smallest submodule of M containing 
N,, N>, ..., N;, is called the sum of submodules N,, 1 <i<k, and is denoted 
by DiAN;. 


Definition 1.5.22 


Let {Ni}... be an arbitrary family of submodules of an R-module M. Then 
the submodule generated by U;za N; is called the sum of submodules {N;} 
and it is denoted by Lica Ni. 


icA’ 


Theorem 1.5.23 


Let {Nj}, 1 <i<kbea family of R-submodules of an R-module M. Then 


k 
Ni = {x, +x +...+2x, | x; € N; for all i}. 


i=1 


Proof 


Write S = {x,+x)+...+%, | x;€ Nj for all i}. 
Now we show that S is the smallest R-submodule of M containing N,, N3, 
... N,. Leta, be S. Then 


A=X, +X +... ¢x,and b=y, + Yat... + yy 
for x, y;€ N;,, 1 Sisk. 
Now 4 — b= (xX, +%X)4+...+%) —(Yit Yor... $Y) 
HX +X Ht... FM -—Yy—-Yo—- -- —Y 
= (4) -— yy) + G.-Y) +... +O -y) € 5. 


Letre Randae S. Then ra =r(x, +x. +...+%) = 1X, + 7%) +...+ 7%, € S 
(since rx; € N). 
Therefore, S is an R-submodule of M. Clearly, S contains N,, Nz, ..., Ny. 

Let K be any R-submodule of M containing N,, Nz, ..., Ny. Then K contains all 
elements of the form x, +X, +...4+ x, where x;¢€ N; => K contains S, that is,S CK. 
Therefore, S is the smallest R-submodule of M containing N,, Nz, ..., Ny. 
But, by definition, oN. ; is the smallest R-submodule of M containing N,, 
Ny, ..., N;,. This implies Z/1N; = S. | 
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Note 1.5.24 


Let {N;},_. be an arbitrary family of submodules of an R-module M. Then 
Diea Nj =4 2 x;|x,¢N;}, where a, x; stands for the sum of the finite num- 
finit ite 


ber of elements from the R-submodules N vlEdA. 


Definition 1.5.25 


The sum Yica N; of a family {Ni}. of R-submodules of an R-module M is 


ie A 
said to be direct if each element x of Nie, N; can be uniquely written as 


x= ) xi,x;,€ Ni, 


icA 


and x;=0 for almost alliin A. 


Note 1.5.26 


(i) The direct sum of submodules {N i}. , is denoted by ® Lica Ni- 

(ii) If D is a finite set, that is, if D = {1, 2, ..., k}, then the direct sum of 
submodules {N} 1 <i<k is denoted by ®ZL,N,(or) N; @...® Nx. 

(iii) If ® Lie, Nj is a direct sum, then each N,; is called a direct summand 

of ® Dies Ni. 


we 


Theorem 1.5.27 


Let {N, ibe , be a family of R-submodules of an R-module M. Then the follow- 
ing conditions are equivalent: 


(i) » N; is a direct sum. 


ieA 


Gi) 0= Ye YN =0forallicA. 


icA 


ii) Nin] YN; |=), ied. 
jea 
j#i 
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Proof 


(i) => (i): Assume (i), that is, 2 N;, is a direct sum. Then every element 
of x N; has a unique representation. Let 0 = UX; € ZNi. We know 
that 0= x0. 

Therefore, by our assumption, x; = 0 for all 7. This proves (ii). 

(ii) = (iii): 
Assume (ii), that is, 0 = 2X; € x N; => x; =0 for allie A. 


Let xe Nin x Nj. Then x € N,and xe x Nj =>xXxE Nj, and x= aj, 
fed fed ae 


j#i j#i j#l 


where a; € N; and all but a finite number of a;’s are 0. This implies 


0= x ajt+(—-x)e x N; = x =0 (by our assumption). 
JE 1€ 
jai 


Therefore, Nj A} & N; |= (0), ie A. This proves (iii). 
jeA 


j#l 


(iii) = (i): Assume (iii), that is, Nj A XN ; |= (0), ie A.Takexe X Nj. 
Jee ic A 
jAl 
Suppose x = 2 ai, x= 2X bi, a;,b;€ N;, and all but a finite number of a, b; 


are 0. Then 0 = PAC —D;) 


=>a;—b; =-2 (a; —bj)e Nia = N; =(0) 
jeA jeA 


jai jai 


=> a,;—b;=0 for allie A> a; =); for allie A. 


Therefore, every element of x N; has a unique representation. 


This implies 2 N; is a direct sum. This proves (i). a 
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Definition 1.5.28 


Let M, N be any two R-modules. A mapping f: M —> N is said to be an 
R-homomorphism or homomorphism or R-linear mapping or linear map- 


ping if 


(i) f(x + y) =flx) + fly); and 
(ii) f(rx) =r - f(x) for allx,ye M,re R. 


Moreover, if f is one-one, then the homomorphism f is said to be a mono- 
morphism. If fis onto, then the homomorphism fis said to bean epimorphism. 
If fis a bijection, then the homomorphism f is said to be an isomorphism. 


Note 1.5.29 


The set of all R-homomorphisms of an R-module M into an R-module N is 
denoted by Hom,(M, N), and it is easy to verify that Hom,(M, N) is an addi- 
tive Abelian group in which the additive identity is the zero mapping. If f € 
Hom,(M, N), then the mapping (-f) defined by (-f)(x) = — (f(x)) is the additive 
inverse of f. 


Example 1.5.30 


(i) Let M be an R-module. Define a mapping f: M > M as f(x) = x for all 
x € M. Then fis a module homomorphism and this homomorphism 
is called the identity endomorphism of M. 

(ii) Let M be an R-module. Define a mapping f: M > M as f(x) = 0 for all 
x € M. Then f is an R-homomorphism and this homomorphism is 
called the zero endomorphism of M. 

(iii) Let M be an R-module and ae R. Define 
f:M— Nas f(x) = ax for all x e M. Then fis an R-homomorphism. 

(iv) Let R be a ring and n be a fixed positive integer. Then the set R" 
is an R-module. Define 7: R" > R as 1,(X1, Xo, ..., X,) = x; for all (x, 
Xz ..., X,) € R". Then 7; is an R-homomorphism, and it is called the 
projection of R” onto the ith component or the canonical homo- 
morphism for i=1 ton. 


Note 1.5.31 


Let f: M > N be an R-homomorphism. Then 
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(i) f(0) = 
fi) fox) =o 
(iii) f(x — y) =f(x) — fly) for all x, ye M. 


Definition 1.5.32 


Let f: M — N be an R-homomorphism. Then the set {x « M | f(x) = 0} is called 
the kernel of f and is denoted by ker f (or ker(f)). It is easy to verify that ker f 
is an R-submodule of M. 


Definition 1.5.33 


Let f, M > N be an R-homomorphism. Then the set {f(x) | x € M} is called 
the image of f, and it is denoted by Im/(f). It is easy to verify that Im(f) is an 
R-submodule of N. 


Note 1.5.34 


Suppose f: M > N and g: N > K are module homomorphisms. Then 


) gof: M— Kis a module homomorphism. 

) ker f= (0), if and only if fis one-one. 

(iii) If fis an isomorphism, then f~: N > M is also an isomorphism. 
) Iffand g are monomorphisms, then so is gof. 

) Iffand g are epimorphisms, then so is gof. 

If gof is amonomorphism, then so is f 

If gof is an epimorphism, then so is g. 


Note 1.5.35 


Let N be an R-submodule of an R-module M. For any a,, a, € M, define a, = 
a,(mod N) if a, — a, € N; then “=” is an equivalence relation on M. 

For any a € M, let a be the equivalence class containing a. Then 

a={(beM|b=(modN)}={a+x|xeEN}=a+N. 

Write M/N = {a|ae M}={a+N|ae M}. 

For any a+N,b+Ne M/N, and for any ré R, define addition and scalar 
multiplication on M/N as follows: 

(a+N)+(b+N)=(a+b)+Nandra+N)=1ra+N. 

Then M/N becomes an R-module. Here 0 + N is the identity in M/N. 


68 Near Rings, Fuzzy Ideals, and Graph Theory 


For x +N € M/N, the element (—x) + N is the additive inverse of x + N. 

The module M/N is called a quotient module or a factor module of M 
modulo N. 

Define f: M > M/N as f(x) =x + N for all x € M. Then fis an epimorphism, 
and it is called the canonical epimorphism of M onto M/N. 


Theorem 1.5.36 


The submodules of the quotient module M/N are of the form U/N, where U 
is a submodule of M containing N. 


Proof 


Let f; M > M/N be a canonical epimorphism. Let X be an R-submodule of 
M/N. Write U= {me M | fim) € X}. Leta, be U= f(a), f(b) € X. Now fa— b) = 
fa -fl) e X>a-—be U. Foranyre Rae U, we have f(ra) = rf@e X= 
rae U. 

Therefore, U is an R-submodule of M. 

Leta e N. Now f(a)=at+N=N=0e€X=>acU,andsoNcu. 

Therefore, U is an R-submodule of M containing N. 

Clearly, f(U) c X. Let x € X. Since f is onto, there exists y € M such that 
fly) =«. 

Now f(y) =x € X, where ye M> ye U.So,x=fly), ye U=xe f(U). 

Therefore, X c f(U). Hence, X = f(U) = U/N. 
So, any R-submodule of M/N is of the form U/N for some R-submodule U of 
M containing N. a 


Theorem 1.5.37 (Fundamental Theorem of Module Homomorphisms) 


Let f be an R-homomorphism of an R-module M into an R-module N. Then 
M/ker f = f(M). 


Proof 


For convenience, we write K = ker f Define @: M/K —> f(M) by 9(x + K) = f(x) 
for allx+K e M/K. Let x,;+K,x,+Ke M/K. 

Now, x, + K=x,+ K if and only if x, — x, € K if and only if f(x, — x,) = 0 if 
and only if f(x,) — f(x) = 0 if and only if (x, + K) = @(x, + K). Therefore, @ is 
well-defined and one-one. 

Let x! € f(M). Then x'= f(m) for some me M. 
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Now m+Ke M/Kand (m+ K) =f(m) =x". 

Therefore, for each x! € f(M), there exists m+ Ke M/K such that 9(m + K) = 
x, and so @ is onto. Now we show that @ is an R-homomorphism. 

For any x + K, ye Ke M/K, we have 

o(x + K) + (y+ K) =9(e+y) + K) =f +y) =f) + fly) = 9 + K) + Oy + K). 

For any x + Ke M/Kand re R, we have 

(r(x + K)) = 9(rx + K) =frx) = r-flx) =1 (+ K). 

Therefore, @ is an R-homomorphism. 
Hence, ~: M/K — f(M) is an isomorphism. The proof is complete. a 


Theorem 1.5.38 


Let A and B be R-submodules of R-modules of M and N, respectively. Then 


MxN_M JN 
AxB AB’ 


Proof 


Define 9: M x N > 4% x “ by g(m,n) =(m+ A,n + B) for all me M,ne N. Now 
we show that @ is an epimorphism. 


Let (m,, 1), (Ms, No) € Mx N be such that (m,, 1,) = (ms, np) 
=> Mm, = Mz, = Nz 

>m+A=m+A,n,+B=n,+B 

=> (m+ A, m,+B)=(m. +A, n2 +B) 

=> O(1, 11) = O(M2, Nz). 


Therefore, @ is well-defined. 
For any (111, 14), (M1, M2) € M x N, 


O((m,, 1,)+ (M2, N2)) = (mM + M2, 1 +N) 
= ((m, + m2)+ A, (m +Nz)+B)) 
= ((m, + A) + (my + A), (1m + B) + (Mz +B)) 


= Q(m, 11) + O(M2, Nz) 


For any r € R, and for any (m,n) « MXN, 
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p(r(m, n)) = e(rm, rn) 
=(rm+A,rm+B) 
=(r(m+ A), r(m+ B)) 


=r(m+A,m+B)=r(o(m, n)). 


Therefore, @ is an R-homomorphism. 
Letxe x. 
Then x=(m+A,n+B)forsomeme M,ne N. 
Now (m,n) € Mx Nand o(m,n)=(m+A,n+ B)=x. 
Therefore, @ is onto. 
So, 9: M x N > “tx % is an epimorphism. 
Therefore, by the fundamental theorem of homomorphisms, 


MxN ~ MxN ~ M N 
kero =AMXN)> BO =aX se: 


Now we show that ker 9 =A x B. 

ker 9 = {(m,n)e M x N | (m,n) = 0} 
= {(m,n)|(m+A,n+B)=(A, B)} 
={(m,n)|m+A=A,n+B=B} 
={(m,n)|meA,neBl=AxB. 


MxN _ M N 
Therefore, WN = Myx 4, | 


Definition 1.5.39 


(i) An R-module A is said to be a faithful module if rA # 0 for any 0 # 
reR. 

(ii) A is said to be irreducible if A contains exactly two submodules (0) 
and itself. 


Definition 1.5.40 


(i) If K, A are submodules of M, and K is a submodule of M maximal 
with respect to K M A = (0), then K is said to be a complement of A (or 
a complement submodule in M). 

(ii) A nonzero submodule K of M is called essential (or large) in M (or 
M is an essential extension of K) if A is a submodule of M and Kn 
A = (0) implies A = (0). 
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(iii) If A is an essential submodule of M, and A # M, then we say that M 
is a proper essential extension of A. If a submodule K is essential 
in M, then we denote this fact by K <, M. 


Goldie (1972) introduced the concept of a finite Goldie dimension (FGD) in 
modules. 

We know that the dimension of a vector space is defined as the number of 
elements in the basis. One can define a basis of a vector space as a maximal 
set of linearly independent vectors or a minimal set of vectors, which span 
the space. The former case, when generalized to modules over rings, becomes 
the concept of the Goldie dimension. 

As in the theory of vector spaces, for any submodule K, H of M such that 
KAM= (0), the condition dim(K + H) = dim(K) + dim(H) holds. Also, if K and 
H are isomorphic, then dim(K) = dim(H). 


Definition 1.5.41 


An R-module M is said to have an FGD if M does not contain a direct sum of 
an infinite number of nonzero submodules. 


Definition 1.5.42 


A nonzero submodule K of M is said to be a uniform submodule if every 
nonzero submodule of K is essential in K. 


Lemma 1.5.43 (Theorem 0.1 (a) of Satyanarayana, 1989) 


Let M be a nonzero module with an FGD. Then every nonzero submodule 
of M contains a uniform submodule. 


Theorem 1.5.44 (Goldie, 1972) 


Let M be a module with an FGD. 


(i) (Existence) There exist uniform submodules U,, U,, ..., U,, whose 
sum is direct and essential in M. 

(ii) (Uniqueness) If there exist uniform submodules V,, V3, ..., V,; whose 
sum is direct and essential in M, then k =n. 
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Definition 1.5.45 


Let M be a module with FGD. Then by Theorem 1.5.44, there exist uniform 
submodules U,, 1 <i < n, whose sum is direct and essential in M. The number 
n is independent of the choice of the uniform submodules. This number n is 
called the Goldie dimension of M, and it is denoted by dim(M). 


Remark 1.5.46 


(i) A submodule B is a complement in M if and only if there exists a 
submodule A of M such that B \ A = (0) and K! NA # (0) for any 
submodule K! of M with B ¢ K'. In this case, B+ A <, M. 

(ii) If A ~ B = (0) and C is a submodule of M, which is maximal with 
respect to the property C > A, C7 B = (0), then C © B is essential 
in M, where ® denotes the direct sum. Moreover, C is a complement 
of B containing A. 


Result 1.5.47 


(i) If L, J, K are submodules of M such that I is essential in J and J is 
essential in K, then I is essential in K. 
(ii) If! cJ CK, then [is essential in K, if and only if I is essential in J and 
J is essential in K. 

(iii) Let G,, G,, ..., G,, Hy, Hy», ..., H,, be submodules of M such that the 
sum G,+G,+...+G,, is direct and H; c G; for 1 <i< n. Then H, + 
H,+... +H, is essential in G, + G,+...+G,, if and only if each H; is 
essential in G; for 1 si<n. 


Note 1.5.48 
Let A, B, and C be submodules of M such that 


(i) BAX A=(0) and K'N A # (0) for any submodule K' of M with B ¢ K’. 
(ii) C is a submodule of M, which is maximal with respect to the prop- 
erty CD A, CO B= (0). Then we have the following: 


(a) By Remark 1.5.46 (i), B is a complement in M. 
(b) A @ Bis essentialin M, and A ®BCCOBCM. 

Using Result 1.5.47 (ii), we get that A © B is essential in C ® B. 
(c) By Result 1.5.47 (iii), it follows that A is essential in C. 
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(d) Cisa complement submodule, which is also an essential extension 
of A. 


When we observe the following example, we learn that the condition 
dim(M/K) = dim(M) — dim(K) does not hold for a general submodule 
K of M. For this, consider Z, the ring of integers. Since Z is a uniform 
Z-module, it follows that dim(Z) = 1. Suppose py, Pp», ..., py are distinct 
primes, and consider K, the submodule generated by the product of these 
primes. Now, Z/K is isomorphic to the external direct sum of the mod- 
ules Z/(p,), where (p,) denotes the submodule of Z generated by pi (for 1< 
i<k), and so dim(Z/K) =k. For k = 2, dim Z — dim(K) =1-1=0#k 
dim(Z/K). Hence, there arises a type of submodule K that satisfies the con- 
dition dim(M/K) = dim(M) — dim(K). In this connection, Goldie obtained 
the following result. 


Theorem 1.5.49 (Goldie, 1972) 
If M has an FGD and K is a complement submodule, then dim(M/K) = dim(M) — 
dim(K). 


The converse of this theorem is as follows. 


Theorem 1.5.50 (Theorem 2 of Reddy and Satyanarayana, 1987) 


Let M be an R-module with FGD, and let K be a submodule of M such that 
dim(M) = dim(K) + dim(M/K). Then K is a complement submodule of M. 


1.6 Graphs 


Graph theory was postulated in 1736 with Euler’s paper in which he solved 
the Kongsberg bridges problem. The last three decades have witnessed more 
interest in graph theory, particularly among applied mathematicians and 
engineers. Graph theory has a surprising number of applications in many 
developing areas. It is also intimately related to many branches of math- 
ematics, including group theory, matrix theory, automata, and combina- 
torics. One of the features of graph theory is that it depends very little on 
the other branches of mathematics. Graph theory serves as a mathematical 
model for any system involving a binary relation. One of the attractive fea- 
tures of graph theory is its inherent pictorial character. The development 
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of high-speed computers is also one of the reasons for the recent growth of 
interest in graph theory. 


Definition 1.6.1 


A graph G = (V, E) consists of a nonempty set of objects V = {0,, 0, ...} 
called vertices and another set E = {e,, é, ...} of elements called edges such 
that each edge e, is identified with an unordered pair {v;, vo} of vertices. The 
vertices v;, v; associated with the edge e, are called the end vertices of e,. 
A vertex is also called a node or point; an edge is also called as a branch 
or line. An edge associated with a vertex pair {v;, v}| is called a loop or 
self-loop. If there is more than one edge associated with a given pair of 
vertices, then these edges are called parallel edges or multiple edges. 


Example 1.6.2 


Consider the graph in Figure 1.1. 
This is a graph with five vertices and seven edges. Here, G = (V, E), where 


V = {0}, Uo, V3, V4, Vs} and E = {e1, €5, 3, C4, C5 Coy C7}. 
The identification of edges with the unordered pairs of vertices is given by 


ey bara {0o, Vo}, C5 Sr {02, 4h, C3 - {oy Vo}, 
€4 > {01, U5}, C5 > {01, Va}, C6 A (Vx, Va}. 


“sn 


Here, “e,” is a loop, and e, and e; are parallel edges. 


Definition 1.6.3 


A graph that has neither self-loops nor parallel edges is called a simple 
graph. A graph containing either parallel edges or loops is also referred to 
as a general graph. 


es 


FIGURE 1.1 
Graph. 
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FIGURE 1.2 
Graph. 
2 4 
3 
FIGURE 1.3 
Graph. 


Example 1.6.4 


It can be observed that the two graphs given in Figures 1.2 and 1.3 are one 
and the same. 

Graph theory has a wide range of applications in the engineering, medical, 
physical, social, and biological sciences. A graph can be used to represent 
almost any physical situation involving discrete objects and a relationship 
among them. In the following, we present a few such examples. 


Problem 1.6.5: Konigsberg Bridges Problem 


This is one of the best known examples of graph theory. 

This problem was solved by Leonhard Euler (1707-1783) in 1736 using the 
concepts of graph theory. He is the originator of graph theory. 

[Problem: There were two islands C and D connected to each other 
and to the banks A and B with seven bridges, as shown in Figure 1.4. 

The problem was to start at any of the four land areas of the city A, B, C, and 
D, walk over each of the seven bridges once and only once, and return to the 
starting point.] Euler represented this situation by means of a graph as given 
in Figure 1.4. Euler proved that a solution for this problem does not exist. 
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Konigsberg bridges. 


ATH 


FIGURE 1.5 
Graphs that cannot be drawn without lifting the pen or retracing. 


Note 1.6.6 


The Konigsberg bridges problem is the same as drawing figures without lift- 
ing the pen from the paper and without retracing a line. The same situation 
can be observed in Figure 1.5 for graphs/figures. 


Problem 1.6.7: Utility Problem 


There are three houses, H,, H,, H;, each to be connected to each of the three 
utilities—water (W), gas (G), electricity (E)—by means of conduits, as shown 
in Figure 1.6. 


Problem 1.6.8: Seating Arrangement Problem 


Nine members of a new club meet each day for lunch at a round table. They 
decide to sit in such a way that “each member has different neighbors at each 
lunch.” How many days can this arrangement last? 
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FIGURE 1.6 
Graph of utility problem. 


FIGURE 1.7 
Graph of seating arrangement problem. 


This situation can be represented by a graph with nine vertices such that 
each vertex represents a member, and an edge joining two vertices represents 
the relationship of sitting next to each other. Figure 1.7 shows two possible 
arrangements (1234567891, 1352749681) at the dinner table. From this figure, 
we can observe that there are two possible seating arrangements, which are 
1234567891 and 1352749681. 

It can be shown by the graph-theoretic considerations that there are only 
two more arrangements possible, which are 1573928461 and 1795836241. In 
general, for n people, the number of such possible arrangements is “5+ if n is 
odd and 45? if n is even. 


Definition 1.6.9 


A graph G with a finite number of vertices and a finite number of edges is 
called a finite graph. A graph G that is not a finite graph is said to be an 
infinite graph. 
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FIGURE 1.8 
Finite graphs. 


Example 1.6.10 


(i) Consider the graphs given in Figure 1.8. It can be observed that the 
number of vertices and the number of edges are finite. Hence, the 
three graphs in Figure 1.8 are finite graphs. 

(ii) Consider the graphs given in Figure 1.9. It can be understood that the 
number of vertices of the two graphs is not finite. So, we conclude 
that these two figures represent infinite graphs. 


Henceforth, we place our attention on the study of finite graphs. So, we use 
the term “graph” for “finite graph.” 


HEE 


FIGURE 1.9 
Infinite graphs. 
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Definition 1.6.11 


If a vertex v is an end vertex of some edge e, then v and ¢ are said to be inci- 
dent with (or on, or to) each other. Two nonparallel edges are said to be adja- 
cent if they are incident on a common vertex. Two vertices are said to be 
adjacent if they are the end vertices of the same edge. The number of edges 
incident on a vertex v is called the degree (or valency) of v. The degree of a 
vertex v is denoted by d(v). It is to be noted that a self-loop contributes two to 
the degree of the vertex. 


Example 1.6.12 


(i) Consider the graph shown in Figure 1.10. Here, the edges e,, e¢, e7 are 
incident with the vertex 4. 

(ii) Consider the graph given in Figure 1.11. Here, the vertices u,, u; are 
adjacent. The vertices u, and u, are not adjacent. The edges e, and e, 
are adjacent. 


FIGURE 1.10 
Graph (illustration for incidence). 


vy % 
Vo Wy 
V3 Vg 
V4 Vo 
V5 Yio 


FIGURE 1.11 
Graph (illustration degree of vertices). 
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(iii) Consider the graph given in Figure 1.11. Here d(v,) = 2; d(v,) = 1; 
d(v3) = 3; d(v,) = 2; d(v5) = 2; d(v,) =2; d(v7) = 1; d(vg) = 3; d(vq) = 2; d(049) =2. 


Theorem 1.6.13 


The sum of the degrees of the vertices of a graph G is twice the number of 
edges. That is, ¥.,-v d(v;) = 2e. (Here e is the number of edges.) 


Proof 


(The proof is by induction on e.) 

Case (i): Suppose e = 1. Suppose fis the edge in G with f = uv. Then d(v) = 1, 
d(u) =1. 

Therefore, 


YS) a(x) = »y d(x) + d(u) + d(v). 


xeV xeV\{u, o} 
=0+1+1 
=2 
=2x1 


= 2 x (number of edges). 


Hence, the given statement is true for n = 1. 

Now we can assume that the result is true for e=k—1. Take a graph G with 
k edges. Now consider an edge fin G whose endpoints are u and v. Remove f 
from G. Then we get anew graph G*=G — {f}. 

Suppose d'(v) denotes the degree of vertices v in G’. 

For any x € {u, v}, we have d(x) = d'(x), and d‘(v) =d(v) — 1, du) = dy) — 1. Now 
G* has k - 1 edges, and so by the induction hypothesis, ¥,,,<v d (v;) = 2(k -1). 

Therefore, 


2(k-1)= \'d'(@) 


= ¥ d@)+dw+d@) 


vje{u, v} 


Preliminaries 81 


YS) 4(e) + du) -1) + (4@)-1) 


ve{u, 0} 


y d(v;)+d(u)+d(v)-2 


vje{u, 0} 


Sid (e)-2. 


viEV 


Hence, k-1)+2= = d'(v,), and so 2k = z dvi). 


Thus, by induction we get that “the sum of the degrees of the vertices of the 
graph G is twice the number of edges.” a 


Theorem 1.6.14 


The number of vertices of odd degrees is always even. 


Proof 


By Theorem 1.6.13, 


y d(v;) = 2e. (1.5) 


If we consider the vertices of odd and even degrees separately, then 


Yaw= > d(v;)+ »y d (0,). (1.6) 


oj is even ve is odd 


Since the LHS of (ii) is even (from Equation 1.5) and the first expression on the 
RHS is even, it follows that the second expression on the RHS is always even. 


Therefore, »y d (vx) is an even number. (1.7) 


Uk is odd 


In Equation 1.7, each d(vk) is odd. The number of terms in the sum must be 
even to make the sum an even number. Hence, the number of vertices of odd 
degree is even. | 
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Definition 1.6.15 


A subgraph of G = (V, E) isa graph G! = (V!, E’) such that V' c V, E'c E, and 
each edge of G! has the same end vertices in G! as in G. 


Example 1.6.16 


Consider the graph G given in Figure 1.12. 

In the graph shown in Figure 1.12, we have V(G) = {v1, Vz, 03, V4} and 
E(G) = {ey, @o, €3, €4, €s}. Now a subgraph G? is given by Figure 1.13. In this 
graph, V(G1) = {v, 03, Va}, E(G4) = {e2, €3, es}. Now V(G!) c V(G), E(G') c E(G), 
and the endpoints of all the edges e,, e3, e; in G' are in V(G'). The edges in 
G'have the same endpoints as in G. So, G! is a subgraph of G. 


Definition 1.6.17 


(i) If d@) =k for every vertex v of a given graph G, for some positive 
integer k, then the graph G is called a K-regular graph (or a regular 
graph, or a regular graph of degree k). 

(ii) A complete graph is a simple graph in which each pair of distinct 
vertices is joined by an edge. The complete graph on k vertices is 


denoted by C,. 
il = Vy 
&4 Ea eo 
V3 zB V4 
FIGURE 1.12 
Graph. 
V9 
es > 
V3 e3 V4, 
FIGURE 1.13 


Subgraph. 
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FIGURE 1.14 
Complete graph. 


Example 1.6.18 


The graph given in Figure 1.14 is a complete graph on five vertices. It is also 
a regular graph of degree 4. 


Note 1.6.19 


A complete graph is a regular graph of degree (p — 1), where p is the number 
of vertices. 


Definition 1.6.20 


Two graphs G and G' are said to be isomorphic if there is a one-to-one cor- 
respondence f between their vertices and a one-to-one correspondence g 
between their edges such that the incidence relationship must be pre- 
served. (In other words, two graphs G = (V, E) and G! = (V1, E}) are said to 
be isomorphic if there exist bijections f; V > V! and g: E > E! such that 


g(vi0;) = f(v:) f(v;) for any edge o,v; in G.) 


Example 1.6.21 


Consider the graphs given in Figures 1.15 and 1.16. 
The two graphs G, and G, are isomorphic (the mapping f(u,) = 7; is an iso- 
morphism between these two graphs). 
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FIGURE 1.15 
Isomorphic graph. 

vy V3, 

G, 
V4 
M5 

FIGURE 1.16 
Isomorphic graph. 


Definition 1.6.22 
Let G=(V, E) bea graph and © # X c V. Write E, = {xy € E | x,y € X}. Then 


G, = (X, E,) is a subgraph of G, and it is called the subgraph generated by X. 
It is also called the maximal subgraph with vertex set X. 


Example 1.6.23 


The graph shown in Figure 1.13 is a subgraph generated by the set {v3, 03, 04} 
of the graph in Figure 1.12. 


Definition 1.6.24 


In a graph G, a subset S of V(G) is said to be a dominating set if every vertex 
not in S has a neighbor in S. The domination number, denoted by y(G), is 


min{|S| | Sis a dominating set in G}. 
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yy v3 V5 V6 
D Vo XY 
Y10 Vo Vg V7 


FIGURE 1.17 
Graph (illustration domination number). 


Example 1.6.25 


Consider the graph G given in Figure 1.17. 

In this graph, {v1, V3, Ug, V7} is a dominating set of size 4 and {v, Us, Vg} is a 
dominating set of size 3. There is no dominating set for G with one element 
or two elements. Hence, the domination number, y(G) = 3. 


Definition 1.6.26 


A graph G = (V, £) is said to be a star graph (Figure 1.18) if there exists a fixed 


vertex v such that E = {ou | ue Vand u ¥}. A star graph is said to be an 
n-star graph if the number of vertices of the graph is n. 


FIGURE 1.18 
Star graph. 
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Example 1.6.27 


Consider the graph G = (V, E), where V = {0, 02, V3, Vs, Us, Vg, Uy Ug, Vo} and v;# v; 
for 1 <i,7 <9, shown in Figure 1.18. In this graph, the vertex v, is the fixed 
vertex, and it is adjacent to all the other vertices of the graph. So, this graph 
is a star graph. Also, it is a nine-star graph. 


Definition 1.6.28 


A connected graph without circuits is called a tree. It is clear that every star 
graph is a tree. 


Definition 1.6.29 


A directed graph or digraph G consists of a nonempty set V (the elements 
of V are normally denoted by 21, vy, ...), a set E (the elements of E are normally 
denoted by e,, é,, ...), and a mapping @ that maps every element of E onto an 
ordered pair (v,, v;)) of elements from V. The elements of V are called vertices 
or nodes or points. The elements of E are called edges or arcs or lines. If 
ee Eandv, v,;¢ V such that 9) = (v7; 0,), then we write e = 0;0;. In this case, 
we say that ¢ is an edge between 7; and 4; (or e is an edge from 7; to v)). (An 
edge from 7; to v; is denoted by a line segment with an arrow directed from 
v; and v;.) We also say that e originates at v; and terminates at v;. A directed 
graph is also called an oriented graph. 


Note 1.6.30 


Let G be a directed graph and e = vu. Then we say that e is incident out of 
the vertex v and incident into the vertex u. In this case, we also say that the 
vertex v is called the initial vertex and the vertex u is called the terminal 
vertex of e. 


Example 1.6.31 


The graph given in Figure 1.19 is a digraph with 5 vertices and 10 edges. 
Here, v; is the initial vertex and v, is the terminal vertex for the edge e,. The 
edge e, is a self-loop. 
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FIGURE 1.19 
Digraph. 


Definition 1.6.32 


(i) The number of edges incident out of a vertex v is called the out- 

degree or out-valency of v. The out-degree of a vertex v is denoted 
by d*(v). 

(ii) The number of edges incident into v is called the in-degree or in- 
valency of v. The in-degree of a vertex v is denoted by d- (v). 

(iii) The degree of v is defined as the sum of the in-degree and out-degree 
of v, for any vertex v in a graph. (In symbols, we can write it as d(v) = 
d*(v) + d- (v) for all vertices v.) 


Example 1.6.33 


Consider the graph given in Figure 1.19. 


(i) Here, d+(v,) = 3, d*(v,) = 1, d*(v;) = 1, d*(v,) = 1, d*(v;) = 4. 
(ii) d- v,) =1, d- (V,) =2, d (v5) = 4, d- (0) = 3, d- (05) = 0. 
(iii) d(v,) =d*(v,) + d- (0,) =34+1=4. 


1.7 Introduction to Fuzzy Sets 


Zadeh (1965), a professor of electrical engineering and computer science, 
University of California, Berkeley, introduced in 1964 the notion of a “fuzzy 
subset” as a method for representing uncertainty. Zadeh has defined a fuzzy 
set as a generalization of a characteristic function, wherein the degree of 
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membership of an element is more general than merely “yes” (denoted by 1) 
or “no” (denoted by 0). 


Definition 1.7.1 


Let U be a universal set. Consider U x [0, 1]. 


(i) Let u: U > [0, 1] be a function. Now {(x, u(x) | x € U} (which is a sub- 

set of U x [0, 1]) is called a fuzzy set (or fuzzy subset) of (or on) U. 
The fuzzy set defined here will be represented as u. 

(ii) A fuzzy subset ul is said to be a nonempty fuzzy subset if there 
exists x € U such that w(x) #0. 

(iii) A fuzzy subset u is said to be a nonconstant fuzzy subset if there 
exists x, y € U such that u(x) 4 Uy). 

(iv) Lette [0, 1]. The set u,= {x € U | u(x) 2 t} is called a level set (or level 
subset) of u. 


Example 1.7.2 


Let U = {a, b,c, d, e}. Then S = {(@, 0.2), (b, 0.3), (c, 1), (d, 0.7), (e, 0)} is a fuzzy set 
on U. 

Here, uW(a) = 0.2, u(b) = 0.3, and so on. 

Note that Uo45 = {x € U | U(x) = 0.45} = {c, d} and uy = U. 


Note 1.7.3 


Consider Example 1.7.2. 


(i) @, 0.2) € S. In this case, we say that “the degree of membership of a 
in S is 0.2.” 
(ii) (, 1) € S indicates that the degree of membership of c in S is 1. 
(iii) (c, 0) € S. So, the degree of membership of e in S is 0. 


Example 1.7.4 


1 ifx=0 
Define u: Z,— [0, I by u(x) = 43/4 if x € {2, 4}. Then wis a fuzzy subset of Z,. 
1/4 otherwise 
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Definition 1.7.5 


Let U bea universal set and A c U. Then the characteristic function y,: U > 
{0, 1} is defined by 


1 ifxeA 
0 otherwise 


Xa(x) -| 


Note that the characteristic function on U is a fuzzy set on U. Here, the 
level sets are (ya): =A, (Ya)o =U, and (y4)}=A for0<t. 


Example 1.7.6 


Let U= {a, b,c, d,e, f} and A = {a, b, ch. 


Then x,: U > {0, 1} is the characteristic function given by ¥,(a) = 1, x,(b) = 1, 


Xalc) =1, Xa(d) =0, Xale) = 0, and Xalf) =0. 
We can represent A by x, = {(@, 1), (b, 0), (c, 1), @, 0), © 0), (f O)}. 


Definition 1.7.7 


Let a, B € [0, 1] such that B > a, Wis a universal set, and A c U. Then the func- 
tion uu: U = [0, 1] defined by 


u@)={h ifxe A 


a otherwise 


is called the generalized characteristic function of A. 
Here the level sets are p,= UifO0 <t<aandp,=Aift> a. 


Note 1.7.8 


04 ifxe2Z 


i) Define u: Z > [0, 1] b = : 
0 4 9 by w(x) i otherwise 
Then p is a generalized characteristic function of 2Z. 
(ii) Every characteristic function is a generalized characteristic func- 
tion. Take o > 0 and B < 1 in Definition 1.77. Then p is a generalized 


characteristic function but not a characteristic function. 
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Notation 1.7.9 


Let uw and o be two fuzzy subsets of a set X. Then we write Co if u(x) < o(x) 
for allxe X. 


Note 1.7.10 


Let u be a fuzzy subset of U and s, t € [0, 1] be such that s < t. Then ut, D b,. 


Definition 1.7.11 


Let S and T be two fuzzy sets on U. The union of fuzzy sets S and T is the 
fuzzy set S U T (on U), where the degree of membership of an element in 
S UT is the maximum of the degrees of membership of this element in S 
and in T- 

In other words, if ly, and 1, are two fuzzy sets, then |, U H, (the union of LH, 
and ,) is defined by (ty, U by)(x) = max{Ly(x), Hp(x)}. 


Example 1.7.12 


Suppose that S = {(x,, f(xy), (2, flx))} and T = {(x1, gy), 2 82), (Xs, B(%s))} are 
two fuzzy sets. The degree of membership of x; in S is 0. Here, SU T= {(x,, 
max{f(x,), g(%1)}), (Xa, max{f(x2), 3(%)}), Ws, 8(%s))}- 

The complement of a fuzzy subset 1 of a set S, denoted by ~u, is a fuzzy 
subset of S defined by 


(~u)(x) = 1 — u(x) for all xe S. 


Definition 1.7.13 


Let S and T be two fuzzy sets on U. The intersection of two fuzzy sets S and 
T is the fuzzy set S 1 T (on the set U), where the degree of membership of 
an element in S 4 T is the minimum of the degrees of membership of this 
element in S and in T. 

In other words, if , and u, are two fuzzy sets, then LL; A HU, (the intersection 
of , and [L,) is defined by (LM, A [p)(x) = min{H,(x), Hx}. 
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Note 1.7.14 


IfS= {(x, fx), (y, fly} and T = {(x, g(x), (y, gly), @, a2}, then S 4 Tis given by 
SOT={(x, min{f(r), g@}), Y, min{ fy), sy), @ s@)- 


1.7.15 Some Elementary Properties of ~, U, and A 
Let u, 6, and 0 be any fuzzy subsets of a set S. Then the following hold: 


(i) LUG=0UWUand 
UOAo=00 Lu (commutative laws) 
(ii) WUCGUN)=(UUo)UB8and 
UAGNAI=(UNG)NO (associative laws) 
(iii) UU W=pand tp =u (idempotent laws) 
(iv) LU(ON8)=(UU0) A (UU 8) and 
Ua (6 U8) =(UNO) U (UN 8) (distributive laws) 
(Vv) HUX%» =Wand UN x, =p (identity laws) 
where x, is the characteristic function of A for any set A. 
(vi) HU(UNo)=Hand 
lO (uU 6) =H (absorption laws) 
(vii) ~ (U0) =H) U (-o) and 
~(u U 6) = (“u) MN (0) (De Morgan’s laws) 
(viii) ~~) = u (involution law) 


Note 1.7.16 


In general, the union and intersection of any family {u; | 7 € O} of fuzzy sub- 
sets of a set S are defined by 


[Uo = sup p(x) for all xeS 
ieQ 


ieQ 


In nfo = inf u(x) for all xe S 


ieQ 
Definition 1.7.17 


Let X and Y be two nonempty sets, and let f be a function of X into Y. Let be 
a fuzzy subset of X. Then f(u), the image of u under f, is a fuzzy subset of Y, 


i u(x) if f"(y4O 
defined by (f(11))(y) = 5 fy : 
0 f y#®@ 
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Example 1.7.18 


Let X = {a, b, c, d} and Y = {u, v, w, z}. 
Define f: X > Y by f(@) =, f(b) = u, fc) = w, and fd) = w. 
Consider pt = {(@, 0.8), (b, 0.3), (c, 0.6), (d, 0.2)}. Then pt is a fuzzy subset of X. 
Now f(u)(u) = sup {u(x)| f(x) = u} = sup{u(b)} = sup{0.3} = 0.3 


f(u)(2) = sup {u(x) | f(x) = 0} = sup{u(a)} = sup{0.8} = 0.8 
Ff (u)(w) = sup {u(x) | f(x) = w} = sup{u(c), W(@)} = sup{0.6, 0.2} = 0.6 


F(u)(2) = 0 (since f(z) = 1) 
Therefore, f(u) = {(u, 0.3), (v, 0.8), (w, 0.6), (z, 0)} is the image of under f, and 
f(w) is a fuzzy subset of Y. 


Definition 1.7.19 


Let X and Y be two nonempty sets, and let fbe a function of X into Y. Let o 
be a fuzzy subset of Y. Then fo), the preimage of o under f, is a fuzzy subset 
of X defined by (f(0))(x) = o(f(x)) for all xe X. 


Example 1.7.20 


Let X = {a, b, c, d} and Y = {u, v, w, Zz}. 
Define f: X — Y by f@) =, f(b) = u, fc) = w, and fd) = w. 
Take o = {(u, 0.3), (v, 0.7), (w, 0.2), (z, 0.1}, a fuzzy subset of Y. 
Now f'(o)(a) = o( (a) = o(@) = 0.7 
f"(6)(b) = 6 f(b) = 6(u) = 0.3 
f(6)() = 6 f (c)) = 6(w) = 0.2 
f-"(6)(d) = 6( f (d)) = o(w) = 0.2. 
Therefore, f-'(6) = {(@, 0.7), (b, 0.3), (c, 0.2), d, 0.2)} is a fuzzy subset of X. 


Definition 1.7.21 


Let f be any function from a set S to a set T, and let up be any fuzzy subset 
of S. Then uw is called f-invariant if f(x) = f(y) implies u(x) = u(y), where x, 
ye S. 
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Example 1.7.22 


Let pt be a fuzzy subset of Z* (set of positive integers) defined by 


(x) 1 ifxe{2,4,6,8,...} 
x)= 
" 0 otherwise 


Define f: Z*— {0, 1, 2, 3} as follows: 
f(x) =x mod 4 forallx e Z*. Then is finvariant. 


Definition 1.7.23 


Let “” be a binary composition in a set S. The product W@ of any two fuzzy 
subsets i, 6 of S is defined by 


sup {min (u(y), 0(z))}, x=yz where y,zeS 
(H8)(x) = 
0 if x is not expressible as x = yz fory,ze€S 


Definition 1.7.24 


Let S be a nonempty set and i be a fuzzy subset of S. For 
te [0,1],u,={se S | u(x) = this called a level subset of u. 


1.8 Some Fuzzy Algebraic Systems 


Rosenfeld introduced the notion of fuzzy groups and showed that many 
group-theoretic results can be extended in an elementary manner to develop 
the theory of fuzzy groups. 


Definition 1.8.1 


A fuzzy subset tt of a group G is called a fuzzy subgroup of G if for all x, 
y € G, the following conditions are satisfied: 


(i) W(xy) = min{ux), UYy)} 
(ii) W(x) 2 U(x), where xy stands for x - y (the usual product in G). 
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Theorem 1.8.2 


Let Lt be any fuzzy subgroup of a group G with identity e. Then the following 
statements are true: 


(i 
(ii 
(iii 
(iv 


u(x) = uw) < ue) for allx € G. 

(xy) = We) = W(x) = Wy), where x, y € G. 

The level subsets u,, t € [0, 1], tS u(e) are subgroups of G. 
u(xy) = u(y) for all y € Gif and only if u(x) = We), where x € G. 


Veo o a 


Definition 1.8.3 


Let u be a fuzzy subgroup of a group G and let ¢ € [0, 1] be such that t < 
u(e), where e is the identity of G. The subgroup , is called a level subgroup 
of LU. 


Example 1.8.4 


Let G = {1, -1, i, -i} be the group, with respect to the usual multiplication. 
Define tL: G > [0,1] by 
1 ifx=1 
wxy=40.5 ifx=-l 
0 ifxe{i,-i} 


Then u is a fuzzy subgroup of G. 


Theorem 1.8.5 


Two level subgroups [L, and |, (with s < t) of a fuzzy subgroup yu of a group G 
are equal if and only if there is no x in G such that s < U(x) <b. 


Definition 1.8.6 


A fuzzy subgroup UL of a group G is called fuzzy normal subgroup if u(xy) = 
u(yx) for all x, y € G. 
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Theorem 1.8.7 


Let ut be any fuzzy subgroup of G. If u(x) < u(y) for some x, y € G, then u(xy) = 
L(x) = W(yX). 


Proof 
Consider u(xy) = min{L(x), L(y)} (since pis a fuzzy subgroup) 
= U(x) (by the given condition). 

Also u(x) = uccyy) = min{u(xy), U(y)} = wry). 


Therefore, (xy) = [U(x). 
Similarly, we can verify that b(yx) = W(x). | 


Theorem 1.8.8 


Let 8 be any fuzzy subgroup of G such that Im(6) = {0, f}, where t € (0, 1). If 
8@=u Uo for some fuzzy subgroups ui and o of G, then either UC Ooro Cu. 
(Observe that u C 6 means [(x) < o(x) for all x € G)) 


Definition 1.8.9 


A fuzzy subset u of a ring R is called a fuzzy subring of R, if for all x, ye R, 
the following conditions hold: 


@) w@—y) 2 min{u(r), wy} and 
(ii) u(xy) 2 min{u(x), U(y)} 


Definition 1.8.10 


A fuzzy subset u of a ring R is called a fuzzy ideal of R if for all x, y € R, the 
following conditions hold: 


@) w@—y) 2 min{u(r), wy} and 
(ii) wry) 2 max{u(x), Wy} 
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Example 1.8.11 


Let R be the ring of real numbers under the usual operations of addition and 
multiplication. Then the fuzzy subset pt of R, defined by 


1 if x is rational 
U(x) = 
0.6 otherwise 


is a fuzzy subring, but not a fuzzy ideal of R. 


Theorem 1.8.12 


If uw is a fuzzy ideal of a ring R, then the following are true: 


(i) W(x) = W(x) S W(0) for all x € R, where 0 is the identity in R. 


(i) We — y) = HO) = U(x) = WY) for all x, ye R. 
(iii) The level subsets, u,, t € Im(W), are ideals of R. 


Theorem 1.8.13 


Two level subrings (level ideals) u, and UU, (with s < f) of a fuzzy subring 
(fuzzy ideal) u of a ring R are equal if and only if there is no x in R such that 
s<u(x) <t. 


Theorem 1.8.14 


If A is any subring (ideal) of a ring R, A # R, then the fuzzy subset u of R, 


defined by 
jc s ifxeA 
et iExe R—A 


where s, t € [0, 1],s >t, is a fuzzy subring (fuzzy ideal) of R. 


Theorem 1.8.15 


A nonempty subset S of a ring R is a subring (ideal) of R if and only if the 
characteristic function ys is a fuzzy subring (fuzzy ideal) of R. 
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Definition 1.8.16 


A fuzzy ideal w of a ring R (not necessarily nonconstant) is called a fuzzy 
prime ideal, if for any two fuzzy ideals o and 0 of R, the conditiono 0 cu 
implies thato Cuor@Cu. 

Theorem 1.8.17 

If u and 8 are any two fuzzy prime ideals of a ring R, then u 1 0 is a fuzzy 
prime ideal of R, if and only ifuc 8 or@Cu. 


Theorem 1.8.18 


If {u; | 1€ Z*} is any collection of nonconstant fuzzy prime ideals of a ring 
Rsuch that uy, Cu,c... Cu, C..., then 


(i) Uujis a fuzzy prime ideal of R. 
(ii) Mu, is a fuzzy prime ideal of R. 
Theorem 1.8.19 
If fis ahomomorphism from a ring R onto a ring R! and pv is any f-invariant 
fuzzy prime ideal of R, then f (u) is a fuzzy prime ideal of R'. 
Theorem 1.8.20 
If fis ahomomorphism from a ring R onto a ring R' and wis any fuzzy prime 
ideal of R', then f“(u') is a fuzzy prime ideal of R. 
Theorem 1.8.21: Correspondence Theorem 


If f is a homomorphism from a ring R onto a ring R, then the mapping 
uu — f(u) defines a one-one correspondence between the set of all finvariant 
fuzzy prime ideals of R and the set of all fuzzy prime ideals of R'. 
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Pan (1987, 1988) introduced the concept of “fuzzy submodules,” and the 
fuzzy finitely generated modules were introduced and studied by Pan (1987, 
1988), Golan (1989), and Satyanarayanaand Mohiddin Shaw (2010). 

Let M be an R-module and wt: M = [0, 1] isa mapping. u is said to be a fuzzy 
submodule if the following conditions hold: 


(i) wim + m') = min{u(m), um} for all m and m! e M and 
(ii) w@m) = um) for allme M,ae R 


It is clear that if M is a unitary R-module and pw: M = [0, 1] is a fuzzy set 
with w@m) = u(m) for allm e M,aeé R, then 


(i) For allO #ae R, u@m) = um) if a is left invertible. 
(i) wm) = wm). 
(iii) If: M > [0, 1] is a fuzzy submodule and m, m! € M, then (mm — m!) = 
min{yW(m), p(m')}. 
(iv) If uw: M — [0, 1] is a fuzzy submodule, then |1(0) = u(m) for all m € M; 
and (0) = sup(m). 


meM 
Result 1.8.22 


Let M, Cc M. Define p(x) = 1, if x € M,,=0 otherwise. 
Then the following conditions are equivalent: 


(i) Wis a fuzzy submodule and 
(ii) M, is a submodule of M. 


Z 


Fundamentals of Near Rings 


In recent years, interest has arisen in algebraic systems with binary operations 
addition and multiplication satisfying all the ring axioms except possibly 
one of the distributive laws and the commutativity of addition. Such systems 
are called “near rings.” 

The first step toward near rings was the axiomatic research done by Dikson 
in 1905. He showed that there do exist “fields with only one distributive law” 
(called near fields). Some years later, these near fields showed up again and 
proved to be useful in coordinating certain important classes of geometric 
planes. 

Many parts of the well-established theory of rings were transferred to near 
rings, and new near ring precise features were discovered, building up a 
theory of near rings step-by-step. 

Every ring is a near ring. A natural example of a near ring (which is not 
a ring) is given by the set M(G) of all mappings of an additive group G (not 
necessarily Abelian) into itself, with addition defined by (f + 9)(@) =f(@) + g@ 
and multiplication by (fg)(a) = f(g(@) (here, fg is the composition of mapping 
fand g) forallae Gfge MG). 


2.1 Definitions and Examples 


In this section, we present necessary fundamental definitions and results 
that will be useful in the later sections and chapters. 


Definition 2.1.1 


A right near ring is a set N together with two binary operations “+” and “.” 
such that 


(i) (N, +) is a group (not necessarily Abelian) 


(ii) (N, :) is a semigroup 
(iii) (14, + n.)n,=1\Nz+ NN, for all 1, Ny, n,€ N. 
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Note 2.1.2 


(i) In view of condition (iii) of Definition 2.1.1, N is called a right near 
ring. 

(ii) If N satisfies the left distributive law (i.e., a(b +c) =ab + ac, for all a, b, 
c € N) instead of condition (iii) of Definition 2.1.1, then N is called a 
left near ring. 


Notation 2.1.3 


N denotes a near ring. The class of all near rings will be denoted by n. 
There exist right near rings which are not left near rings. We provide an 
example in the following. 


Example 2.1.4 


Let I be an additive group with 0 as its identity element; then the following 
set is a near ring under the usual addition and composition of mappings: 


M(r) ={f P39. 


The additive identity of M(I), that is, the zero mapping, is also denoted 
by 0. The difference between additive identities of the group I and the near 
ring M(I) can be understood depending on the situation. 


Note 2.1.5 


Consider Example 2.1.4. In this near ring, the left distributive law fails to 
hold. To verify this fact, take a, b,c ¢ T anda #0. 
Define f,: [ >T by f(y) =a for ally eT 
fr T OT by fi(y) = 6 for ally eT 
fi oT by f.(y) =c for ally eT 


Let ye T. Now [f,0(f, + 01M) = fil, + (OMI = fl) + LMI = filb + 0) =a. 

Also [(f,of:) + Gof )IQ) = (fofdt + (of) =f Wil + fll =f) +F,(0 = 
a+a#a (since a #0). Therefore, f,o(f, +f) # (fof, + fof). 

This shows that N fails to satisfy the left distributive law. This provides an 
example of a right near ring that is not a left near ring. Also, this provides an 
example of a near ring that is not a ring. 
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TABLE 2.1 

Addition Table 
+ 0 a b é 
0 0 a b Cc 
a a 0 c b 
b b c 0 a 
Cc Cc b a 0 

TABLE 2.2 

Multiplication Table 

0 a b c 

0 0 0 0 0 
a 0 0 a a 
b 0 a b b 
c 0 a c c 


Example 2.1.6 


Consider the set N = {0, a, b, c} given by the explicit addition and multiplica- 
tion in Tables 2.1 and 2.2. Here, the additive group is the Klein’s four group. 

It can be verified that (N, +, -) is a near ring but not a ring. 

Observe that b-a+b-c=a+b=c, whereas b: (a+c)=bb=b. 

Therefore, b-a+b-c=c#b=b-(@a+c). 

This shows that N fails to satisfy the left distributive law. This provides an 
example of a right near ring that is not a left near ring. Also, this provides an 
example of a near ring that is not a ring. 


Example 2.1.7 


(i) Let (G, +) be a group. Define the multiplication operation on G as 
a-b=0 for alla, b € G. Then (G, +,-) isa near ring. If G is anon-Abelian 
group, then (G, +, :) is a near ring that is not a ring. The multiplication 
operation used here is called trivial multiplication. 

(ii) Every ring is a near ring. In particular, the set of real numbers, the 

set of complex numbers, and the set of integers are rings as well as 

near rings with respect to the usual addition and multiplication. 

Consider Z; = {0, 1, 2,3, 4, 5, 6, 7} with respect to addition and multi- 

plication modulo 8. This is a ring as well as a near ring. 

(iv) We know that every ring is a near ring. Note 2.1.5 and Example 2.1.6 
show that the converse need not be true. 


(iii 


eS 


102 Near Rings, Fuzzy Ideals, and Graph Theory 


Note 2.1.8 


(i) Anear ring N with identity is Abelian if n(-1) = -n for allne N. 
(ii) The statement given in (i) fails if the near ring N does not have the 
identity element. 


Verification for (i): Suppose (N, +, :) is a near ring with identity. 

Let a,b € N. To show N is Abelian, we show thata+b=b-+a. 

We know that (a4 + b) + (—b — a) = 0. This means (a + b) + [b(-1) + a(-1)] = 0, 
which implies that (a + b) + [(b + a)|(-1) = 0. Therefore, a + b =b +a. Hence, N is 
Abelian. 

Example for (ii): Let (G, +) be anon-Abelian group. Write N = G. Then (N, +, ’) 
is a near ring with the trivial multiplication mentioned in Example 2.1.7. Note 
that there is no identity element in N, and also (N, +) is non-Abelian. 


Proposition 2.1.9 


For all n, n' € N, 


(i) On =0, and (-n)n! =—nn'. 
(ii) -—@+b)=-b-a foralla, be N. 


Proof 


(i) Letn € N. Now 0n= (04+ 0)n = 0n + On. 
This implies 0 + On = 0n + On > 0=0n for allne N. 
Let n,n! € N. Now (-n)n'+ nn! = (-n + n)n' =0n!=0. 
This means (—n)n! =—nn!. 
(ii) Take a,b € N. Now (a+b) + (-b + (-a)) =(@+ (b-b) — a) = (a+ (a) = 0. 
Therefore, —(a + b) =—b —a. | 


Definition 2.1.10 


Ny={neée N | n0=0} is called the zero-symmetric part of N. 

N.={né N | n0=n}={ne N | foralln'e N, nn'=n} is called the constant 
part of N. N, and N, are known as a zero-symmetric near ring and a constant 
near ring if Nj and N, are themselves near rings. 

Note that {ne N | n0=n}=({ne N | foralln'e N,nn' =n}. 


Verification: Let n € {ne N | n0=n}. We show thatne {ne N | foralln'e N, 
nn! =n}. 
Let n! € N. Now nn! = (n0)n! = n(n!) = n0 = n. Therefore, 


{ne N | n0=n}c{neN | forall ne N,nn'=nh}. 
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Letne {née N | forall ne N,nn'=n}. Since 0 € N, we havene {ne N | 
n0 =n}. 
Therefore {n € N | forall n'e N,nn'=n} Cc {ne N | n0=n}. Hence 


{ne N | n0=n}={ne N | foralln'e€ N,nn' =n}. 


Note 2.1.11 


nO need not be equal to 0 and n(—n') need not be equal to —nn'. 


Justification 
(i) For this, consider M.(T), where I is a nonzero additive group. 
Let 0#a€ I Define a mapping f,: [ > T by f,(x) =a, for all x e T. Now 
f, € MAT) and (f,0)(x) = f,(0(x)) = f,(0) = a # 0 = 0(x). This shows that 
f,0 #0. So, if we write n =f,, then 0 # 0. 

(ii) Let ([, +) be a group containing an element 0 # a € G witha + ; < 0 
(Z, is one of such groups.) Take n = f,. Now (n(-1))(x) = (f,(—f) 
(f,(F,(x)) =f,(-@) =a. On the other hand, —(nn)(x) =-(f,fe)o =-(hfi a 
f(a) = -a. Now (n(-n))(x) =a #-a = —(nn)(x). 

Therefore, n(—n') # —nn!, in general. 


Example 2.1.12 


Let (I, +) be a group. Then 


@) (MO) = MoT) 
Gi) (M(T)).=M(T) 


Verification 

(i) Let fe (M(T))). This implies f: T > T such that f0 =0. 
Weshow that fe M,(T). Now f(0)=f(0(0)) = (f0)(0) =0(0) =0. So, fe M,(T). 
Conversely, suppose that fe M,(T) = f(0) = 
Now we show that fe (M(T))o. 
Let ye I. Now (f0)(y) = f(y) = f(0) = 0 = 0). 
This shows that (f0)(y) = O(y) for all y ¢ [| which yields f0 = 0. 
Therefore, fe (M(T)) . Hence (M(T)), = M,(T). 
Let fe (M(T)).. Then f0 =f Now we show that fe MT). 
Letye TC. Now FY) = f(y) = (OY) = f(0) and for y#5 € T we have f(5) = 
f0(5) = f(0(8)) = (0). This means that f is a constant mapping, and so 
fe MA). 
Therefore, the inclusion (M(T)). cC M(T) is clear. 
Let fe M{T). Then fis a constant mapping for any ye I. 


Gi 


we 
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Now (f0)() = fq) = f0) = fly). This shows that (f0)(y) = f(y) for all 
yer. 


This implies that fO = f This means f € (M(T)),.. Therefore, M(T) ¢ 
(M(T)).. 
Hence (M(T)),. =M_<(T). 


Definition 2.1.13 


A near ring N is called 
(i) a zero-symmetric near ring if N = N, and 


(ii) a constant near ring if N= N, 


Definition 2.1.14 


Let N be a near ring, and e € N. The element ¢ is said to be 
(i) aleft identity ife-n=n, forallne N 


(ii) aright identity ifn -e=n, forallne N 
(iii) an identity if it is both right identity and left identity 


Definition 2.1.15 


An element n € N is said to be 
(i) right invertible if there exists an element m € N such that nm =e 


(ii) left invertible if there exists an element m € N such that mn =e 
(iii) invertible if it is both right and left invertible 


Definition 2.1.16 


An element € N is said to be left cancelable (right cancelable, respectively) 
ifa,be N,na=nb >a=b (an=bn >a =l, respectively). 


Definition 2.1.17 


A nonzero element 1 is said to be a right zero divisor (left zero divisor, 
respectively) if there exists a nonzero element a € N such that an = 0 (na =0, 
respectively). 
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Theorem 2.1.18 (Proposition 1.111 of Pilz, 1983) 


Let N be a near ring. An element n € N is right cancelable if and only if n is 
not a right zero divisor. 


Proof 


Suppose that n € N is right cancelable. Let us also suppose that n is a right 
zero divisor. Then there exists n, # 0 such that n,n = 0. This implies n,n = 
0 = On. Now, by right cancellation, we get 1, = 0, which is a contradiction. 
Therefore, 1 is not a right zero divisor. 

Conversely, suppose that n is not a right zero divisor. Let n, n,n, € N such 
that n,n =n,n. This implies n,n — n,n =0. This means that (n, — n,)n = 0. Since 
n is not a right zero divisor, we get that n, — n, = 0. This implies that n, =n). 
Therefore, 1 is right cancelable. | 


Theorem 2.1.19 


If n € Nj is left cancelable, then n is not a left zero divisor. 
Proof 


Suppose 1 € Nj is left cancelable. Let us also suppose that n is a left zero 
divisor. Then there exists 0 # n, € N such that nn, = 0. Since N is zero- 
symmetric, nn, = 0 = n0. Again, since n is left cancelable, we have n, = 0, 
which is a contradiction. a 


Definition 2.1.20 


An element n € N is said to be an idempotent if n? =n. An element n € N is 
said to be a nilpotent element if there exists a least positive integer k such 
that n‘ = 0. 


Example 2.1.21 


(i) In the near ring (Z,, +, -), the element 3 is idempotent (because 3? = 3). 
(ii) In the near ring (Zz, +, -), the element 2 is nilpotent (because 2° = 8 = 0). 


Definition 2.1.22 


Anelement de Nis said to be distributive if for allm,n € N,d(m+n)=dm+dn. 
We denote N;= {de N | dis distributive}. 
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Example 2.1.23 


(i) If Nis aring, then N= Ng. 
(ii) If N has an identity 1, then 1 € N,. 


Proposition 2.1.24 (Proposition 1.13 of Pilz, 1983) (Pierce Decomposition) 


Ife € Nis idempotent, then for any n € N there corresponds exactly one ny € 
{x € N| xe =0} and there corresponds exactly one n, € Ne = {xe | xe N} such 
that n =n) + n,. Taking e = 0, for any n € N there corresponds exactly one 
Ny € Ny and exactly one n, € N,such that n= 1) + n,. 

Hence (N, +) = (No, +) + (Nz +) and Ny a N, = {0}- 


Proof 
Part 1: Suppose e € N is an idempotent element and let n € N. 
Now n = (n — ne) + ne. Consider (1 — ne)e = ne — nee = ne — ne =0. 
So (n-ne) € {xe N | xe=0} and also nee Ne. 
Suppose that 
N=Ntm=nm+nj (2.1) 
where No, My! € {x € N | xe =O}, m,n, € Ne. 


Now 


ne =(no +m)e = (no + nie 
=> ne+me =nietnie 


=> me =nte (2.2) 


For n,, ni € Ne, there exists y,, yj € N such that n, = y,e and nj = yie. 


Now me = (y ee = y,ee = y,e = ny, and also nie = (yje)e = yie =n}. From 
Equation 2.2, we have n, = ni. Also, from Equation 2.1, 19 = No. 

Therefore, for all n € N, there exists exactly one n) € {x € N | xe =0} and 
there exists exactly one n, € Ne such that n =n) +n). 

Part 2: Suppose e =O andre N. 

From Part 1, we can have exactly one n, € {x € N | x0 =0} and exactly one 
n, € Ny such that n=n,)+n,. Now ny, e€ {x € N | x0 =0}=N,. We show that 
No=N.. 

Let n € N.. Then n0 =n. This means that n = 0 € No. 

Therefore, N. c Np. Let y € No. Then there exists some n' € N such that 
y= 0. 
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Now we show that y € N.. 

Consider y0 = (1'0)0 = n(00) = 1'0 = y. 

Therefore, y ¢ N, and hence Ny = N.. Hence, for all 1 € N, there exists 
exactly one my € Ny and exactly one n, € N, such that 1 = 1g + n,. 

Now we show that (N, +) = (No, +) + (N., +) and Ny 0 N, = {0}. 

From the preceding result, it follows that for each n € N, there exists 1) € No 
and n,¢€ N.such that n =n)+n,. 

This implies 


(N, +) c (No, +) + (Nz +) (2.3) 
Let ny € Noandn,e N.. Now 
(No +) + (No 4) CN, 4) (2.4) 


From Equations 2.3 and 2.4, we have (N, +) = (No, +) + (N., +). 

Next we show that Ny 7 N,= {0}. 

Clearly, {0} c Ny and {0} CN, = {0} CN) ON,. Letn € Ny AN,. This implies 
ne N,andne N.. This implies 10 = 0 and n0 =n, and son =0. 
Therefore, Ny A N, = {0}. a 


Definition 2.1.25 


Let N be a near ring. 
(i) Nis said to be an Abelian near ring ifa+b=b+a foralla,be N. 
(ii) N is said to be a commutative near ring ifa-b=b-aforalla,be N. 
(iii) If N = Ng, then we say that N is a distributive near ring. 
(iv) If all nonzero elements of N are left (right) cancelable, then we say 
that N fulfills the left (right) cancellation law. 
(v) N is said to be an integral near ring if N has no nonzero divisors of 
Zero. 
(vi) If (N’=N\{0},.) is a group, then N is said to be a near field. 
(vii) A near ring with the property that the set N, generates (N, +) is called 
a distributively generated near ring (denoted by dgntr). 


Example 2.1.26 


M(T) is Abelian if and only if is Abelian. 


Verification: Suppose M(T) is Abelian. Let a, b € I: Define the constant 
mappings f,; [ > T and f,; T > T by f,(x) = 4, f,(x) = b for all x ¢ T. Clearly, 
fu fy © M(T). Since M(T) is Abelian, we have that f,+ f, =f, +f. 

Now (f, +f)(0) = (f, +f) implies that f,(2) + f,0) =f.) +f,00. 

Therefore, a+b=b +a. This shows that IT is Abelian. The converse is clear. 
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2.2 Substructures of Near Rings and Quotient Near Rings 


Every algebraic system will have its own subsystem(s). Subgroups and nor- 
mal subgroups are two different types of subsystems in the theory of groups. 
Subfields are the subsystems of fields. Subspaces are the subsystems of vec- 
tor spaces. Subrings and ideals are the two different types of subsystems of 
rings. Submodules are the subsystems of modules. In a similar way, we study 
two different types of substructures of near rings, namely, subnear rings and 
ideals. In this section, we present the results related to these two subsystems. 


Definition 2.2.1 


(i) An additive subgroup M of a near ring N with MM cM is called a 
subnear ring of N. It is denoted by M<N. 

(ii) A subnear ring M of N is called left invariant (right invariant, 
respectively) if MN c M, (NM cM, respectively). If M is both left 
invariant and right invariant, then we say that it is invariant. 


Definition 2.2.2 


A normal subgroup I of (N, +) is called 


(i) aright ideal if IN cI 
(ii) a left ideal if n(m+i)-—nmeé I for alln,me Nand for allie I 
(iii) an ideal if it is both right and left ideal. 


Example 2.2.3 


(i) Nj and N, are subnear rings of N. 
Verification: First we show that N) is a subnear ring of N. 
We show that N, is a subgroup of N. Let x, y € No. Then x0 = 0 and 
yO =0. 
Now (x — y)0 = x0 — y0 = 0. Therefore, x — y € No. 
Therefore (Nj, +) is a subgroup of (N, +). Take n,, 1, € No. 
Now (1,1,)0 = n,(1,0) = n,0 = 0. 
Therefore, 1,1, € N, and so NjNy C No. Hence, N, is a subnear ring of N. 
Next we show that N, is a subnear ring of N. 
Let x, y€ N.. This implies (x — y)0 = x0 — yO=x—y. This means x—y € N.. 
So (N,, +) is a subgroup of (N, +). 
Let n,n! € N.. This implies (1.2n)0=n(n0) =nn,andsonn! € N.. 


Hence, N.N. Cc N.. Therefore, N, is a subnear ring of N. 


eo Ce 
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TABLE 2.3 

Addition Table 
+ oO f 2 8 & & 
0 0 1 2 3 4 5 
1 1 0 3 2 5 4 
2: 2: 4 0 5 1 3 
3 3 5 1 4 0 2 
4 4 2 5 0 3 1 
5 5 3 4 1 2: 0 

TABLE 2.4 

Multiplication Table 
0 1 2 3 4 =«65 
0 0 0 0 0 0 
1 1 1 1 1 1 1 
2 1 1 1 2 1 2 
3 0 0 0 3 0 3 
4 0 0 0 4 0 4 
5 1 1 1 5 1 5 


(ii) Let N={0, 1, 2, 3, 4, 5}. 


Definitions of the addition and multiplication operations on N are shown 
in Tables 2.3 and 2.4. 
Then (N, +, :) is a near ring and | = {0, 3, 4} is an ideal of N. 


(ii) It is clear that every ideal of a near ring is a subnear ring, but the 
converse is not true in general. 

(iii) Consider the two near rings (Z, +, :) and (Q, +, :), where Z and @ are 
the set of integers and the set of rational numbers, respectively. Z is 
a subnear ring of @. But Z is not an ideal of the near ring @. 


Definition 2.2.4 


A near ring N is called simple if N has no nontrivial ideals. 


Example 2.2.5 


(i) Let N = {0, 1, 2}. Define addition (4) and multiplication (-) as in 
Tables 2.5 and 2.6. 
Then (N, +, :) is a near ring. It is a simple near ring. 

(ii) For any prime number p, the near ring (Z,,, +, :) is a simple near ring. 
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TABLE 2.5 

Addition Table 
+ 0 1 2 
0 0 1 2 
1 1 2 0 
2 2 0 1 

TABLE 2.6 

Multiplication Table 

0 1 2 

0 0 0 0 
1 0 1 1 
2 0 0 2 


Remark 2.2.6 


If I, J are ideals of N, then 
(i) [1+J={a+b | ae I1,be J}is anideal of N 


(ii) IA J is anideal of N 
iii) [UJ is an ideal of N, provided 1 cJ or] cI 
Pp 


Lemma 2.2.7 


If and J are two ideals, a € I,b € J, then 


(i) a+b=c+aforsomece J 
(ii) a+b=b+d for somede J 


Proof 
(i) a+b=(a+b-a)+a=c+a,wherec=at+b-ae Jandael 


(ii) a+b=b+(b+a+b)=b+d,whered=—-b+atbel | 


Definition 2.2.8 


Let {I,},-x (here K is an index set) be a collection of ideals of a near ring N. The 
set A of all finite sums of elements from U I, is called the sum of the ideals 
Udiex, and the sum is denoted by Yiex , or, +1, +.... 
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Definition 2.2.9 


Let {I,},-x be a collection of ideals of N. Their sum ¥ ex J, is called an (internal) 
direct sum of each element. ¥,-« J, has a unique representation as a finite 
sum of elements of different I,’s. 

In this case, we write the sum Yiex i (or, +1,+...). 


Proposition 2.2.10 (Proposition 2.5 of Pilz, 1983) 


For each family {I,},<x of ideals of N, the following conditions are equivalent: 


(i) The sum of the ideals I,’s is direct. 
(ii) The sum of the normal subgroups (;, +) is direct. 


(ii) For allkeK: a} &” |= (0). 


l#k 


Proof 


Suppose the sum of ideals I;,’s is direct. 

Then the sum of the normal subgroup (I, +) is direct. 

Therefore, the condition (i) = (ii) is proved. 

Assume (ii). 

Letxre 0 (Zex I); now x can be written as X = X;, +X}, +...+%),, where 
L,, lL, ..., 1, are different from k and x; € Ij. 

So, we can write x as Xx = xX, +X), +...+ xX), +0, Also, x = 0, +0; +...+0), +x. 

Since the sum is direct, it follows that these two representations must be 
the same. 

So,x=051,0> 1, = {0}. 

Therefore, the condition (ii) = (iii) is proved. 

Assume the condition (iii). 

Now we have to show that the sum of I,’s is direct. Suppose some x in the 
sum has the following representation: 


X=XytX Ht... +X, HY tYot-. + yy 


(Without loss of generality, we may assume that indices are the same for both 
representations by adding zero if necessary, at appropriate places.) 

Now X,— ¥,= (Yat Y3t ... FY) — y+ X34... +X,) 

=> XM — Yr = Yo — XQ + Y3—X3t...+ Yn -—Xn EL ap zt = {0}. 


1#41 
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This implies x, = y;. Similarly, we can prove that x; = y; for all i. 
Therefore, x has a unique representation. Hence, the sum is direct. a 


Proposition 2.2.11 (Proposition 2.6 of Pilz, 1983) 
Let Diex I, be direct, a,a’ € I,,b, b’ € I,,i#]. Then we have the following: 


(i) a+b=b+a 
(ii) a’(a+b)=a'a 
(iii) ab =a0 
(iv) If N=N,, then ab =0 


Proof 


(i) Since Ij, I;are ideals, we havea+b—a—be I,anda+b—a-—be I. Since 
the sum is direct, we have J; I= {0}, and soa+ b—a—be [,A ];= {0}, 
which implies that a + b = b+ a. 

(ii) a’(a+b)—-ate I, (since I,is an ideal). Also, since a’‘(a + b) € I,andate I, 
and I; is an ideal, we have a’(a + b) — aa € I. Therefore, a’(a + b)-aae 
I, 0 [= {0}. 
Hence, a’(a + b) = a'a. 

(iii) ab—a0 =a(b + 0)—a0 € I, V1;= {0}. This implies ab = a0. 

(iv) Suppose N = Np. Then for all a € N, a0 = 0. Now ab = a0 = 0. This 
implies ab = 0. a 


—S 


Remark 2.2.12 


Let N be a near ring and J an ideal of N. 


(i) Define a relation ~ on N as a ~ bif and only ifa—be I foralla,be N. 
Now we verify that this relation is an equivalence relation. 
Reflexive: Since a—a=0e I, we have that a ~ a. 

Symmetric: Suppose a ~ b. Thena—be I>b-aeI>b~a. 
Transitive: Suppose a ~ b,b~c. Thena—be I,b—ce I> a-—c=(a—b)+ 
(b —c) € I, which implies that a ~ c. 

Therefore, the relation ~ is an equivalence relation on N. 
Writea+I={a+x | xe I} forae N. 

Now a +1 is the equivalence class containing a. 

Write N/I = {a + I/a € N}, the set of all equivalence classes. 
Define + and - on N/I as (@+J)+(b+D=(@+b)+IJTand(@+I)- 
(b+ I) =(a- b) + I. Then it follows that (N/I, +, :) is a near ring. In this 


(ii 


we 


(iii 
(iv 
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near ring, 0 + I is the additive identity and (—a) + I is the additive 
inverse of a + I. This near ring N/I is called the quotient near ring of 
N modulo I. Now we have the following conclusions. 


Theorem 2.2.13 


If N is a near ring and J is an ideal of N, then N/T is also a near ring. 


Result 2.2.14 


The ideals of N/I are of the form J/I, where J is anideal of NandI CJ CN. 


Sketch of Proof: Let K be an ideal of N/I. Write J = {j | j +1 Kj. It is easy to 
verify that J is an ideal of N such that I c J. Also, J/I={j+I | j€ J} =K. 


2.3 Homomorphism and Isomorphism 


In this section, we define homomorphism between near rings, and we pres- 
ent fundamental homomorphism theorems. 


Definition 2.3.1 


Let N and N' be near rings. A mapping h: N > N1 is called 


(i) a homomorphism (or near ring homomorphism) 
if h(m + n) = hm) + h(n) and h(mn) = ham)h(n) for all m,n € N. 
Moreover, if N = N1, then a homomorphism h is called an endomor- 
phism. The set of all endomorphisms of N is denoted by End(N). 


an epimorphism if 1 isa homomorphism and onto. 
an isomorphism if / is a homomorphism, one-one, and onto. 


automorphisms of N is denoted by Aut(N). 


Theorem 2.3.2 (Homomorphism Theorem for Near Rings, Pilz, 1983) 


(i) If lis an ideal of N, then the canonical mapping m: N > N/I (defined 
by n(n) = + I) is anear ring epimorphism. Also, N/I is a homomor- 
phic image of N. 
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(ii) Conversely, if h: N — N! is an epimorphism, then ker(i) is an ideal 
of N, and N/ker(h) = N1. 


Proof 


(i) Suppose I is an ideal of N. Define the canonical mapping nm: N > N/I 
by n(n) =n+1. 
Now we show that 7 is an epimorphism. 
Let n,,n,€ N. 
Now 1(1, +12) = (+12) +1 
=(m + 1)+(n2 +1) 
= 0(n,) + WN). 
And n(mn2) = (nyn2) +1 
= (ny +1)(ny +I) 
= 1(N,)n(n2). 
Therefore, m is a near ring homomorphism. 
Let x € N/I. Then there exists 1, € N such that x =n,+ I. 
Now n(n) =1, +1 =x. So wis onto. Thus, we verified that m: N > N/Tis 
a near ring epimorphism. Hence, N/I is a homomorphic image of N. 
Suppose lh: N > N' is an epimorphism. 
Part 1: Now we show that ker(h) is an ideal of N and N/ker(h) = N'. 
First we show that ker(h) is a normal subgroup of N. 
Clearly, 0 € ker(h), and so ker(h) # ©. 
Letne Nand xé ker(h). 
Now h(n+x—n)=h(n)+h(x)—h(n) (since h is a homomorphism) 
=h(n)+0-—h(n) (since h(x) = 0) 
= h(n) —h(n) =0. 

This shows that 1+ x-—1n € ker(h). 
Part 2: Now we show that ker(/) is a right ideal of N. 
Letne Nand xé ker(h). 
Now h(xn) = h(x)h(n) = Oh(n) = 0. Therefore, xn € ker(h). Hence (ker(h)) 
N cker(h). 
Part 3: In this part, we show that ker(/) is a left ideal of N. 
Letn,n'e Nandxeé ker(h). 
Now h(n(n' +x) —nn') = h(n)h(n' + x)— h(n)h(n') 

= h(n)(h(n') + h(x) = h(nnyh(n") 

= h(n)(h(n') +0) —h(n)h(n') 

= h(n)h(n')—h(n)h(n') = 0. 
Therefore, n(n! + x) — nn! € ker(h). Hence, ker() is an ideal of N. 
Part 4: Define a mapping @: N/ker(h) > N' as follows: 
o(n + ker(h)) = h(n) for all n + ker(h) € N/ker(h). Now we show that @ 
is a near ring isomorphism. 


Gi 
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Let 1, + ker(h), n, + ker(h)e N/ker(h). 
Now, 0(1, + ker(h)) = (1, + ker(h)) 
if and only if h(n,) = h(n.) 
if and only if h(n,) — h(n.) =0 
if and only if h(n, —n,) =0 
if and only if (1, — 1) € ker(/) 
if and only if 1, + ker(i) =n, + ker(N). 
Therefore, @ is one-one and well-defined. 
Let n'! € N'. Since h is onto, there exists n € N such that h(n) =n1. 
Now (1 + ker(h)) = h(n) = n', and so @ is onto. 
Part 5: Let n, + ker(h), n, + ker() € N/ker(h). 
Now 9((1, + ker(h)) + (1. + ker(h))) 
= o((m +2) + ker(h)) 
= h(n, + Nz) 
=h(n,)+h(n2) (since h is a homomorphism) 
= O(m + ker(h)) + (M2 + ker(h)). 
Also, @((11 + ker(h)) (nz + ker(h))) = @((mn2) + ker(h)) 
= h(nynz) 
= h(m)h(ng) 
= O(1, + ker(1))Q(n2 + ker(h)). 
So, @ is a near ring homomorphism. 
Hence, @: N/ker() > N? is a near ring isomorphism. 


Definition 2.3.3 


A proper ideal I of N is called maximal if 1 c J CN, and J is an ideal of N 
implies that either [= J or J = N. 


Proposition 2.3.4 


An ideal I of N is maximal if and only if N/J is simple. 
Proof 


Suppose I is a proper ideal of N, and suppose | is a maximal ideal in N. Let K 
be an ideal of N/I. To show N/I is simple, we have to show that either K = (0) 
or K=N/I. Then K = J/I for some ideal J of N such that 1 CJ CN. Since I CJ c 
N and I is a maximal ideal of N, we have that I = J or J = N. This implies that 
J/T=I or J/IT= N/I. Therefore, K = J/I=0 +I, the zero element in N/I or K = N/I. 
Hence, N/I is a simple near ring. 
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Converse 


Suppose that N/I is simple. We prove that J is a maximal ideal of N. 

Let J be any ideal of N such that I c J. This implies that J/I is an ideal of N/I. 
Since N/I is simple, we have either J/I = I or J/I = N/I. Next we show that J/I = 
I= J=I. Suppose J/I =I. 

It is obvious that I cJ. Take x € J. This implies x +I € J/I=I= x € I. Now we 
verified that J/I=I > J=L 

Next we show that J/I = N/I = J = N. Suppose that J/I = N/I. Since J is an 
ideal of N, we have ] CN. 

Taken e N. Nown+IJe N/I=J/[>n+I1=1i1,+I1 for some i, ¢ J. 

This implies that n —i, € Ic J, and hence n —i, +7, € J.So,neé J. 

Now we verified that either J] = I or J] = N. Hence, I is a maximal ideal 
of N. | 


Theorem 2.3.5 (First Isomorphism Theorem) (Pilz, 1983) 


If I and J are ideals of N, then I 4 J is an ideal of JandI+J]/I=J/Iq]. 


Sketch: We know that I 4 J is an ideal of J. The mapping 9: 1+ J—>J/IQJ 
defined by 9» (a+ b) =b + (I J) is an epimorphism, and ker(g) = I. Hence, 
I+J/l2J]/Ia]. 


Definition 2.3.6 


An ideal I of N is called a direct summand (of N) if there exists an ideal J of 
N such that N =I © J. In this case, the ideal J is called a direct complement 
of Jin N. 


Example 2.3.7 


Consider the near ring Z, = {0, 1, 2, 3, 4, 5}. Then I = {0, 3} and J = {0, 2, 4} are 
ideals of Z,. It is clear that 1 4 J ={0},andI+J={x+y | xeLye J}={0,2, 
4,3, 5, 1} = Z,. Hence, the ideal I is a direct summand, and the ideal J is the 
complement of J in the near ring Z,. Also, the sum I + J is a direct sum. 


Proposition 2.3.8 


An ideal of N is a direct summand if and only if for all a € Aut(Z), o can be 
extended to an epimorphism of N onto I. 
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Proof 


Suppose I is a direct summand and J is its direct complement. Then N = 1 + J. 

Let ae Aut(). Then a: I > [is an isomorphism. 

Define a: N > I by &(n) = Q(i + j) = a). 

Now @ is an epimorphism of N onto I. Let n,n, € N. 

O(My + Mp) = Ot fy + ty + fo) = AG, + J, + by +fo) = AG, + 1,) = OH) + AG,) = 
OL(Ly + Jy) + (Ey + Jo) = O(M) + O(11) (Ny 1g) = A +},) CoH79)) = Oh ty + fy Jo) = U1) = 
Ot(7,) OL(72) = OF (ty + fy) Oty + Jr) = O71) O(N). 

Let i € J; then there exists i’ € I such that a(i’) =i. 

Consider i’ =i’ + 0 € Nand ai’) = a(i’+0) = ai’) =7. 

Therefore, & is an epimorphism. 

Conversely, assume that © is the identity map of I onto I. By hypothesis, 
can be extended to an epimorphism of N onto I, say ©. 

Let J be the kernel of & Now J is an ideal of N. 

Take x € IMJ. This implies x € I and (x) =0. Also, 

xe ITS ax) =x) > a(x) = 0 = x = a(x) = 0 (Since a: I > I is the identity 
map). 

Therefore, I 7 J = {0}. 

Let n € N. To show that n — O(n) € J, consider a(n — &(n)). Now &(n — &(n)) = 
a(n) — O(oL(11)) = O(n) — &(n) (Since O(n) € and o% = on I) = 0. This implies n — 
a(n) € J,andson=n-—J(n) € J +I. Hence, N=1 9 J. | 


Theorem 2.3.9 


Let I be an ideal of N. If Iis a direct summand, then each ideal of I is an ideal 
of N. 


Proof 


Suppose that the ideal I of N is a direct summand. Let I, be its direct 
complement. 
Let J be any ideal of J; then J is anormal subgroup of I. 
To show J is normal in N, let x € J and n e€ N. Since N =1+ I,, we have 
n=i+i, for someie I,i,¢ I. Now 
n+x-n=(i+h)+x-(it+h) 
=i+t,+x-i,-1 (where xe J CI andi; €1,; also, since IOI, = {0}, 
we have x +1, =i, + x) 
=itx+i,-i,-1 
=i+x-1i (since J is normal in I). 
Let n,n’ e Nandxe J. Nown=i+i, and n’=7' + ij. 
Consider n(n’ + x) — nn’. 
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Now 
n(n’ +x)—nn’ =(i+h) @+i/+x)-(Gi +i) +i’) 
=i +i +x) +i +i)’ +x)-(’ +i’) + (i +i’) 
=i +xt+i’)+i(+x4+i/)-(’ +i/)+i(/ +i/)) 
=i’ +x)+ ii —(ii’ -i1’) 
(since I@ J, we have a’(a+b)=a'a, fora, a’ <J, be]) 
=i(i’+x)-ii’ e€ J. 
Letxe Jandne N. Thenn =i+ i). 
Since J is an ideal of I, we have that xn = x(@i+1,)=xie J. 
Therefore, J is a right ideal of N. Hence, J is an ideal of N. |_| 


2.4 Introduction to Matrix Near Rings 


Matrix near rings are introduced in Meldrum and Van der Walt (1986). The 
matrix near ring of a given near ring N is denoted by M,(N). Some results 
about the correspondence between the two-sided ideals in the given near 
ring N and the two-sided ideals in the matrix near ring M,,(N) are studied by 
Meldrum and Van der Walt (1986). In this section, we provide some elemen- 
tary results on matrix near rings from the works of Meldrum and Van der 
Walt (1986). 

Let 1 be an arbitrary natural number and (N, +, :) be a near ring with iden- 
tity 1. We denote 

N" as the direct sum of n-copies of (N, +). 

Define 


e=(0.... 1 aei0), 


ith’ 
The injection mapping i: N > Nis defined as 
i,(a) = (eee 


The projection mapping 1; N" — N is defined by 1,4, ..., 4,) = 4;. Define 
f:N > Nas f"s) =rs for alls e« N. Now define fj :N" > N" by fj =uf'%; for 
alll <i,j<n. Now 


fg Capen ae fT; (Gps On = if" (aj) = ir) = (Onto 0) 


ith 
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Definition 2.4.1 


The near ring of n x n matrices over N is the subnear ring of M(N") generated 
by the set { fj :r €N,1<i, j <n}, and it is denoted by M,(N). 

Some authors such as Booth and Groenewald (1991b), Groenewald (1989), 
Meldrum and Van der Walt (1986), and Satyanarayana, Lokeswara Rao, and 
Prasad (1996), Meldrum and Meyer (1996) have studied prime ideals and 
related concepts in matrix near rings. 


Proposition 2.4.2 (Meldrum and Van der Walt, 1986) 


The matrix near ring M,(N) is a right near ring with identity. 
Proof 


Since M,,(N) is the subnear ring of the right near ring M(N"), we have that M,(N) 
is a right near ring. Since fj € M,,(N), it follows that fi, + fy +...+ fim €M,,(N). 
For any (a, ...,4,) € N", we have 


(fu + foot...+ fin) (Q1,..-,4n)= fir (a,..., An) +...+ fan (ay,..., an) 


= (M,...,4,) = 1(ay,..., An), 


where I :N" > N" is the identity map. 
This implies I = f+ fa +...+ fin, and it acts as an identity in M,,(N). 
Hence, M,N) is a right near ring with identity. | 


Proposition 2.4.3 (Meldrum and Van der Walt, 1986) 


If N is a ring with identity, then M,(N) is the ring of n x n matrices over N. 
Proof 


Suppose N is a ring. Let N! be the ring of n x n matrices over N. Then we 
may consider every element of N! as a mapping from N" > N". Since M(N") 
is a near ring and N' is a ring with respect to the same operations, we have 
that N! is a subnear ring of M(N’). 

Therefore, N! c M(N"). 


Now each fi is a matrix of order n x n, and we have fii EN lforallre N, 
1<ij<n. 


Therefore, {fj :réN,1<i,j<n}cN’. 
Therefore, M,,(N) = {fj :r€N,1Si,j<n}CN'. 
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Therefore, M,,(N) c N'. Let A = [a e€ N'. Then 


nen 


A=[ainn= > fi! elf ire N} CM, (N). 
i,j 


Therefore, N! c M,(N). Hence, N! = M,,(N). | 


Definition 2.4.4 


For 1 <i, j <n, fj are defined as the matrix units, and fij is denoted by Ex 


Definition 2.4.5 


The identity matrix J is defined as E,, + E,.+...+E 


nn* 


Definition 2.4.6 


The ith row of matrix A is the function 7,A:N" — N. It is denoted by A(Z). 


Definition 2.4.7 


The product of a scalar r € N (scalar on the left of a matrix A) and the given 
matrix A are defined by i411; f" A(i). 


Remark 2.4.8 


(i) If N is zero-symmetric, then rE; = fi for allr € N. 
[Verification: Taker ¢ N. Then rE; (a,, ...,4,) =1 ii (Ay, «1 4,) =1O, -.-, Gy 
0, ..., 0) (here a; is in ith place) = (70, ..., 14, ...0) = (O, ..., 14;, ...0) (since 
N is zero-symmetric) = fij (a1, ...,4n)-] 

If Nis not zero-symmetric, then rE; is not equal to fj in general is not 

true. 

[Verification: Since N is not zero-symmetric, there exists re N such 

that 10 # 0. 

Now 7E;(ay, ..., 4;) = (a, +++, Ay) =1(0, ..., 4, 0, ..., 0) (here a; is in ith 


place) = (70, ..., ra; ... 10) # (0, ..., 14, ... 0) (since 10 #0) = fila, vee, Ay] 


Gi 


we 
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Definition 2.4.9 
Scalar multiplication on the right of a matrix A by an element r € N is defined 


by Ar = A(fiit foot...t+ fin): 


Definition 2.4.10 


A matrix of the form Ey", + Ext) +...+ Ennt, is called a diagonal matrix. 


Definition 2.4.11 


A matrix of the form E,,r+...+E,,,r is called a scalar matrix. 


nn 


We now provide some useful matrix calculations with proofs. 


Lemma 2.4.12 (Meldrum and Van der Walt, 1986) 


fi + fi = fj, where r and s are positive integers and 1<j <n. 
Proof 


Take (a, ...,4,) € N". Now 
(Fi +8) Aree On) = FF reer On) + Ff Wares On) 
= fG (Giy-s.rOn) + fF (Qir---14n) 
=iif'N;(1,...,An) + if Mj(a1,..., On) 


= tif" (aj) + if (aj) 


= (0... TOj ys, 0}. [0.8.0] 
ith ith 


= (0,04 + SAj;..+, 0} = [O.n(r+ s a) 
i ith 


ith 


= if" (aj) = ifn; (iq pi00/ Mp) = Fa Gipsss7 Bn): 


Lemma 2.4.13 (Meldrum and Van der Walt, 1986) 


fi + fa = fat fi ifi #k, where r and s are positive integers, 1 <i, j,k, 1 <n. 
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Proof 


(fi + ft) (Q1,-.-18n) = fig (Giy.ep An) + fla Gay 0-1 An) 


= [0.8010] (nn 840) 
ith kth 


= (01.1. 8thne0) if i<k. 
i kth 


ith 


Similarly, we can verify that 
(fa + fij) (Qi)... n) = [0.810 
kth 
ifi<k. Z 


Lemma 2.4.14 (Meldrum and Van der Walt, 1986) 


fit if j=k 


, where r and s are positive integers, 1 <1, j,k,] <n. 
a if j#k 


fi fi=| 


Proof 


Suppose i = j. Now 


(fii fia) (Qiy-+0n) = fij (f(s. An) 


= § (0. -1sm) 0) 


= 5 (028,010) (since j = k) 
jth 

= if’; (0,...,8a1,...0) 

= i; f "(sa)) = ir (sa)) 


= i,(rs)a 


= (tS) 0} 
ith 


= i (G1,..+,4n)- 
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Suppose j #k. (fj fai) (1,---1 An) = fii (far (41,--+/4n)) 


= fi = fi(0.. 138..,0) 
kth 


=P MAO sap Bij ee 20) 
=i,;f"(0) (since j # k) 


=i,(r0)= (0.10.0) 
ith 
FE (Gayeeey On) = tf OM) (1,..6)n) = if (ar) = fm) 
= i,(r0(a;)) = i,(r0) = (0,..-110,..-0} 


The proof is complete. 


Lemma 2.4.15 (Meldrum and Van der Walt, 1986) 


rT; 


fi (A +f +..+68,)= AARP. 
Proof 


FRCS, + aR + oot ARB, ) Gts-nr tn) = FFL Gis -or fn) + oot fils Ory.-1n)) 
= fii ((nam, 0,...,0)+...+(0,.../ tad, )) 


ia 
— ij (na yee «Mak, )) 
ro 
ith 
= fal Cee 


This is true for all (a, ..., 4,) € N". a 


Lemma 2.4.16 (Meldrum and Van der Walt, 1986) 


An element r € N is zero-symmetric if and only if fj is zero-symmetric in 
M,(N). 
Proof 


Suppose r is zero-symmetric in N. This implies r0 = 0. Consider f;O0 where 
O is the zero element in M,,(N). 
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Now fjO(41,...,4n) = fj (0,...,0) = Ce ae) =(0,...,0) =O(0,...,0). 
ith 
Therefore, f;O = 0. Hence, fi is zero-symmetric in M,,(N). 


Converse 

Suppose fj; is zero-symmetric in M,,(N). 
This implies fjO = 
=> fiO(h,..-,4n) = O(a... An) 


= (0,..2110)-04,0)= O,...10), and so r0 =0. 
it! 


Therefore, r is zero-symmetric in N. a 


Theorem 2.4.17 (Meldrum and Van der Walt, 1986) 

An element r is distributive in N if and only if fj is distributive in M,(N). 
Proof 

Suppose r is distributive in N. Then r(s + f) =rs + rt for alls, te N. 


To show fj is distributive in M,(N), 
Let A, Be M,(N). Now 


fi(A+B)X = ff [Sia0 “Yas 


i=1 i=1 
= fi » i A(X + 2, i903 


=(0,..., rA(j)X + rB(j)X, ..., 0). 


Now (fjA + fiB)X = ff AX + ff BX 


n 


e > iAOX +f > iBix 


i=1 i=1 
=(0,...,rAG)X + rB(j)X,...0). 
Therefore, fi (A+B)X = (fj At fi B)X 
Converse 


Suppose that fj; is distributive in M,,(N). 
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Consider fi(fi + fi)Q,.-.1) = ff(Fi0,--/1) + fAC,.--/D) 


On the other hand, 
iA hile l= ile Ds ff deed) 
= #(1,...,I+ fi (1,...,)) 


=(0,... 13.0110) (Opes, Phyo O) 
ith ith 


= (01.0184 1h. 0)) 
ith 


Therefore, r(s + t)=rs + rt. Hence, ris distributive in N. a 


Theorem 2.4.18 (Meldrum and Van der Walt, 1986) 
Anelement r € N is constant if and only if fj is constant in M,(N). 


Proof 


Suppose r is a constant element in N. This implies r0 = r. We show that fi is 
constant in M,,(N). 
Consider (fjO)X = fi)(OX) 


= i[Zo9]- 100.0 
i=1 
=(0,...,70,...,0)=(0,..., ici). 
ith ith 
FER) = fF (ay. n) 
=i f'N; (4.80) =[ Orn 0) 
=(0,..- EO) 
ith 


Therefore (f;O)(X) = (fj,)X for all X € N". Hence, fjO = fi. 
Hence, fj; is constant in M,,(N). 
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Converse 
Suppose that fj; is constant in M,,(N). This means that f;O = fj. This implies 
that fjO(1,...,1) = fy (1,..., 1). 
Now fj (0,...,0)=(0,...,1,..., 0), and so (0,...,70,...,0) =(0,...,1,..., 0). 
Therefore, r is a constant element in N. oO 


Lemma 2.4.19 (Meldrum and Van der Walt, 1986) 


Ifr=s+tis the standard decomposition for r into a zero-symmetric part (s) 
and a constant part (f), then f} = fj + fj is the corresponding decomposition 
for fij. 


Proof 


Suppose r=s +f is the standard decomposition for 7, where s € Ny, andté N.. 
Therefore, fj = fj" = fj + fj. Since s € Ny, t € N,, we have fj €(M,(N))o 
and fj ¢(M,(N)).. Therefore, fj = fj + fj is the standard decomposition 


for jy. a 


Corollary 2.4.20 


N is zero-symmetric if and only if M,(N) is zero-symmetric. 
Proof 


Suppose N is zero-symmetric. This implies r is zero-symmetric for every 
ré N. This implies { fjireNn \ is zero-symmetric (by Lemma 2.4.16). 
Therefore { fgireN he (M(N"))o, and (M(N")), is a subnear ring of M(N"). 
Therefore, M,,(N) is the subnear ring generated by { fj:reN \ c(M(N"))o, 
and hence M,,(N) is zero-symmetric. 
Conversely, suppose M,(N) is zero-symmetric. This implies fj is zero- 
symmetric for all re N, 1 $i,j <n. This means r is zero-symmetric for all 
ré N. Hence, N is zero-symmetric. | 


Theorem 2.4.21 (Meldrum and Van der Walt, 1986) 


For any matrix A, any 1 <k <n, and any x, y, ...,z € N, there area, b,....ce N 
such that A( fi. + fo, +...+ fix) = flr + fat... + fi 
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Proof 


We use induction on w(A), the weight of the matrix A. Suppose w(A) = 1, then 
A= fj forsome re N,1 <i, ae 


Consider fj (fii + fa? +...+ fa) = fie’ = fk t...+ fre! + 

Suppose the lemma holds for all matrices with weight ie han m (m = 2). 
If w(A) =m, then A = B + C or A = BC, where w(B) < m, w(C) < m. 

By the induction hypothesis, there are p, q, ..., r and s, t, ..., u such that 


BC fit fat ...t fre)= flat fat ...+fmandc (fit fit ..+ ri) = fit fart + fi 
Consider A (fix + fa +...+ fii): 


Now A(fik+ fa t+-.-+ far) =(B+C)(fik + fap +--+ fre) 
=B( fit fat...+ fr)+ CUfie+ fa t+...+ fix) 


ees + fit fic t+ for t...+ fitk 


dia 4 oC r+u 


+..6 fi" 
Similarly, if A = BC, then 


A(fit fat. So nk) = BC( fi + fa t.. oF nk) 
=B( fit fort...+ fir) 


= fi +b fi. | 


Corollary 2.4.22 


For any matrix A and any x, y, ..., z € N, there is a € N such that 
EvA( fit fa t...+ fi) = fi. 


Proof 
EyA(fii + fa +-..+ = En( fit fat...t+ fa) 
= fu(fait fa t+... fin) = fi Py 


Lemma 2.4.23 
For any a € N", there exists Be M,(N) such that o = Be,. 
Proof 


Let a = (a, b,...,c)e N". Take B= fit fa +...+ fa. 
Therefore, Be; = (fiit+ fat...+ fir) (1,0,...,0)=@b..., 0) =a. | 
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3 


More Concepts on Near Rings 


3.1 N-Groups 


The well-known concept of a “vector space over an arbitrary field” becomes 
a “module over a ring” when it is generalized. When we generalize further, 
this concept becomes a “module over a near ring.” Modules over near rings N 
are also known as N-groups. In this section, we present some fundamental 
results on N-groups, some of them drawn from Pilz (1983). Throughout this 
chapter, G denotes an N-group. 

Fields, vector spaces, rings, modules, and near rings are all N-groups. 
Hence, the study of N-groups becomes quite important. 


Definition 3.1.1 


Let (N, +, :) be a near ring, and (G, +) be a group with additive identity 0. G is 
said to be an N-group if there exists a mapping N x G > G (the image of 
(n, g) € Nx Gis denoted by ng), satisfying the following conditions: 


(i) (n+ mg =ng + mg and 
(ii) (amg = n(mg) 


for allge Gandn,me N. 
We denote this N-group by \G. 


Example 3.1.2 


(i) Let N be a near ring. Then the mapping N x N > N (multiplication 
in N) with respect to the operation (N, +) becomes an N-group. This 
N-group is denoted by \N. 

(ii) Each (left) module M over a ring R is an N-group where N = R. 
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(iii) Let G be a group. Then G is an M(G)-group ()c)G). Here, the map- 
ping MG) x G> G (fa) |b f@ for all fe MG) andae G. If Gisa 
non-Abelian group, then this M(G)-group (\yc)G) cannot be a module 
over a ring. 


Proposition 3.1.3 


Let G be an N-group. 


(i) Ox =0 for allx € G. 
(ii) (-n)x =-nx for allx e Gandne N. 
(iii) n0=0 for alln € No. 
(iv) nx =n0 for allxe Gandne N.. 
Proof 
(i) Letxe G. 
Consider Ox = (0 + 0)x. Now 0x = 0x + 0x = 0+ Ox = Ox + Ox = Ox =0. 
(ii) From (i), 0 = 0x = (-1 + n)x. This implies (—1)x + nx =0, and hence (-n) 
x=-nx. 
(iii) Take n € No. Then 10 =n(0 - 0) = (n0)0 =0 - 0 (since n € N,) =0. 
(iv) Letxe Gandne N.. Then 0 =n. 


Now nx = (n0)x = n(Ox) = n0. 
Therefore, nx = n0 for alln e N,and xe G. | 


Definition 3.1.4 


Let G be an N-group. The N-group G is said to be a unitary N-group if 


(i) Nis anear ring with unity 1 
(ii) 1-x=xforallxe G. 


Example 3.1.5 


Every unitary module M over a ring R with unity is a unitary N-group. 


Definition 3.1.6 


Let G be an N-group. A subgroup (H, +) of (G, +) is said to be an N-subgroup 
of Gif NH CH (this is denoted by H < ,G). 
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Remark 3.1.7 


If Gis an Abelian group, N is a ring, and yG is a module over the ring N, then 
the concepts of N-subgroups and submodules are one and the same. 


Example 3.1.8 


Let (H, +) be a subgroup of a group (G, +). Then M;,(G) = {f ¢ M(G) | f(A) c H} 
is a subnear ring of M(G). 


Verification 


Part 1: First, we show that M,(G) is a subgroup of M(G). 

Let fg € M,(G) and xe H. 

Clearly, f(x) « fH) c H and g(x) € 9(H) CH. 

Now (f= g(x) =f(x) — g(x) € H. 

Therefore, f— g € M,(G). This shows that M,,(G) is a subgroup of (M(G), +). 
Part 2: We show that M,,(G) M,(G) c M,,(G). 

Let fy, f. € M;,(G) and x € H. 

Now (f,f2)() =fi( fh) € fi f(A) < fi(A) c H. 

This is true for all x € H. 

Therefore (f,f,)(H) C H. Hence, ff. € M;(G) for all f,, fp ¢ My(G). 

Hence, M,,(G) is a subnear ring of M(G). 


Example 3.1.9 


Let H be a normal subgroup of a group (G, +). Then Mg(G) = {f ¢ MG) | 
f(x +H) Cf(x) + H, for all x € G} is a subnear ring of MG). 


Verification 


Part 1: Given that H is anormal subgroup of (G, +). 
Now we show that Mg/;(G) is a subgroup of M(G). 
Let f, g € Mo(G), and let x e G. Then 
f(x+H) cf(x) + Hand g(x + H) € g(x) + H, and so 
(f -—s)(x+H)c f(x+ H)- g(x +H) 
< (f(x) + H)—(g(x) + A) 
= (f(x)— 9(x))+ H (since H is a normal subgroup) 


=(f —g)(x)+H. 
So (f— g\(x + H) € (f— g(x) + A for all x € G. 
This shows that f— ¢ € M¢,(G) for all f g € Mex(G). 
Therefore, Mg/;(G) is a subgroup of M(G). 
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Part 2: We show that Me(G) Me(G) C Me (G). 
For this, take fg € Mg/(G). 
Now (fg)(x + H) = f(g(x + A) < f(g(x) + A) < f(g) + A. 
This shows that fg € Mg(G). 
So, MeG) is a subnear ring of M(G). 


3.2 Homomorphisms in N-Groups 


In this section, we prove some elementary results on homomorphisms on 
N-groups. 


Definition 3.2.1 


Let N be a near ring and G, G' be N-groups. Then a mapping h: G > G! is 
called an N-homomorphism (or N-group homomorphism) if it satisfies 


(i) h(x + y) =h(x) + h(y) and (ii) h(ng) = nh(g) for alln € N, and x, yé€ G. 


Note 3.2.2 


(i) A one-one (onto, respectively) homomorphism is called a mono- 
morphism (epimorphism, respectively). 
(ii) A one-one and onto homomorphism is called an isomorphism. 
(ii) A homomorphism from G —> G is called an endomorphism on G. 
(iii) An endomorphism that is a bijection is called an automorphism. 


Notation 3.2.3 


(i) A near ring monomorphism from N into N! may be represented as 
N = N\ In this case, we also say that N can be embedded in N1. 
(ii) Hom (N, N') = {f|f N > Nis a homomorphism}. 
(iii) Hom,(G, G}) = {f | fi G > G' is an N-homomorphism}. 
(iv) If there exists an N-isomorphism between G and G!, then we say that 
G and G! are N-isomorphic. We denote this fact by G = yG!. 


Example 3.2.4 


Let G be an N-group. Consider N as an N-group. Fix x € G. Define h,: N > G 
by h(n) = nx for alln € N. Then h, € Hom,(N, G). 
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Verification 
Given that x € Gand h,: N > G by h,(n) = nx for alln € N. 
We show that h,, is N-homomorphism. Let 1,, 1, € N. 
Now /,(1, + 15) = (1, + 1y)X = 14X + 1px =h,(n,) + h,(n)). 
Let a e€ G. Then h,(na) = (na)x = n(ax) = n(h,(a@)). Therefore, 1, € Hom, (N, G). 


Definition 3.2.5 


A normal subgroup H of an N-group (G, +) is called an ideal of G (denoted by 
H <3 ,G) ifn(x+a)—nxe Hforallne N,xe Gandae H. 


Remark 3.2.6 


Let N be a near ring and I CN. From Definition 3.2.5, it follows that I is a left 
ideal of N if and only if I is an ideal of the N-group \N. 

The concepts of “left ideal of the near ring N” and “ideal of the N-group N” 
are one and the same. 

Thus, the set of all left ideals of the near ring N is equal to the set of all 
ideals of the N-group \N. 


Remark 3.2.7 


Let H be a subgroup of (G, +). 
Then the following two conditions are equivalent: 


(i) His an ideal of the N-group G; and 
(ii) x = y (mod H), a= b (mod H) > x + a=y +b (mod H) and nx = ny 
(mod H). 
Verification 
(i) => (ii): Suppose that x, = x,' (mod H) and x, =x,! (mod H). 
This implies that x, — x! H,x,—x,! € H. 
We show that x, +x, =,!+.x,' (mod H) and nx,=nx,'! (mod H) forallne N. 
Now (x, + x2)- (x + x2) = x,+(x2- x3) -x; 
= y+ (%_ — x2) +44 — 44 — 
= (21 + (x2 —X2)+ 21) — (x1 -211) € H 
(since H is normal and x, — x, € H). 
This implies (x, + x2) = (x! + x2!) (mod H). 
Now nx, -—nx,!=n(x,-—x,!+ x,')-—nx,! € H (since x, -—x,!¢ Hand Hisan 
ideal of G). This means that nx, = nx,' (mod H). 
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(ii) = (i): In this part we show that H is an ideal of G. 

First, we show that H is a normal subgroup of G. 

Letx € Gand de H. 

We know that x = x (mod H) and 6 = 0 (mod H). By the assumed condi- 
tion, x + 8=x +0 (mod H). This implies x + 6 = x (mod H). That is, 
x+6-—x€e H. Hence, H is anormal subgroup of G. 

Letne N,xe G,andde H. 

We know that 1 =n (mod H) and x + 6 =x (mod H). 

By the assumed condition, n(x + 6) = nx (mod H). 

This implies that n(x + 8) — nx € H. 

Hence, H is an ideal of G. 


Remark 3.2.8 


Let G be an N-group and Ha normal subgroup of G, +). 
Then the following two conditions are equivalent: 


(i) n@x+a)—nxe H, forallne N,xe G,andae H;and 
(ii) n(b+x)-nx € H,forallne N,xe Gandbe H. 


Verification 
(i) = (ii): Suppose (i). 
Now n(b+x)—nx =n(x-—x+b+x)-nx 
=n(x+a)—nx (where a=-x+b+xeH)eH (by (i)). 
The other part (ii) = (i) is similar. 
The verification for some results in N-groups is similar to that of near 
rings. In such cases, we have not provided the proofs. 


Definition 3.2.9 


(i) Let I < N. Then we know that N/I = {n+ I| 1 € N} is called a factor 
near ring or quotient near ring (refer to Remark 2.2.12). 

(ii) Let H 3 \G, then G/H={g+H|ge G} is an N-group and it is called 
a factor N-group or quotient N-group. 


Remark 3.2.10 


(i) If Lisa left ideal of N (denoted as, L <, N) then we may consider L as 
an ideal of the N-group N. 
In this case, we can consider the factor N-group N/L, the N-group N 
modulo L. 

(ii) Clearly {0}, N are ideals of N; and {0}, G are ideals of \G. 
These ideals are known as trivial ideals. 
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Theorem 3.2.11 (Homomorphism Theorem for N-Groups) 


(i) If H is an ideal of an N-group G, then the canonical mapping 7: 
G — G/H is an N-epimorphism. So G/H is a homomorphic image 
of G. 

(ii) Conversely, if h: G > G1 is an N-epimorphism, then ker(/) is an ideal 
of G and G/ker(h) = G'. 


Theorem 3.2.12 (Second Isomorphism Theorem) 


Let h: N > N' be an epimorphism. Then 


(i) h induces a one-one correspondence between the subnear rings 
(ideals, respectively) of N containing ker(i) and the subnear rings of 
(ideals, respectively) N'. 

(ii) N/T =h(N)/H(D for all ideals I of N with ker(i) cL. 
(iii) If m: N — N/Lis the canonical epimorphism, then we get that (N/I)/ 
(J/D) = N/J for all ideals J of N with J 2 I. 


Proof 


Part 1: Let h: N > N'be an epimorphism. 

Let “be the set of all ideals of N containing ker h and ' be the set of all 
ideals of Nt. 

Define f:. 7 1! by f(D) = {h@ |ie =H) forallle y. 

Now we show that f(J) is an ideal of N'. Let x € f(I). Then there exists i € I 
such that h(i) = x. 

Take n! € N!. Since h: N > N' is an epimorphism, there corresponds n € N 
such that h(n) = n'. 

Consider n'+x—n' =h(n)+ h(i)— h(n) 

=h(n+i-n)e f(I). 

Hence, f(J) is normal in N1. 

Letxe f() and n'e N'. 

Now xn! = h@h(n) = h(n) € f(D. Therefore, f()N! c f(D. 

Let n,',n,!€ N' and xe f(I). Then there exist 1, 1, € N such that h(n) = n,', 
h(n) =n,' and there exists i € I such that h(i) = x. Now 

my(nz + X)— my Nz = h(m,)(h(n) + h(i) — hm h(n) 

=h(n)(h(n2 +1))—h(nyn2) (since h is ahomomorphism) 
= h(n (nz +1) —mn2) € f(D). 

Hence, f(I) is an ideal of N'. 
Part 2: Now define g:.7!> 7 by g() = fie N|A@ € [} foralle v1=h(). 

Now we show that g(I’) is an ideal of N containing ker h. 
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Let y € g(). Then y € Nand h(y) € f. 

Let n € N. Since h: N > N' is a function, it follows that h(n) € N! for all 
neN. 

Now hn+y—1)=h(n) +h(y)—h() € I. Therefore, for ye N,ne N,nt+y—-ne N, 
and h(n + y—n) € I'. This implies thatn+y-—ne g(L). 

Hence, g(I’) is normal in N. 

Let ye g() andne N. 

Now h(yn) = h(y)h(n) € I (since [' < N' => I'N! CI’). Therefore, yn € g(I’). 

Hence, g()N c gL). 

Let 1, n,€ Nandye g(I). 

h(n (no + Y) — myn) = h(n h(n + y) — h(n) h(n2) 

= l(,)(I(2) + hy) (mn )h(ra) € (since I* <I, N’). 

Therefore, 1,(1, + y) — nn, € g(I') for all n,,n,€ Nand ye g(I). 

Hence, g(I’) is an ideal of N. 

Now we show that ker(/) ¢ g@([). Let x € ker(i). Then h(x) = 0! € [', which 
implies that x € g(I’). Therefore, ker(i) c9(P). Hence, g(I') s Nand ker(h) cg(L). 
Part 3: Here fi. 7 ¥' and g:.7! >”. Therefore, gof: 7> rand fog: /1 > 1. 

Let Ie 7. Now (gof)(I) = gf) = gD) = AAD) = (oh) = L 

Therefore, gof= ,, the identity function on -v. 

Clearly, fog = ¥,,, the identity function on 1. 

Therefore, g = f-!, and f and g are bijective functions. 

Hence, there exists a one-one correspondence between the ideals of N con- 
taining ker(/) and the ideals of N1. 

Now we show that for all ideals I of N containing ker(h), N/I = h(N)/h(D. 

Define o: N > h(N)/H(D as e(n) = h(n) + h(), for allne N. 

Let n,, nn, € N. 

Now (1, + 12) = h(n, + 12) + h(D) 

= (h(m) + h(ng))+ h(1) 
= (h(t) + h(I)) + (h(a) + HD) 


= O() + O(n). 

And also (mn) = h(mn2)+ h() 

= (I(ns)h(3)) + H(0) 

= (A(m) + h())(h(g) + A) 

= 9(m)p(N2). 
Let y € h(N)/h(1). Then there exists n € N such that y = h(n) + h(). 
Now 9(7) = h(n) + h() = y, and so @ is onto. Hence, @ is an epimorphism. 
By the first homomorphism theorem, we have N/ker(@) = h(N)/h(D. 
Now it is enough to prove that ker(@) = I. 
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Consider n € ker(@) © o(n) = 0 
© h(n)+h(1) =0 
= h(n) € hi) 
= h(n) = h(i) for someie! 
© h(n-i)=0 for someie I 
<= n-ieéker(h) for someie! 
= n-ieéker(h)cl,iel 
enel. 
Therefore, ker(g) = I. 
Suppose m: N > N/I is a canonical epimorphism. 
Define y: N > (N/I)/(U//1) by wn) = (n+ 1) + U/D for allne€ N. 
Now we show that y is an epimorphism. 


Let n,n, € N. 
Now w(m, + 2) = (4, + 12) + D+ U/D 
=((m. +1)+ (m2 + 2))+CVU/D 
= ((m +1) + J/D) + (12 +1) + J/D)) 
= wl) + wn). 
And also w(mn2) = (mn2 + 12)+V/D 
= ((m + D(n2 +12) + J/D) 
= ((m +1) + /D))(n2 +1) + J/D) 
= (1) y(n). 
Hence, y is a homomorphism. 
Let x € (N/I)/(J/I). Then there exists n € N such that x = (n + I) + (J/D). 
Now wv) = (1+ 1) + UJ/D =x, so w is onto. 
Hence, y is an epimorphism. 
By the first homomorphism theorem, we have N/ker(w) = (N/D/(J//D. 
Now ker(y) = {ne N|w(n)= J/I} 


={neN |(n+1)+(J/1)= J/T} 
={neN |(n+I)e J/T} 
=]. 

Hence, N/J = (N/D/(J/D. 


Theorem 3.2.13 


Let h: G > G' be an N-epimorphism. Then 
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(i) h induces a one-one correspondence between the N-subgroups 
(ideals, respectively) of G containing ker(i) and the N-subgroup 
(ideals, respectively) of G! by A |> h(A), for A CG. 

(ii) G/H = h(G)/h(A) for all N-ideals H of G with ker(i) C H. 
(iii) If m: G > G/H is the canonical epimorphism, then we get that (G/H)/ 
(H,/H) = G/H, for all ideals H, of G with H Cc Hy,. 


Observation 3.2.14 


In the case of rings, the concepts of invariant subnear rings and ideals are 
one and the same. Every ideal of a near ring is an invariant subnear ring. But 
every ideal of a near ring need not be an invariant subnear ring. 


Proposition 3.2.15 


(i) No isa left ideal of N, but No is not generally an ideal of N. 
(ii) N,is an invariant subnear ring of N, but in general neither a right nor 
a left ideal. 


Proof 


(i) We show that N) is a left ideal of N. Clearly, Ny is anormal subgroup 
of N. 
For any 1) € Ny and n,m € N, we have 


(n(m+ng)—nm)0 = n(m+ no)0—(nm)0 
= n(m0+n,0)—(nm)0 
= (nm)0—(nm)0 = 0. 


Therefore, n(m +19) —nm € No. Hence, N, is a left ideal of N. 
Let N= M(R), No = M,(R). Let Ipo f=f¢ M)(R) (here Ip is the identity 
mapping on R). Therefore, Nj is not an ideal of N. 

(ii) We show that N, is an invariant subnear ring of N. Clearly, N, is a 
subnear ring of N. 
Let nn eé N,N. Now (1.n)0=n(n0) =n,=n.xn. Therefore, nn € N,. This 
shows that N.N Cc N.. 
On the other hand, take mn,e NN... Now (1,)0 =n(n,0) =1n.. Therefore, 
nn,€ N.. 
Hence, N.is an invariant subnear ring of N. 
Now we show that N, is not a normal subgroup of N. Let G be a non- 
Abelian group. 
So there exists a,b € Gsuchthata+b#b+a. 
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Define f,: G > G such that f,(x) =a, for all x € G. 

So, f, € M(G) = N.. Let M(G) = N. Consider I, € M(G) (here I, is the 
identity mapping on G). 

Now ([¢+f,— 1,.)(0) = 4, but I¢+fi-1,)(b) =b +a-—b #a. 

This shows that I,+ f,—- Ig ¢ MAG). Hence, N, is not a normal sub- 
group of N. Oo 


Note 3.2.16 
MG) is anormal subgroup of M(G), if and only if G is Abelian. 


Verification 
Suppose G is Abelian. Let f,¢ M(G) and fe M(G), and ge G. 


Now (f+ f.—f)(8) =fls) +8) — f(g) =f.(g). Therefore (f+ f.—f) =f. ¢ MG). 
Hence, M(G) is anormal subgroup of M(G). 


Converse 


Suppose that M(G) is a normal subgroup of M(G). 

Let us suppose that G is not Abelian. 

So, there exists a,b € Gsuch thata+bzb+a. 

Define f: G > G by f(x) =a, for all x € G. 

Consider the identity mapping I: G > G. 

Now ([+ f -D(a)=a+a-a=a. 

(I+ f -D(b)=b+a-be#a. 

Therefore, | + f— I is not a constant mapping, and so (I + f — I) € M{G), 
fe MG), le MG). 

Hence, M_(G) is not a normal subgroup in M(G), a contradiction. 


Proposition 3.2.17 (Proposition 1.34 of Pilz, 1983) 


(i) If Lisa left ideal of N, then NoL CL. 
(ii) N =N if and only if each left ideal of N is an N-subgroup of N. 
(iii) N = N, implies that (H <3 yG=> H<),G) forall Ge yy. 


Proof 


(i) Suppose L is a left ideal of N. Take ny € Ny and/e L. 
Now nol = 1,(0 +1) -O=n,(0 +1) —n)0 € L,andsoN,L CL. 
(ii) Suppose N = Np. Let L be the left ideal of N. 
From (i), we have NoL c L. Since N = No, we get that NL CL. 
Hence, L is an N-subgroup of N. 
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Converse 


Clearly {0} is a left ideal of N. By our supposition {0} is an N-subgroup of N, 
that is, N{0} c {0}. Now n0 =0 for allne N. 
Therefore, 1 € N, for alln € N. Hence, NC No. 
This shows that N = No. 
(iii) Suppose N= N, and H SJ yG. Let ny) € Ny=Nandde H. 
Now 16 = )(0 + 6) — 0 =17,(0 + 8) — 1,0 € H (since H 3 yG and N=N)). 
Therefore, NH c H, and hence H <,G. | 


Proposition 3.2.18 


(i) 
(ii) 


Ng is an N-subgroup of G for all g € G. 
N,=N.0 CH for all N-subgroups H of G. 


Proof 


(i) 


Gi 


we 


Take g € G. Clearly, Ng is a subgroup of G. Let x € Neg. 

Then there exists some 1, € N such that x = n,g, and letn € N. 

Clearly, n(n,g) = (nn,)g € Neg. 

Therefore, N(Ng) c Ng. 

Hence, Ng $y G. 

Let H <\G. This implies H is a subgroup of Gand NH cH. 

Since 0 € H, we have NO cH. 

Now NO =(N, + N0 = N,0 + N.0=N.0 (since N,0 = {0}). 

Therefore, NO = N.0 CH. | 


Observation 3.2.19 


NO is the smallest of all N-subgroups of G. 
We use the notation Q for NO = N.0. 


Results 3.2.20 


(i) 
(ii) 


(iii) 


If N=N,, then Q = {0}. 

For all g € G, we have Q=N.¢. Take g€ G. 

We know 1,.g = 10 for alln, € N, and for all n € N. 

Now 2 = NO = Ng. Therefore, Q = N.g. 

To prove Q = ,N,, define a mapping 9: N, > Q=N.0 by (1. =n,0 for 
alln.e N.. 

Let n.,n € N., and suppose 9(1,) = 9(n,)) if and only if n.0 = n,10, if 
and only ifn,=n. 

Therefore, @ is one-one and well-defined. 
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Now o(n, + 1,/) =(n, + n)0 = 1,0 + 10 = e(n,) + O(n). 
Further, for any n € N, 9(nn,) = (nn 0 = n(n.0) = ne(n. 
For any n.0 € N.0, p(n.) =n,0. Hence, @ is an N-isomorphism from N, 


to Q. 
Proof 
(i) Q=NO=N,0 = {1190 | 19 € No} = {0}. | 


Observation 3.2.21 


N is simple if and only if N has no nontrivial ideals. The N-group G is called 
N-simple if and only if G has no N-subgroups except Q and G. The N-group 
G is simple if and only if G has no nontrivial ideals. 


Proposition 3.2.22 


If N is simple, then all homomorphic images are isomorphic either to {0} or 
to N. 


Proof 


Suppose N is simple. Let N! be the homomorphic image of N under the epi- 
morphism h (say). 

By the first homomorphism theorem, N/ker(/) = N1, and ker(/) is an ideal 
of N. 

Since N is simple, ker() = {0} or ker(h) = N. This implies N/{0} = N! or 
N/NEN.. 

But N/{0} = N and N/N = {0}. Therefore, either N = N! or N! = {0}. | 


Proposition 3.2.23 


If the N-group G is simple, then all N-homomorphic images are N-isomorphic 
either to {0} or to G. 


Proof 


Suppose the N-group G is simple. Let G! be the N-homomorphic image of G 
under h (say). That is, h: G > G' is an N-epimorphism. 

By the first homomorphism theorem for N-groups, we have that G/ker(h) =G! 
and ker(h) is an ideal of G. 
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Since G is simple, we have ker(/) = {0} or ker(h) = G. This implies G/{0} = G! 
or G/G=G'. 
But G/{0} = G and G/G = {0}, and so we conclude that G=G!'orG!= {0}. gf 


Example 3.2.24 


(i) M,(G) is a simple near ring. 
(ii) If N=N,, then every ideal of the N-group G is an N-subgroup 
(refer to Proposition 3.2.17). 
(iii) Suppose N = N,. If the N-group G is N-simple, then G is simple. 


Verification 


(i) Let (0) # K be an ideal of M,(G). We show that K = M,(G). 

Clearly, K c M,(G). Let fe M,(G) = f(0) = 0. 

Now f=f(I¢ + 0) —f0 (since M,(G) = (M(G)),) € K (since K is an ideal of 
M,(G) and I, € K). 

Therefore, M,(G) c K. Hence, K = M,(G). 

Thus, M,(G) is a simple near ring. 

Suppose N = N, and G is N-simple. 

Gis N-simple > G has no N-subgroups except Q and G. 

But N = No; by Proposition 3.2.17, Q = {0}. By (ii), each ideal of G is an 
N-subgroup of G. 

Therefore, the only ideals of G are {0} and G. Hence, G is simple. 


(iii 


eS 


Proposition 3.2.25 


A proper ideal H of an N-group G is maximal in G if and only if G/H is 
simple. 


Proof 


Suppose H is a proper ideal of N-group G and suppose H is a maximal ideal 
of \G. 

Now we prove that G/H is simple. Let H,/H be an ideal of G/H, where H, is 
an ideal of N-group G and H C H,. Since H is a maximal ideal of N-group G, 
we have either H = H, or H, =G. 

This implies that H,/H = H or H,/H = G/H. 

Therefore, H,/H is the maximal ideal of G/H. This shows that G/H is simple. 


Converse 

Suppose G/H is simple. Now we show that H is a maximal ideal of G. 
Suppose H, is any ideal of G such that H C H,. Then H,/H is an ideal of G/H. 
Since G/A is simple, we have H,/H = H or H,/H = G/H. 
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Therefore, H, = H or H, =G. 
Hence, H, is the maximal ideal of G. | 


Theorem 3.2.26 (Proposition 2.29 of Pilz, 1983) 


Let N be a near-ring and G an N-group. Let {H,},-, be a family of ideals of 
G such that the sum > H, is direct. Then for any n € N and dg € x Ag, we 
have n(Xa,) = D nay. 


Proposition 3.2.27 


Let G be an N-group. If K is an ideal of G and if L is a N-subgroup of G, then 
every ideal Z of L+ K which contains K can be written as Z = Z, + K, where Z, 
is an ideal of L. 


Proof 
Let g: L > (L + K)/K be the canonical epimorphism. Write Z, = @(Z/K). 
Then @(Z,) = (Z, + K)/K and hence Z, + K = Z. | 


Proposition 3.2.28 (2.22 of Pilz, 1983) 


If A and B are ideals of an N-group G, and A, B are N-subgroups of G, then for 
allne N,aeA,and Be B, n(a+B)=na+nB (mod AB). 


Proof 


Since A is anideal of G, we have n(a+B)—nBe A. Also since Ais an N-subgroup 
of G, we have na A. Therefore n(a + 8) -—nB-noe A+A=A. 
This shows that n(a + B) =P — no (mod A). 
Ina similar argument, we one can get that n(a + 8) =nB + no (mod B). 
Therefore n(a + B) =na+nB (mod A B). | 


Lemma 3.2.29 


Let U and K be nonzero ideals of an N-group G such that U 4 K = (0). Then 
the following are equivalent. 


(i) The intersection of any two nonzero ideals of G/K which are con- 
tained in (U + K)/K is nonzero. 
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(ii) The intersection of any two nonzero ideals of G which are contained 
in U is nonzero. 


Proof 


(i) > (ii): Let U,, U, be two nonzero ideals of G contained in U such that 
U, © U, = (0). Now (U, + K)/K, (U, + K)/K are two nonzero ideals of 
G/K contained in (U + K)/K. If u, € Uj, uy € U, are such that u, + K= 
u,+ K, then u,-u,€ Kn (U, + U,) CK VN U=(0) and so u, =u, € UA 
U, = (0). Hence (U, + K)/K) 7 (U, + K)/K) = (0). 
This is a contradiction to (i). 

(ii) > (i): Let K,/K, K,/K be two nonzero ideals of G/K contained in (U + 
K)/K such that (K,/K) 7 (K,/K) = (0). We first show that K; 0 U # (0) 
for i= 1, 2. Suppose K; 7 U = (0). If x € K;,, then 


x+Ke (K,/K) c ((U+K)/K) 


and hence x = u, + k for some u, e U,k €e K. Now x-k=u,euUn 
K, = (0) and x =k € K. So K; c K and (K;/K) = (0), a contradiction. 
Therefore K; M U # (0) fori = 1, 2 and by (i), (K, 0 U) MN (K, 7 U) # (0). 
But KN U=(K, 0 Kz) ND U=(K, 9 U) 1 (K, A U) # (0), by (ii). 

This contradicts our hypothesis that K 7 U= (0). Hence (i) holds. | 


Dr 


3.3 Chain Conditions on Ideals 


As in the theory of rings, if the set of ideals of a near ring N fulfills the DCC 
(descending chain condition) on ideals of N, then we say that N has DCCI. 
Similar conventions will apply: DCCR for right ideals, DCCL for left ideals, 
and DCCN for N-subgroups. We use the notions ACCI, ACCR, ACCL, and 
ACCN (respectively) for ascending chain condition on ideals, right ideals, 
left ideals, and N-subgroups (respectively) of N. 


Remark 3.3.1 


(i) If N is zero-symmetric, then DCCN implies DCCL 
(ii) In N, we have DCCR or DCCL => DCCI. 
(iii) If N= N,, then DCCN => DCCL (the same condition holds for ACC). 


Proof 


(i) Let 1,5 1,>... bea descending chain of ideals of N. 
Then I, is a left ideal of N for all k. 
Since N = No, by Proposition 3.2.17, it follows that each left ideal of N 
is an N-subgroup of N. 
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Therefore, I, > I,> ... is a descending chain of N-subgroups of N. 
Since N has DCCN, we get I, = I..,= ..., for some positive integer k. 
This shows that N has DCCI. 

(ii) Since every ideal is a left (right) ideal, we have DCCL (or DCCR) 
=DCCI 

(ii) Since every left ideal is an N-subgroup of N = Ng, we have DCCN 
=DCCL. | 


Examples 3.3.2 


(i) Consider the near ring (Z, +, :), where Z is the set of integers and + 
and - are the usual addition and multiplication operations, on the set 
of integers. It is easy to verify that this near ring of integers satisfies 
ACCI. The condition DCCI does not hold in Z (because (2) 5 (4) 5 
(8) > ... is an infinite descending chain of ideals in Z). 

(ii) Consider Z,, = {0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11}, the near ring of integers 
modulo 12 with the usual addition and multiplication of integers 
modulo 12. Z,, contains only a finite number of ideals. Hence, Z,, 
satisfies DCCI. The following are some descending chains of ideals 
in the near ring Z,,: 


{0, 2, 4, 6, 8, 10}>{0, 6} > {0} 
{0, 2, 4, 6, 8, 10}>{0, 4, 8} > {0} 
={0, 3, 6, 9}>{0, 6} > {0} 


> { 
> { 


I 
I 
I 


Note 3.3.3 


Let N be a near ring and I an ideal of N. If J, and J, are two ideals of N contain- 
ing I such that J,/I cJ,/I, then J; ¢ Jj. 


Verification 

Suppose J,/I Cc J,/I. To verify that J, cJ,, let x € J,. Then x +] € J,/I. 
This implies x +] € J,/I (since J;/Ic J,/l) => x+I=x,+I1 for some x, € I. 
This implies x — x, € l= x—x, € J, (since J; is an ideal of N containing [) 
=xe J,andso J, c Jj. 


Theorem 3.3.4 (Theorem 2.35 of Pilz, 1983) 


(i) If I is an ideal of N and N has the DCCI (DCCN, DCCL), then the 
same applies to N/I. 
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(ii) If Tis an ideal of N and I is a direct summand, then N has the DCCI 
(DCCN, DCCL), if and only if I and N/I have the DCCI (DCCN, 
DCCL). 

(iii) If an ideal H of an N-group G (where N is zero-symmetric) is a direct 
summand, then G has the DCCI (DCCN), if and only if H and G/H 
have this property. 


Proof 


(i) Suppose N has DCCI and J is an ideal of N. 

Let J,/I > J,/I > ... be the descending chain of ideals of N/I. By 
Note 3.3.3, we have that J; > J, D J; ... is a descending chain of ideals 
of N. 
Since N has DCCI, there exists an integer k such that J,= Ji =... > 
J /1=Jry/T= .... Therefore, N/I has DCCI. 
Verification for DCCN: Let H,/I D> H,/ID ... be a descending chain 
of N-subgroups of N/I. 
Then H, > H,2 ... is a descending chain of N-subgroups of N. 
Since N has DCCN, for some integer k, H,= Hy, =.... 
This implies that H,/I = Hy,,/I=.... 
Therefore, N/I has DCCN. A similar verification holds for DCCL. 

(ii) Let I be an ideal of N and I be a direct summand; and let N have 
DCCI. 
By (i), N/T has DCCI. We have to show that I has DCCI. 
Now, since each ideal of I is an ideal of N and since N has DCCL, it 
follows that I has DCCI. 

(iii) Use Proposition 3.2.17 (ii) and similar to (ii). 


Converse 


Suppose I and N/I have DCCI. 
To show that N has DCCI, 
let J,D J.D ... be a descending chain of ideals of N 
=J,+1DJ,+ID... is a descending chain of ideals of N containing I 
= (J,+ D/lDU2+ D/I2 ... is a descending chain of ideals of N/I. 
Also, J, AID J, 1... is a descending chain of ideals of I. 
Since both I and N/I have DCCI, there exists a positive integer k such that 
OJ, + D/T= Jat D/T=... and 
pAl=Jp. ais... 
Now it is enough to show that J; € Ji,;. Take x € J. Now xe J, +l =Ju + L 
So, there exists y € J,,,,i€ Isuch that x=y+i. Also, y € J, Cc Jy. 
Therefore, x—y € IN Jx=Jiag NTS Jha XE Jit 
Therefore, J, C Ji.1. Hence, J,= J;,1. In the same way, we can verify that J,= 


Tee e+ 
Thus, N has DCCI. | 
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Definition 3.3.5 


(i) A finite sequence N=N,)>N,>...> N,,= {0} of subnear rings N; of N 

is called a normal sequence of N if N; is an ideal of N,_, for allie {1, 
2, ...,n}. Here n is called the length of the sequence. 

(ii) A normal sequence is said to be an invariant sequence if all N,s are 
ideals of N. 

(iii) The near rings N,_,/N,@= {1, 2, ..., n}) are called factors of the normal 
sequence. 
Clearly, any invariant sequence is a normal sequence. 


Definition 3.3.6 


A sequence N=M,)>M,>...5M,,={0} is called a refinement of the sequence 
N=N,2N,2>...2N,,= {0}, if for allie {1, 2, ...,n} there exists € {0, 1,2, ..., m} 
such that N;= M,. 

The sequences are called isomorphic if 1 = m and the factors are isomor- 


phic in some order. 


Definition 3.3.7 


A normal (invariant, respectively) sequence is called a composition sequence 
(principal sequence, respectively) if it has no proper refinement. 


Proposition 3.3.8 (Proposition 2.38 of Pilz, 1983) 


A normal sequence is a composition sequence if and only if all factors are 
simple. 


Proof 


Let N=N)>N,2>...2N,,= {0} be a normal sequence. 

Suppose this sequence is a composition sequence. Then it has no proper 
refinement. 

To show that all the factors are simple, let us suppose that the factor N;/N;,; 
is not simple for some /. 

This means that there exists an ideal J/N;,, in N;/N;,; such that 0 # J/N;,,,4 
N,/N;,,;. It is clear that N,,, ¢] C N, and N,,, #] #N;. 

Therefore, N=N )>N,D...90N;>JD Ni D...DN,,={0} is a proper refine- 
ment of the given sequence, which is a contradiction. 

Hence, all factors of the given sequence are simple. a 
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Converse 


Suppose all factors of the given sequence are simple. 

Let us suppose that the given sequence is not a composition sequence. 

Then it has a proper refinement. 

Therefore, there exists an ideal M of N; such that N,,, CM CN; and N;,, 4 
M#N, for some i. 

So, M/N,,, is a nontrivial ideal of N;/N,,. 

Therefore, N,/Nj,, is not simple, a contradiction to the fact that all factors 
are simple. 

Hence, the given sequence is a composition sequence. | 


Corollary 3.3.9 


A sequence that is isomorphic to a composition sequence (principal 
sequence, respectively) is also a composition sequence (principal sequence, 
respectively). 


Proof 


Let S, be a normal sequence and S, be a composition sequence such that 5, 
and S, are isomorphic in some order. Since S, is a composition sequence, 
all factors of S, are simple. Hence, all factors of S, are simple, that is, 5, 
is a composition sequence. The other part (proof for principal sequence) 
is similar. | 


Zassenhaus Lemma 3.3.10 


If A, B, C, D are ideals of N such that A c B and C CD, then 


A+(BOD) _ C+(BOD) 
A+(BQAC) C+(AND) 


Proof 


We show that both the LHS (left-hand side) and the RHS (right-hand side) are 
isomorphic to (BN D)/((AND) + (BOC)). 

Define 9: (A + B) 7D > (BX D)/Kas 9@+ x) =x+K, whereae A,x e¢ B, 
and K=(A nN D)+ (BOC). 

To show 9 is well-defined, suppose a, +X, =a) +Xy,4,,a,€ A,and x,,x,€ B. 

Then a, — a, =x,—x,€ K. 

This implies x, + K =x, + K, and so 9(@, + X;) = @@, + X,). 

Therefore, @ is well-defined. 
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O(a, + X1) + (Ao + X2)) = O(a, + Xy + Ay — Hy +X + Xz) 
= (x, +%X2)+K (since a, +x, +a. —x, € A) 
= (x, + K)+(%.+K) 
= Q(41 + X1)+ O(a2 + X2) 

@((a, + X1) (a2 + X2)) = O(a, (a2 + X2) + x1 (a2 + X2)) 

= Q(Ay(dz + X2) + Xy(Az + Xz) — XX + X4X2) 
= XX. +K (since a,(az + X2) + X1(A2 + X2)— XX € A) 
= (x, + K)(x. + K) 
= Q(Ay + X1) (az + X2). 


Therefore, @ is a homomorphism. 

Clearly, @ is onto, and so @ is an epimorphism. 

Now we show that ker(@) = A + (B.C). 

For this, suppose (a + x) =0+ K, 

if and only ifx+K=0+K, 

if and only if x € K, 

if and only if x =d+b forsomede AN Dandbe BOC. 
This impliesa+x=a+(d+b)=(a+d)+be A+(BnO,. 


Therefore, 

A+(BOD) _ BaD 

A+(BAC) (AND)+(BAC) (3.1) 
Similarly, we can prove that 

C+(BOD) _ BAD 

C+(AND) (AND)+(BOC) (3.2) 


From Equations 3.1 and 3.2, we get that 


A+(BAD)_ C+(BAD) 
A+(BAC) C+(AND)’ = 


Lemma 3.3.11 


Given two normal sequences S, and S,. They have refinements that are 
isomorphic. 


Proof 


Let S;; N=N)DN,2>...DN,,= {0} and S,:;M=M,>M,>...9M 
normal sequences. 


= {0} be two 
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For eachi=0, 1, 2, ...,n — 1, we insert ideals (1 in number) between N; and 
Nj,, as follows: 


N;> [Nia + (Ni A Mo)l 3 INiar + (Ni A M))] 9... 3 Nin + (Ni OM) D Nias 


Put Nj = Ni. + (N; 1M), fori=0,1,2,...,.1n-1andj=0, 1, 2, ...,m, where 
No =M,. 


(i) 
(ii) 


(iii) 


M;= 


Ni, = Nisa + (Nj A Mo) = Nini +(Ni A No) = Nii + Ni = N; 
Ni, 2 Ni 


Now Mj; | > M; = Ni NMj-1 DNiAM; 
> Nix +(Ni 0 Mj -1) 2 Nia + (Ni OM)) 
= Ng DNy 


je fat 
Ni, = Nia + (Ni OM.) =N;,,+ {0} = Nivt 
Therefore, N; = Ni, > Ni, D Nj, D...D Ni, = Nis 
Hence, N;= Nix, + (N; A Mo) D> Ni D ... D Nig + (NiO M,,) = Nias 
Therefore, the resulting refinement of S, is of length nm. 
Similarly, for each j = 0, 1, 2, ....m—1, we insert ideals between M, 
and Mj... 


[Mia + (Mj 0 Nol > [Min + (Mj ON] 2 «3 [Min + MON) = Min 


so that the resulting refinement of S, is of length mn. 
For eachi=0, 1, 2,...,.n-1andj=0,1,...,m-—1, we have 
Niw + (Ni AM)) _ M;+(NiaM)j) 
Nis +(Ni A Mj) Mia + (Nin AM)) 


Hence, these resulting refinements of S, and S, are isomorphic. | 


Jordon Holder Theorem 3.3.12 (Corollary of 2.40 Pilz, 1983) 


If N has a composition (principal, respectively) sequence, then each normal 
(invariant, respectively) sequence can be refined to a composition (principal) 
sequence, and all these sequences are isomorphic. 


Proof 


Let S, be a normal sequence and S, be the given composition sequence. 

By Lemma 3.3.11, S, and S, have refinements that are isomorphic. But S, 
has no proper refinement. This implies S,; has a refinement that is isomor- 
phic to S,. Since S, is a composition sequence, the refinement of S, that is 
isomorphic to S, is also a composition sequence. The proof of the other part 
is similar. a 
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3.4 Direct Systems in N-Groups 


As in the theory of modules over rings, the notions of “essential ideals” and 
“uniform ideals” are important in the theory of N-groups. In this section, we 
consider zero-symmetric near rings only. 


Definition 3.4.1 


Let H, and H, be two ideals of an N-group G. We say that H, is essential in H, 
if it satisfies the following conditions: 


(i) H, Cc H, and (ii) L is an ideal of G contained in H, and H, 4 L = (0) 
implies L = (0). We denote this fact by H, <, H>. 


From this definition, it is clear that if J is an essential ideal of G and K is an 
ideal of G such that I c K, then K is also essential. 


Remark 3.4.2 


The intersection of a finite number of essential ideals is essential. 
If I, J, K are ideals of G such that I<, J and J <, K, then I, K. 

If Is. J, then IO Ks, J 7 K for all ideals K of G. 

IflcJ cK, then Is, K if and only if I<, J and J <, K. 


(i 
(ii 
(iii 
(iv 


Veo a 


Proof 


The proofs of (i) and (ii) are straightforward. 

(iii) Let L be an ideal of G such that Lc J MN Kand (IN K) Nn L= (0). 
This implies that I A (K AL) = (0). 
Since I<, Jand KAN LCLC]J, we have that L= K 4 L= (0). 

(iv) Suppose! CJ c Kand Is, K. 
Let L be an ideal of G such that L CJ and I L= (0). 
Since 1<,K and L CJ CK, we have that L = (0). This shows that I <, J. 
Next we show that J <, K. 
Let A be an ideal of G such that A c Kand ] X A= (0). 
NowI QA AC]QA=(0) SINA=(0). 
Since I<, K, we have that A = (0). 


Converse 


Suppose that I<, ] and J <, K. We show that I<, K. 
Let L be an ideal of G such that L c K and I XN L= (0). 
This implies that I 7 (L.-J) = (0). Since I<, J, we have that L J J = (0). 
Again, since J <, K, we get that L = (0). This shows that I <, K. 
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Remark 3.4.3 


Let H,, H,, and H, be ideals of G. Then 


(i) H, and H, are essential in H;, which implies H, 7 H, is essential 
in H3. 

(ii) Suppose H, ¢ H, Cc H3. Then H, is essential in H; if and only if H, is 
essential in H, and H, is essential in H3. 


Proof 


Similar to that of Remark 3.4.2. |_| 


Lemma 3.4.4 


Let G,, G,, H,, H, be ideals of an N-group G such that G, 4 G, = (0) and H; c G; 
for i=1, 2. If H, + H, is essential in G, + G,, then H; is essential in G; for i=1, 2. 


Proof 


Suppose H, + H, is essential in G, + G, and H, is not essential in G,. 

Then there exists a nonzero ideal A of G such that A Cc G, and A 4 H, = (0). 

To show A A (H, + H,) = (0), let x € A A (H, + H,). 

Then xe Aandx=h,+h, for some h, € H,,h, € Hp. 

Now —l,+ x =h, € (H, + A) 0H, CG, A G,= (0). 

This means that h,=0 and x =h, € H, 7 A= (0). Therefore, x = 0. 

Hence, A q (H, + H,) = (0). 

Since H, + H, is essential in G, + G, and A C G, + G,, we have A = (0), a 
contradiction. 

Thus, H, is essential in G,. Similarly, we can show that H, is essential 
in Gp. | 

By the principle of mathematical induction, we have the following. 


Corollary 3.4.5 


Let G,, G,, ...,G,, Hy, Hy, ..., H,, be ideals of an N-group G such that H, c G; for 
1<is<n,andthesumG,+G,+...+G, is direct. If the sum H,+H,+...+H, 
is essential in G,+ G,+...+G,, then H; is essential in G; for 1 <i<n. 

Next we establish the converse of Lemma 3.4.4 and Corollary 3.4.5. Before 
proving this, we first prove a couple of lemmas. We introduce the following 
notation. 
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Notation 3.4.6 
For any nonempty subset A of an N-group G, we write 


A*={g+x-g|xeA, gEG} 
A* ={n(gt+x)-ng|xeA, geG, nEeN} 
A® ={x-ylx, ye Al 


Note that A c A*. Let X be a nonempty subset of G. 

Define X, = X, and for any i 21, X;=Xj4UX#,UX)4. 

Now for any i2 1, X;_,¢ or c X;. Therefore, X) Cc X, CX, C.... 
A straightforward verification gives us the following. 


Lemma 3.4.7 


If X is any nonempty subset of an N-group G, then the ideal generated by X 
is <X>=Ue XX. 


Lemma 3.4.8 (Reddy and Satyanarayana, 1988) 


Let H, and H, be ideals of G such that H, 7 H, = (0). Let h, ¢ H, andh, € Hy). 
Then for any x, € <h,>, there exists an element x, € <h,> such that x, + x, € 
<h, +h,>. 


Proof 


Write X = {ly}, Y = {ho}, and Z = {h, + hy}. 

Following Notation 3.4.6, by Lemma 3.4.7, we have <> = Uf-oXi, <i> = 
Uk0 Yu, and <h, + h,> = UreoZp 

For each integer k 2 0, let P(k) be the statement: for each x € X;,, there exists 
an element y € Y,suchthatx+ye Z,. 

P(0) is trivially true. Suppose P(k — 1) is true for some positive integer k = 1. 

Let x € X,. Then either x = x, — x, for some x1, x, € X,, or X =9+Xx,-g for 
some x, € X,, and ge G, or x=n(¢ + x,)—ng forsome ge G,ne N,x,€ X;4. 

Since x1, X, € X,., by our supposition, there exist y,, yy € Y;. such that 
H+ Ya Xo + Yo © Zea. 

If x =x, — x,, then take y = y, — y>. 

Ifx=g+x,—g, then take y=¢+y,-g. 

If x=n(g + x,) — ng, then take y =n(g +x, + Y,) —n(g + X}). 

In all three cases, we have y € Y;,. In the first case, since H, ~ H, = (0), we 
have x + y= (% — X2) + (Ys — Yo) = (1 + Yi) — (Xp + Yd): 
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In the second case, x + y=(¢+%,-9) +(@+¥,-Q9=K+ (14+ y,) — g, and in 
the third case, we getx +y=y+x=n(g+x,+ y,) — ng. Therefore, x+y € Z. 
Thus, P(&) is true. | 

We now prove the converse of Lemma 3.4.4. 


Lemma 3.4.9 


Let G,, G,, H,, H, be ideals of G such that G,; A G, = (0) and H; c G; for i= 1, 2. 
Then H;, is essential in G; for i = 1, 2, which implies H, + H, is essential in 
G,+G,. 


Proof 


Suppose H, and H,are essential in G, and G,, respectively. Write A, = H, + G, 
and A, =G,+H,. We now show that A, is essential in G, + G. 
Let 0 #a€ G,+G,. Then a=a, +a, for some a, € Gy, a, € G. 

If a, =0, thenae A,, and hence <a> cq A, # (0). 

If a, # 0, then since H, is essential in G, and (0) # <a,> C G,, there exists a 
nonzero element x, € <a,;> Hy. 

By Lemma 3.4.8, there exists an element x, in <a,> such that x, + x, € 
<a, + a>. 

Since x, #0, x, + x, is nonzero, and it belongs to <a, + a.> 7 A, = <a> Aj. 

Thus, A, is essential in G, + G,. 

Similarly, we can show that A, is essential in G, + G5. 

Now by Remark 3.4.3, H, + Hy = A, A A; is essential in G, + G). | 

By finite mathematical induction, we have the following. 


Corollary 3.4.10 


Let G,, G,, ..., G,,, Hy, Hy, ..., H,, be ideals of G such that the sum G,+G,+...+ 
G,, is direct, and H; c G; for 1 <i <n. If H;is essential in G; for 1 <i <n, then 
H=H,+H,+...+H, is essential in G; + G,+...+G,. 

Combining Corollaries 3.4.5 and 3.4.10, we have the following. 


Theorem 3.4.11 


Let G,, G,, ..., G,,, Hy, Hy, ..., H,, be ideals of G such that the sum G,+G,+...+ 
G,, is direct and H;c G; for 1 <is<n. Then H,+H,+...+H,,is essential in G, + 
G,+...+G,,if and only if each H; is essential in G; for 1 <i<n. 

A trivial verification shows us the following: 
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Proposition 3.4.12 


Let H be a nonzero ideal of an N-group G. Then the following are equivalent. 


(i) Every nonzero ideal of G that is contained in H is essential in H. 
(ii) X,, X, are two nonzero ideals of G such that X, cC H, X, C H implies 
X, 0 X, # (0). 


Definition 3.4.13 


Let H be a nonzero ideal of an N-group G. Then H is said to be uniform if it 
satisfies any one of the two conditions of Proposition 3.4.12. 


Definition 3.4.14 


An ideal H of G is said to have finite Goldie dimension (FGD) if H contains 
no infinite direct sum of nonzero ideals of G. 


Theorem 3.4.15 
Let Gbe an N-group and H be an ideal of G. Then the following are equivalent. 


(i) H has FGD. 

(ii) For any increasing sequence H, C H, C H, c ... of ideals of G with 
each H; CH, there exists an integer k such that H; is essential in H;,, 
forizk. 


Proof 


(i) = (ii): Suppose (ii) fails. Then there exists a subsequence {H,,}.", of {Hi}, 
such that for each I, Hy, is not G-essential in H,,,. Hence, for each i, there 
exists a nonzero ideal A; of G such that A; C Hy,,, and Hy, 0 Aj = (0). 

One can easily verify that the sum » Aj is a direct sum of nonzero ideals, 
which is contained in H, which is a contradiction to (i). 

(ii) > (i) is clear. | 


Definitions 3.4.16 


(i) A nonempty family {G};., of proper ideals of G is said to be a direct 
system if for any finite number of elements i, 1,, ..., i, of I, there is an 
element ip in I such that G;, D G;, +...+ G;,. 
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(ii) An ideal I of G is said to be finitely generated if there exists a finite 
number of elements 41, ay, ..., 4, in I such that the ideal generated by 
{a1, M5, ..., d,} is equal to I. 


Theorem 3.4.17 (Theorem 1.2 by Satyanarayana and Prasad, 2000) 


Let G be an N-group. The following are equivalent: 


(i) Ghas ACCI. 

(ii) For any ideal J of G, the condition is that every direct system of ideals 
of G that are contained in J is bounded above by an ideal J* of G, 
where J* g J. 

(iii) Every ideal J of G is finitely generated. 


eS 


Proof 


(i) = (ii): Suppose G has ACCI. Let us suppose that there exists a direct system 
Uiier Of ideals of G that are properly contained in J, which is not bounded 
above by any ideal J* of G with J* ¢ J. Without loss of generality, we may 
assume that each J; # (0). 

Then Zier Ji is an ideal of G that is contained in J. Let i, € I Now Ji, #(0). 

Since Lier Ji © Ji,, there exists i, € Isuch that Jz, © Ja > Jn © Ja + Ji. 

By the definition of a direct system, we get that 2;.;" Ji is a proper subset 
of J for any finite subset I’ of I. Therefore, Jj, + Ji, is properly contained in J. 

Now, Lier Ji © Ji, + Jg = there exists i; ¢ I such that Ja tJ, © Ja + Jn + Sis. 

This process can be continued, and eventually we get Ji © Ji + Jin SF Jin + 
Jin +Jis & ..., which is a strict ascending chain of ideals of G, a contradiction 
to (i). 

(ii) = (iii): Let us suppose J is an ideal of G that is not finitely generated. 
Write 

S* = {I/Tis an ideal of G, lis finitely generated, and I c J}. 

By (ii), S° is bounded above by an ideal J° of G such that J’ z J 

=> there exists x € J\J 

=> <x> CJand <x> ¢ J => <x>e S’ and <x> CJ’, whichis a contradiction. 

(iii) > (i): Suppose that every ideal of G is finitely generated. 

Let us suppose G has no ACCI. 

Then there exists a strict ascending chain I, ZI, Z... of ideals of G. 

Consider Uj21/;. Now Uj-1/; is an ideal of G that is also finitely generated. 


Therefore, there exist 4, a, ..., a, € G such that UZ1]; = <{a, ..., a}>. 
Now 4, € Ii, ..., 4, € I, for some i, iy, ..., ,. Write 7 = max {iy ip, ..., i. 


Clearly, I, cls forl<j<k>a,,a,...,a,€ I; 
=> Ui; C1; = I;,, C1, which is a contradiction. 


Hence, G has ACCI. This completes the proof. o 
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3.5 Some Results on M,(N)-Group N” 


Let N be a near ring and let N" denote the Cartesian product of n copies 
of N. Then N" = {(x,, Xy, ..., X,) | x; € N, 1 Si <n} may be regarded as an 
M,(N)-group N". 

To verify this, take fe M,(N) and x € N". We know that fe M,(N) c M(N") 
(the near ring of the set of all mappings from N" to N"). Now f: N" > N". So, 
fx € N". Now we verified that fx ¢ N" for any two elements f ¢ M,(N) and 
x € N". With respect to this operation, N"becomes an M,(N)-group N". 


Result 3.5.1 (Proposition 4.1 of Meldrum and Van der Walt, 1986) 
If L is a left ideal of N, then L” is an ideal of the M,(N)-group N". 
Proof 


First, we have to show that L” is anormal subgroup of N". 
Let a= (4, ..., 4,), B = (01, ..., b,) € L". Now 


a-B=(,-),,...,4,—,) € L" (since Lisa left ideal of N). 


Letr=(",,...,7,) € N". 
Now r+ Q—1r=(1)4+4,-1y, 0.4% +4,-7) € L". 
Therefore, r+a-—re L" for allae L" andre N". Thus, L" is anormal sub- 
group of N". 
Suppose O = (4, ...,4,) € L"and r= (1, ...,17,) € N". 
Now we have to show that for any matrix A € M,(N), there is a! € L" such 
that Air +o) =Ar+al. 
We will show this by induction on w(A), the weight of A. 
Let w(A) = 1 and A= fi. 
Now A(r + a) = fa(r + &) 
=(0,...,8(% +.4;),...,0) 
=(0,...,87 —s7 +8(% + a;)— $7; +87;,...,0) 
=(0,...,r, +43,...,0), where aj €L 
S(O peg Stigaz.y 0) (0,109) 7.1050) 
= (Fi) (tet) tor, where a! € L” 


=Art+a'. 
Suppose the preceding statement is true for all the matrices with weight 
less than m (m = 2). 
Let wim) =m and A=B+C or A=BC, where w(B), w(C) < m. 
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Now A(r+a) =(B+C)(r+a) 
= Bir+a)+C(r+a) 
= Bir+a')+C(r+a''), where a’, a! € L" 
= Br+Cr-Cr+a'+Cr+aeL" 


=(B+C)r+a'", where a!!! =—-Crt+a'+Cr+o"eL" 


= Ar+o"". 
Let A = BC. 
Then A(r+ a) =(BC)(r+ a) 
= BIC (r+ a)] 


= B[Cr + a"'] (where a" € L") 
= B(Cr)+'"' (where a1"! € L") 
=(BC)r+o'" (where a!!! € L") 


= Arto! where a € 1". 


Let Ae M,(N), re N", and ae L". Now 
A(r+a)-Ar=Ar+a'-—Are L" (since a! € L" and Are N’). 
Therefore, L" is an ideal of the M,,(N)-group N". | 


Notation 3.5.2 


For any ideal I of N", we write I. = {x « N|x=7,A for some A € I,1 <j <n}, 
where 7; is the jth projection map from N" to N. 


Lemma 3.5.3 (Lemma 1.2 of Satyanarayana and Prasad, 2005) 


Let I be an ideal of N”. Then 
I= {x € N | (x,0,...,0) € I}. 
Proof 


Let x € RHS. This implies (x, 0, ..., 0) € I. Then 1,(x, 0, ...,0) =x € I. 
Take x € I. > x=1,A for some A = (x;,...,%,) € => x =x;. Since fi; € M,(N) 
and A € I, by Proposition 3.2.17 (x; 0,...,0)= fia € I, which implies XE RHS. 
The proof is complete. ia 


Lemma 3.5.4 (Lemma 1.3 of Satyanarayana and Prasad, 2005) 


I. is a left ideal of N. 
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Proof 


Letn e Nand xe L.. Consider (1 +.x— 1,0, ..., 0). 
Since I is an ideal of N”, we have 
(n+x-—n,0,...,0)=(n,0,...,0) + (x, 0,...,0)-(n, 0, ...,0) € I. 
Therefore, n +x —n € I... This shows that I.. is a normal subgroup of N. 
Now for any 1,1, € Nand x € I, we have 
(1,(1)+ X) — 14M, 0, ...,0) = fit (My, 0, ..., 0) + (x, 0, ..., 0)) — fit (1a, 0, ..., 0) € L 
which implies that n,(n, + x) — nn, € I. Hence, I is a left ideal of N. | 


Proposition 3.5.5 (Theorem 1.4 of Satyanarayana and Prasad, 2005) 


Suppose L is a subset of N. Then L is an ideal of N-group N, if and only if L” 
is an ideal of N". 


Proof 


Suppose L” is an ideal of N". 
Now xe L, ifand only if (x,0,...,0) € L",ifand only ifx e€ (L").. (by Lemma 3.5.3). 
Therefore, L = (L")... By Lemma 3.5.4, L = (L").. is an ideal of N. | 
The converse follows from Result 3.5.1. 


Lemma 3.5.6 (Lemma 1.5 of Satyanarayana and Prasad, 2005) 


If lis an ideal of N", then (I..)" =I. 
Proof 


Let (x1, X5, ...,X,) € (Ie)" > x, € I. for 1 Sin. 
Then (x;, 0, ..., 0) € I (by Lemma 3.5.3). 
Since I is an ideal of N", we have fa (x; 0, ...,0) € 
This implies (0, ..., x;, ...,0) € [for 1 Sisn. 
Therefore (x,, X>, wo X,) =D(0,..., X;,...,0) € 1 
Hence (I..)" € I. : 
The other part is clear from Notation 3.5.2. | 


Remark 3.5.7 


Suppose I, J are ideals of N. Then 


ji) Gasr=roajand 
Gi) IAJ=Oedas"=O eloy'=(0). 
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Proof 


(i) Clearly, INJcLIQ|JcJ,andsod n/c, Inf)" c]". 
Hence (IN J)" cI" A J". On the other hand, take (x1, x, ...,x,)€ Ia J". 
Then (x, ...,X,) € Mand (x, ...,.X,) € J". 
This implies x; ¢ [,x,;¢ Jforl<is<n>x,e€INJforlsi<n 
=> (X1, Xo, .., X,) € OJ)". Therefore, "0 J" cI J)". 
Hence In J)" =I" J". 
(ii) TIAJ=(0) @ (0 J)" = (0), and the rest follows from (i). | 


Note 3.5.8 


(i) If wis an element of N, then 
<(0, ..., Uy ory 0)> = <(u, 0, ..., 0)>. 
it! 


(ii) If U is an ideal of N and I is an ideal of N" such that I c U", then 
lee U. 
(iii) If A<, N, then A” <, N". 


Verification 


(i) Suppose u is an element of N. Then (u, 0, ..., 0) € N". 

Now (u, 0, ..., 0) = fi; (0,2, u, 0, ..., 0) € <(0, vay ../0)>. 

Therefore, <(u, 0, ..., 0)> < <(0, ..., u, 0, ..., 0)>. 

Consider (0, ..., u, .., O). 

Now (0, «04, Uy. 0) = fi tu, 0, ..., 0) € <(u, 0, ..., 0)>. 

Therefore, <(0, ..., Uy oy 0)> c <(u, 0, ..., 0)>. 

Thus, <(0, ... u, ..., O)>=<(u, 0, ..., 0)>. 
(ii) Suppose U is an ideal of N and [is an ideal of N" such that I cu". 
Now x € I.:. 
By Lemma 3.5.3 (x, 0, 0,..., 0) € I 
Since I c U", we have (x, 0, 0, ..., 0) € U". 
This implies that x € U. Therefore, I** ¢ U. 
Suppose A” 4 I= (0) and J is an ideal of N". By Lemma 3.5.6, I = (L..)". 
Therefore, A” A (I..)" = (0). Now by Remark 3.5.7, we get (A 1 I..)" = (0). 
Again, by Remark 3.5.6, A 1 I.. = (0). Since A <, N, we get that I.. = (0), 
and hence I = (0). 


Gi 


we 


Lemma 3.5.9 (Lemma 1.8 of Satyanarayana and Prasad, 2005) 


If x, u are elements of N and x € <u>, then (x, 0, ..., 0) € <(u, 0, ..., 0)>. 
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Proof 


Following Notation 3.4.6, we have < u >= Uji Ain, where A,,; = Aj UA? U A;* 
with A, = {u}. Here 


A ={mt+y-—m|meN, ye Aj}; 
Aj? ={a—-b|a, be Aj}; and 


Aj = {m(n2 + a)—mNz |m, No € N and ae Aj}. 


Since x € <u>, we have x € A, for some k. Now we show (by induction on k) 
that x € A, => (x, 0,..., 0) € <(u, 0, ..., 0)>. 

Suppose k=0. Then x € A,=A,= {uJ > x=. 

Therefore (x, 0, ..., 0) =(u, 0, ...,0) € <(u, 0, ..., 0)>. 

This shows that the statement is true for k = 0. 

Suppose the induction hypothesis for k =i, that is, 


xe A;=> (x,0,...,0) € <(u, 0, ..., 0)>. Let x € A;,,;=A;UAS UA;. 


Case (i): Suppose x € A;.. 

xe Aj>x=m+y-—m forsomeme N,y € A;. Now 

ye A > y,0,...,0) € <(u, 0, ...,0)>,and so 

(x, 0, ..., 0) = (m, 0, ..., 0) + (y, 0, ..., 0) — (m, 0, ..., 0) € <(u, 0, ..., O)>. 

Case (ii): Suppose x € A?. 

xe AP >x=a-b forsomea,be A;. Nowa, be A; 

=> (a, 0, ..., 0), (b, 0, ..., 0) € <(u, 0, ..., 0)>, and so 

(x, 0, ...,0)=(@—-b,0,...,0)=@0,...,0) - (4,0, ...,0) € <u, 0, ..., 0)> (by the 
induction hypothesis). 

Case (iii): Suppose x € A;* 

xe Aft >x=n(n, +4) — n,n, for some n,,n,€ Nandae A,. 

Now (x, 0,...,0) = fit (1,0, ...,0)+ @ 0, ..., 0) — fill (12,0, ..., 0) € <(u, 0, ..., 0)>. 

Therefore (x, 0, ...,0) € < (u, 0, ...,0) >. 

Thus, by mathematical induction we have that (x, 0, ..., 0) € <(u, 0, ..., 0)> 
for any X € <u>. | 


Theorem 3.5.10 (Theorem 1.9 of Satyanarayana and Prasad, 2005) 


If uw is an element of N, then < u >"=<(u, 0, ..., 0)>. 
Proof 
Since (u, 0, ..., 0) € <u>", we have <(u, 0, ..., 0)> Cc <u>". 


Take (x1, Xo, ..., X,) € <u>" 
=>x,€ <u> forlsi<n. 
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By Lemma 3.5.9 (x;, 0, ...,0) € <(u, 0, ...,0)> for all 7. 

Now (Xp Xp «++, Xa) = Ky 0, «.-, 0) + for Oo, 0, ..., +... + fr Oy 0, ..., 0) € 
<(u, 0, ..., 0)> (by Proposition 3.2.17). 

Therefore, <u>" € <(u, 0, ..., 0)>. This completes the proof. a 


Proposition 3.5.11 (Lemma 2.1 of Satyanarayana and Prasad, 2005) 


For any X1, Xp, ...,X, € N, we have (<x,;> + <x.> +... +<X,>)"=<Xp>"4+<xX>"+...+ 
<>". 


Proof 


Since <x;>C <x,;>+...+<x,>, we have 

<x>"C (Kx > 4+... +<x,>)" for 1 <isn. 

Therefore, <x,>"+ ... +<x,>"C (<x,>+...+<x,>)". 

Let (@,, dy, ..., 4,,) © (Kxy> +... + <x,>)" 

> 4,€ <x,>+...+<x,>forlsi<n 

=> 4;= 4+... + dj,, where aj, € <X> forl<isn,1sj<n. 

NOW (Gy, Qo, 0007 Ay) = (Ay Fee F Age Alay Hove F ayy vey Ay Fee + Any) = (Aiyy Ary oo 
Any) + (Aig Ary +00, Any) + eee + (yy ayy 027 An,) & <XY>O" + <HQ>" + A <H, DM 

Therefore (x,> + <x,> +... +<X,>)" C<xp>" 4+ <x, >" +... +<Xx,>7, 

The proof is complete. Oo 


4 


Prime and Semiprime Ideals 


4.1 Fundamental Definitions and Results 


We begin this section with the following notation. 


Notation 4.1.1 


If S and T are subsets of N, then we write ST = {st | se Sand te T}. For any 
natural number n, we write S°=S Sx... x S (n times). 


Proposition 4.1.2 (Proposition 2.57 of Pilz, 1983) 


Let N be a near ring. Then 


(i) For subsets R, S, T of N, (RS)T = R(ST). 
(ii) Ifh: N> Nisa homomorphism, then for all subsets 5S, T of N, h(ST) = 
h(S) h(T), and for all subsets S, T of N, h-\(ST) > h-(S)h-\(T). 
(iii) For all ideals I of N, and for all subsets S, T of N, (S +1) (T+D=ST+I. 


Proof 
(i) Take x € (RS)T. Then x = (rs)t for some re R,s € S,and 
te T=r(st) € R(ST). 


Therefore, (RS)T Cc R(ST). 
In a similar way, we can verify that R(ST) c (RS)T. 
Therefore, (RS)T = R(ST). 

(ii) Since h is a homomorphism, for all s € S and t ¢€ T, it follows that 
h(st) = h(s)h(t). 
Let $e Sandf eT. Sincehisa homomorphism, it follows that 
h7(8)h-\(t) = h- £) € h-\(ST). 
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(iii) Let I be an ideal of N. Define a mapping m: N > N/Iby n(n) =n + J; then 
mt is a canonical epimorphism. Now nx(sf) = n(s) - m(é) for all s, te N. 
Therefore, st + J = (s + I¢ + J) for alls, te N. Hence, ST +1 =(S +1) 


(T+). ] 


Definition 4.1.3 


(i) An ideal P of N is a called a prime ideal, if for all ideals I, J of N, IJ c 

P>IcPorJcP. 

(ii) An ideal S of N is said to be a semiprime, if for any ideal I of N, Pc 
S=IcS. 

(iii) An ideal P of N is said to be a completely prime ideal, if for a,b € N, 
abe P>eitherae Porbe P. 

(iv) Anideal S of N is said to be a completely semiprime ideal, if for any 
elementae N,@eS>aeS. 


Definition 4.1.4 


A near ring N is said to be 


(i) a prime near ring if (0) is a prime ideal; 
(ii) a completely prime near ring (or integral near ring) if (0) is com- 
pletely a prime ideal; 
(iii) a semiprime near ring if (0) is a semiprime ideal; 
(iv) a completely semiprime near ring if (0) is completely a semiprime 
ideal. 


Notation 4.1.5 


If S is a subset of N, then <S> (or (S)) denotes the ideal generated by S. If 
S = {a}, then we write <a> (or (@)) for <S>. 


Proposition 4.1.6 (Proposition 2.61 of Pilz, 1983) 


For an ideal P of N, and ideals I, J of N, the following conditions are equivalent: 


(i) P is a prime ideal. 
ii) JToP>IcPorJcP. 
(iii) a¢ Pandb¢ P= @(b) ZP foralla be N. 
) 
) 


(iv) If I contains P properly, and J contains P properly, then IJ ¢ P. 
(v) IgPandJ¢gP>IJ ZP. 
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Proof 


We prove the following implications: 


(i) © (ii) © (ii), () = (iii), 
(iii) = (iv), (iv) > (v). 


To prove (i) => (ii), assume (i). 
Suppose that IJ c P. Since P is prime, we have I c P or J Cc P. Therefore, 
(i) > (ii). 


(ii) > (i) is clear. 


To prove (ii) = (iii), assume (ii). 

Suppose a ¢ P and b¢ P. Then (a) ¢ P and (b) g P. 

If (@)(b) c P, then by (ii), it follows that either (a) c P or (b) Cc P, which is 
a contradiction. 

Hence, (a)(b) g P. The proof for (ii) = (iii) is complete. 


To prove (iii) = (ii), assume (iii). 

Suppose I, J are ideals of N such that (IJ) c P. If possible, assume that I 
gPandJ cP. 

Then by (iii), (J) Z P, which is a contradiction. Therefore, I ¢ P or J ¢ P. 

Therefore, the proof for (iii) = (ii) is complete. 


To prove (i) = (iii), assume (i). 

Supposea¢ Pandb¢ P, wherea,be N. 

If possible, suppose that (a)(b) c P. Then since P is a prime ideal, we 
have (@) c P or (b) cP. This implies that a € P or b € P, which isa 
contradiction. 

Therefore, (a)(b) z P. The proof for (i) = (iii) is complete. 


To prove (iii) = (iv), assume (iii). 

Suppose I and J are ideals of N such that I> P and J > P. 
Choose a € I\P and be J\P. This means that a ¢ P and bé¢ P. 
By condition (iii), we get (a)(b) g P. Hence, IJ < P. 

This proves (iii) = (iv). 


To prove (iv) = (v), assume (iv). 

Suppose! ¢ P and J ¢ P. Takeae I\Pand be J\P. 

Then (a) + P contains P properly, and (b) + P contains P properly. 

By condition (iv), it follows that ((a) + P) (b) + P) z P. 

Therefore, there exist a! € (a), b' € (b), p,p'€ P such that (a'+ p) (b!+ p})e P. 
This implies that a(b! + p') + p(b' + p}) € P. 

Therefore, a(b! + p!) — a'b! + p(b' + p}) € P. 

Since P is an ideal, we have a\(b'+ p!)-a'b'e P,p(b'+p')€ Panda'lb'¢ P. 
Hence, IJ ¢ P. The proof for (iv) => (v) is complete. | 
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Theorem 4.1.7 (Proposition 2.62 of Pilz, 1983) 


Let (Py)ge4 be a family of prime ideals totally ordered by inclusion. Then 
NacaP, =P is also a prime ideal. 


Proof 


We define an ordering on the set A as follows. 
For any a, Be A,a< PB => P, Cc Py. 
Clearly, Noes Py is an ideal. 
Let I, ] be ideals of N such that IJ c P. 
Now IJ c Maca Pu. That is, IJ c P, for allae A. 
Since each P, is prime, it follows that I c P, or J c P, for each a. 


Suppose I Z P,, for some  € A. (4.1) 


Since P,, is prime, it follows that J ¢ P,,. Now for any B = 04, we have J c Px. 

Next we show that for all r< a, ] ¢ P,. Let us suppose that there exists re A 
such that r < a, and J c P,. Since P, is prime, it follows that 1c P,, andsolc 
P., which is a contradiction to the assumption (4.1). 

Therefore, J c P, for all r < a. This shows that J c P, for allae A. 

That is, ] C Maea Py = P. Hence, P is a prime ideal. | 


Proposition 4.1.8 (Proposition 2.63 of Pilz, 1983) 


If Tis an ideal of N that is a direct summand, and P is a prime ideal of N, then 
Po lisa prime ideal in I. 


Proof 


Suppose J, and J, are ideals of I (by considering I as a near ring) such that 
JiJo GP OL This implies that J,J,¢ P and J,J, cI. 

Since I is a direct summand of N, by Theorem 2.3.9, it follows that J,, J; are 
ideals of N. 

Since P is a prime ideal of N and J,J, CP, it follows that J, c P or J, c P. 

Therefore, J; C PN Ior J, ¢ POI. Hence, P Lis a prime ideal in I. oO 


Proposition 4.1.9 


Suppose I and P are ideals of N such that I ¢ P, and if m: N > N/I= Nis the 
canonical epimorphism, then P is a prime ideal of N if and only if m(P) is a 
prime ideal of N. 


Prime and Semiprime Ideals 167 


Proof 


Suppose P is prime. Let I and J be ideals of N/I such that IJ c n(P). 
Substitute I, = m-\(I) and J, = 1"'(J). 
Now LJ, =m (Dn) cm) cm (a(P)) = P. 
This shows that I,J, c P. Since P is prime, it follows that I, ¢ P or J, c P. 
Therefore, J = n(n“(J)) = n(J,) € a(P) or [= n(n) = n(1,) c 0(P). 
Thus, we have proved that IJ c n(P) implies either I c n(P) or J c n(P). 
Hence, n(P) is a prime ideal of N. = 


Definition 4.1.10 


(i) Anear ring without zero divisors is called an integral near ring. 
(ii) A near ring N is called a zero near ring if NN = {0}. 


Example 4.1.11 


Every integral near ring is a prime near ring. 


Verification 


Suppose N is an integral near ring. 

To show N is a prime near ring, it is enough to show (0) is a prime ideal. 

Let I and J be ideals of N such that IJ ¢ (0). 

If either I = (0) or J = (0), then there is nothing to prove. 

If possible, suppose that I # {0} and J # {0}. Then we can choose 0 #4 € I 
and 0#be J such that ab = 0, which is a contradiction to the fact that N is an 
integral. 

Therefore, either I = (0) or J = (0). 

Thus, we have proved that (0) is a prime ideal of N. Hence, N is a prime 
near ring. 


Corollary 4.1.12 (Proposition 2.67 of Pilz, 1983) 


Let I be an ideal of N. Then J is a prime ideal if and only if N/Iis a prime near 
ring. 


Proof 
We know that m: N > N/T is a canonical epimorphism. 


By Proposition 4.1.9, we come to a conclusion that I is prime if and only if (1) 
is prime, that is, J is a prime ideal if and only if N/I is a prime near ring. |_| 
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Example 4.1.13 


If Nis aconstant near ring, then each normal subgroup of (N, +) is a prime ideal. 
Proof 


Suppose N is a constant near ring. Then nk =n for all n,k € N. 
Let M be a normal subgroup of (N, +). 
Let ne N. Since N is constant, we have mn =m e€ M for all me M. 
Therefore, MN c M, and so M is a right ideal of N. 
Letn, mie Nandme M. 
Now n(v’ +m) — nn’ =n-n=0e M (since N is constant). 
This shows that M is a left ideal of N. Therefore, M is an ideal of N. 
Next we show that M is a prime ideal of N. 
Let I and J be ideals of N such that IJ cM. Now [=I] cM. 
Hence, M is a prime ideal of N. | 


Corollary 4.1.14 


Each constant near ring is a prime near ring. 
Proof 
We know that (0) is a normal subgroup of N. Since N is a constant near ring, 


by Example 4.1.13, it follows that (0) is a prime ideal. Thus, N is a prime 
near ring. a 


Proposition 4.1.15 (Proposition 2.70 of Pilz, 1983) 


If the near ring N is simple, then either N is prime or N is a zero near ring. 
Proof 

Suppose N is not a zero near ring. Then NN # (0). We have to prove that (0) 
is a prime ideal of N. Suppose I and J are ideals of N such that IJ < (0). Since I 
and J are ideals of N, and N is simple, it follows that I, J € {(0), N}. If [= N and 


J =N, and then NN = JJ c (0), which is a contradiction. Therefore, I = (0) or 
J = (0). Thus, (0) is a prime ideal of N. Hence, N is a prime near ring. | 


Proposition 4.1.16 (Proposition 2.71 of Pilz, 1983) 


If is a maximal ideal of N, then either I is a prime ideal or N? cI. 
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Proof 


Suppose I is a maximal ideal of N; then N/I is simple. Therefore, the only 
ideals of N/I are 0 + =I and N/I. By Proposition 4.1.15, N/I is a prime near 
ring or a zero near ring. If N/I is a prime near ring, then J is a prime ideal. If 
N/lis a zero near ring, then (N/I)(N/I) = I, and this implies that N? c I. The 
proof is complete. | 


Definition 4.1.17 


Let H and K be subsets of an N-group G. Then we define (H : K) as follows: 
(H: K)={neé N | nK CH}. The set (0: H) is called the annihilator of H. 


Note 4.1.18 


From Definition 4.1.17, if H = {h}, then (WH: K) = (1: K). Similarly, for (H : k) if 
K={k}. 


Theorem 4.1.19 (Proposition 1.42 of Pilz, 1983) 


Let Hand Kbe subsets of G. If Hisa subgroup (normal subgroup, N-subgroup, 
ideal, respectively) of an N-group G, then (H : K) is a subgroup (normal sub- 
group, N-subgroup, ideal, respectively) in the N-group N. 


Proof 


Part 1: Suppose that H is a subgroup of G. To show that (H: K) is a subgroup 
of N, take n,,1, € (H: K). Then n,k CH and n,k CH, for allke K. 

Now (1, — 1)k =n,k —n,k € H. Therefore, (H : K) is a subgroup of N. 
Part 2: Suppose H is normal. To show that (H: K) is normal, take a € (H: K) 
and ne N. Now forallke K(n+a-—n)k=nk+ak-—nke H (since nk € G,ake 
H, and H is normal). 

Therefore, n +a—neé (H: K). Hence, (H: K) is a subgroup of N. 
Part 3: Suppose H is an N-subgroup of G. To show (H: K) is an N-subgroup 
of N, we have to show that N(H: K) Cc (H:: K). Letn € N andae (H: K). 

Since a € (H: kK), it follows that ak € H forallke K. Since His an N-subgroup, 
it follows that nak € H. This implies that na € (H:: K). This shows that (H: K) 
is an N-subgroup of N. 
Part 4: Suppose that H is an ideal of an N-group G. To show that (H: K) is an 
ideal of N, take 1,,1,€ N,aeé (H: K). Sincea € (H: k), it follows that ak ¢ H 
for all k. 
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Now for any k € K, we have 


(1, (Nz + a) — NyNz)k = ny (Nz + a)k — nyN2k 
= (Nok + ak) —nynyk € H 
(since H is an ideal of G, and ak € H). 


This shows that (H : K) is an ideal of N. | 


Corollary 4.1.20 (Corollary 1.43 of Pilz, 1983) 


Let G be an N-group. Then 
(0 : a) is a left ideal of N for alla eé G. 


Proof 


Take ae G. By Theorem 4.1.19, it is clear that (0 : a) is anormal subgroup of N. 
Now we verify the condition for a left ideal. 
Let xe (0: a), 1,1, € N. 
Now (11(n2 + X)—1N2)a = 1y(N2 + x)a— NyNya 
= (Na+ xa)— nna 
= n(n2a+0)—mnpa = 0. 


Therefore, (1,(n, + x) — 1,>) € (0: a). Hence, (0: a) is a left ideal of N. | 


Theorem 4.1.21 (Proposition 1.45 of Pilz, 1983) 


(i) Let H be asubset of an N-group G. Then (0: H) =Mieu(0 :h), and (0: H) 
is a left ideal. 
(ii) (0: A) is an ideal of N for all N-subgroups H of G. 


Proof 


(i) Take h EH. Let x € (0: h). Then xh =0. This is true for all h € H. 
Therefore, xH = 0. Hence, x € (0: H). On the other hand, take x € 
(0: A). 

Then xH = (0). This means xh =0 for allh € H. 

This implies that x € (0: /) for allh € H, that is, x € Nien(0:h). 
Therefore, (0 : H) =Nneu(0:h). 

By Corollary 4.1.20, each (0 : /) is a left ideal and (0: H) =M,-#(0:h) is 
a left ideal. 
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(ii) By (i), (0: H) is a left ideal. To show that (0 : H) is a right ideal, take 
née Nandxe (0: H). 
This implies that n € N and xH c (0) 
= xnH C XH (since H is an N-subgroup) c (0) 
= xn € (0: H). This shows that (0: H) is a right ideal. | 


Now we present the definitions and important results of “nilpotent ele- 
ments” and “nilpotent ideals” in near rings. 


Definition 4.1.22 


(i) Anelement 1 € N is called nilpotent if there exists a positive integer 
k such that n*= 0. 
(ii) A subset S of N is called nilpotent if there exists a positive integer k 
such that S* = 0. 
(iii) A subset S of Nis called nil if every element of S is a nilpotent element. 


Result 4.1.23 (Remark 2.97 of Pilz, 1983) 


(i) Let S bea subset of N. If S is nilpotent, then S is nil. 
(ii) If Sc TcNand T is nil (nilpotent, respectively), then S is nil (nilpo- 
tent, respectively). 


Proof 


(i) Suppose S is nilpotent. Then there exists a positive integer k such 
that S‘= (0). This implies that s*=0 for alls € S. Therefore, s is nilpo- 
tent for alls € S, and hence S is nil. 

(ii) Suppose S CT CN and Tis nil. Then t is nilpotent for all t € T. This 
implies that f is nilpotent for allt € S (since S CT). Therefore, S is nil. 


The other part of the proof is similar. a 


Theorem 4.1.24 (Theorem 2.100 of Pilz, 1983) 


Let I be an ideal of N. Then N is nil (nilpotent, respectively) if and only if I 
and N/I are nil (nilpotent, respectively). 


Proof 


Suppose that N is nilpotent. Since Ic N and N is nilpotent, I is also nilpotent. 
Also, since N is nilpotent, there exists a positive integer k such that N* = (0). 


Now (N/K)‘ = N*/I = {0 + I} (since N‘ = {0}). Therefore, N/I is nilpotent. 
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Converse 


Suppose that I and N/I are nilpotent. Since N/I is nilpotent, there exists a 

positive integer t such that (N/I)' = {0 + Ij, that is, N' cI. Since I is nilpotent, 

there exists a positive integer s such that I = {0}. Therefore, (N‘)° c Is = {0}. 

Therefore, N* = {0}. Therefore, N is nilpotent. | 
Now we introduce the notion of a “prime left ideal” in near rings. 


Definition 4.1.25 (Satyanarayana, Lokeswararao, and Prasad, 1996) 


A left ideal P of N is said to be a prime left ideal if it satisfies the following 
condition: 


I, J are left ideals of N such that IJ c P implies that Ic P or J cP. 


Proposition 4.1.26 (Proposition 1.2 of Satyanarayana, Lokeswararao, and 
Prasad, 1996) 


The following conditions are equivalent: 


) 

) <a>,<b>, cC P>a€ Porbe P. 

i) a<b>, CP >a€ PorbeP. 

) <a>(P+<b>,)c P>ae Porbe P. 

) A(P +B) co P>AcPorBcP, wherea,be N,and A and Bare left 
ideals of N. 


Here <a>, and <b>, denote the left ideals generated by elements a, b € N, 
respectively. 


Proof 


(i) > (ii): Follows from the definition. 
Proof for (ii) > (iii): 
Suppose a<b>, c P. By Theorem 4.1.19, it follows that <a>,<b>, c P. 
Now by (ii), it follows that either a € P or b € P. This proves (iii). 
Proof for (iii) = (iv): Suppose <a>,(P + <b>,) cP. 
Now <a>,<b>, C <a>,(P + <b>,) cP. 
By condition (iii), it follows that a € P or b € P. This proves (iv). 
Proof for (iv) = (v): Suppose A(P + B) c P. 
Let us assume that A ¢ Pand B cP. 
Then there exist ae A\P and be B\P. 
Now <a>,(P + <b>,) CA(P +B) CP. 
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By condition (iv), it follows that eithera € P or be P, whichis a contradiction. 
Therefore, either A c P or B c P. This proves (v). 

Proof for (v) = (i): Suppose A and B are two left ideals of N such that AB cP. 
Letae A,pe P,andbe B. 

Since P is a left ideal of N, we have a(p + b) -abe P, and also abe P. 
Therefore, a(p + b) —ab +. ab € P. This implies that A(P + B) c P. 

Now by condition (v), it follows that either A c P or Bc P. | 


Remark 4.1.27 (Remark 1.3 of Satyanarayana, Lokeswararao, and Prasad, 
1996) 


Suppose P is a left ideal, which is not a right ideal. Then for any b € N such 
that Pb c P, the following are equivalent: 


(i) <a>,<b>, C P>a€ P. 
(ii) <a>(P+<b>,) CP>ae P. 
(iii) A and B are left ideals, A(P+ B) c P.ae P. 


Note 4.1.28 


If P is a left ideal, then the following conditions are equivalent: 


(i) PLC P, Lisaleftideal>LcP. 
(ii) P<b>, CP, beENS>DEP. 
(iii) P is the largest left ideal contained in the set X, where X = {x € N | 
P<x>, Cc P}. 


Note 4.1.29 


If P is a prime left ideal that is not a two-sided ideal, then P is the largest left 
ideal contained in X = {xe N | P<x>, c P}. 


Proof 


Suppose the left ideal P is not a two-sided ideal. 

Then there exists an element b € N such that Pb ¢ P. 

Suppose that L is a left ideal of N such that PL c P. 

Then (Pb)L c P(bL) c PL c P. By Theorem 4.1.19, we obtain <Pb>,L ¢ P 

= <Pb>,c PorLcP 

=> Pb cP orL CP. Since Pb ¢ P, it follows that L c P. 

Therefore, for any left ideal L of P, we have PLC P= LCP. 

Now by Note 4.1.28, it follows that P is the largest left ideal that is contained 
in X. | 
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Definition 4.1.30 (Van der Walt, 1964) 


MCN is called an m-system if for all a, b e€ M there exists a, € <a>, b, € <b> 
such that a,b, € M. 


Example 4.1.31 


(i) The empty set @ and near ring N are m-systems. 
(ii) For alln e€ N, the set {n, 1”, ...} is an m-system. 


Theorem 4.1.32 (Corollary 2.80 of Pilz, 1983) 


If P is an ideal of N, then P is a prime ideal if and only if N\P is an m-system. 
Proof 


Suppose P is a prime ideal of N. To show that N\P is an m-system, let a, b € 
N\P =a¢ Pand b¢ P. This means <a><b> ¢ P. This implies that a, € <a> and 
b, € <b> = a,b, € N\P. This implies that N\P is an m-system. 


Converse 


Suppose N\P is an m-system. Suppose a ¢ P and b ¢ P. By Proposition 4.1.6, 
it is enough to show that <a><b> ¢ P. Since N\P is an m-system and a, b € 
N\P, there exists a, € <a> and b, € <b> such that a,b, ¢ N\P. This implies that 
a,b, é P. Therefore, <a><b> ¢ P. Hence, P is a prime ideal of N. 


Example 4.1.33 


Consider the near ring Z of integers. 
(i) (0) isa prime ideal in Z, and so Z\(0) is an m-system. 


(ii) For any prime number p, it follows that pZ is a prime ideal, and so 
Z\pZ is an m-system. 


Proposition 4.1.34 (Proposition 2.81 of Pilz, 1983) 


Let M CN be a nonvoid m-system in N and I an ideal of N with I 1 M = ©. 
Then I is contained in a prime ideal P # N with PA M=©@. 
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Proof 


Take 3 ={J | Jas anideal of Nand JD I, ] 7M =}. Since I is an ideal of N, 
and I>IandI10 M=<@, it follows that Ie 3. Therefore, 3 is nonempty. 

Let {J};-, be a chain of ideals of J. This chain has an upper bound, say U 
J,> Landsovu J,e 3. 

Therefore, by Zorn’s Lemma, 3 contains a maximal element, say P. Since 
P is maximal, P # N. Suppose J, > P and J, > P. Then there exists j, € J; 7M 
and j, € Jy 0 M such that <j,;><j.> C JiJ>. Since M is an m-system, there exists 
ae <j,>and be <j,>such that abe M. This implies that <j,j.> 0M # ©. Since 
ji € Jy\P and jy € J\P, it follows that <j,;><j,> ¢ P. This shows that J.J, ¢ P. 
Hence, P is a prime ideal of N. | 

Now we introduce the concepts of left m-system-1 and left m-system-2. 


Definition 4.1.35 


(i) Let M CN. Mis said to be a left m-system-1 if either M = © or 
(a,be M>a'b' e M for some a' € <a>, and b' e€ <b>). 

(ii) Mis said to be a left m-system-2 if either M=© or @,be M>ab'e M 
for some b! € <b>,). 


Note 4.1.36 


It is clear that if M is a left m-system-2, then it is a left m-system-1. 


Proposition 4.1.37 (Proposition 1.8 of Satyanarayana, Lokeswararao, and 
Prasad, 1996) 


If P is a left ideal of N, then the following conditions are equivalent: 


(i) Pisa prime left ideal. 
(ii) N\P is a left m-system-2. 
(iii) N\P is a left m-system-1. 


Proof 


(i) => (ii): 

Suppose P is prime. Consider N\P. If P = N, then N\P = © is a left 
m-system-2. Suppose N\P # ©. To show that N\P is a left m-system-2, take a, 
be N\P=>a,b¢ P. Since P is a prime left ideal, by Proposition 4.1.26, it fol- 
lows that a<b>, ¢ P. 
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Therefore, there exists b! € <b>, such that ab! ¢ P, which implies that 

ab! e N\P. 

(ii) > (iii): follows from Note 4.1.36. 

(iii) = (i): Suppose N\P isa left m-system-1. If N\P = ©, then P = N, and hence 
Pisa prime left ideal. Suppose <a>,<b>, c P. Now we have to show that a € P 
or be P. 

Let us suppose thata ¢ Pandb¢ P.Thenae N\Pandbe N\P>able 
N\P for some a! € <a>, and b'e€ <b>, > a'b! ¢ P => <a>,<b>, is not a subset 
of P, which is a contradiction to the supposition. Hence, P is a prime left 
ideal. | 


Definition 4.1.38 


If S is an ideal of N, it is semiprime if and only if for all ideals Iof N, P cS 
implies that Ic S. 


Theorem 4.1.39 (Proposition 2.82 of Pilz, 1983) 


For an ideal S of N, the following conditions are equivalent: 
(i) S is semiprime. 
(ii) For all ideals lof N,<P>cS>IcS. 
(iii) For allne N,<n>*cS>ne S. 
(iv) For allideals lof N,I>S>P¢S. 
(v) For allideals lof N, IZS>P CS. 
Proof 


Similar to the proof for Proposition 4.1.6. Oo 


Proposition 4.1.40 


Let I be an ideal of N that is a direct summand and S an ideal of N that is 
semiprime; then S 71 is semiprime in I. 


Proof 


Let J be an ideal of I. Suppose J? CS OI. Then J? c S and J? CI. Since lis a 
direct summand of N, it follows that J is an ideal of N. Since S is an ideal of N, 
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S is semiprime, and J? c S, it follows that J c S. Therefore, J c S 4 I. Hence, 
S O1is semiprime in I. | 


Proposition 4.1.41 


Let Ibe an ideal of Nand Ic S, where S is an ideal of N. Then S is semiprime 
if and only if m(S) c N/I is semiprime. 


Proof 


Similar to the proof of Proposition 4.1.9. a 


Definition 4.1.42 


A subset S of N is called an sp-system, if for alls € S, there exist s,, 5, € <s> 
such that s,s, € S. 


Theorem 4.1.43 


(i) Each m-system is an sp-system. 
(ii) For every ideal S of N, the ideal S is semiprime if and only if N\S is 
an sp-system. 


Proof 


(i) Let M be an m-system. 

This implies that for all a, b € M, there exist a, € <a> and b, € <b> 
such that a,b, ¢ M. This means that for all a € M there exists aj, a, € 
<a> such that a,a, € M. This shows that M is an sp-system. 

Suppose that S is a semiprime ideal of N. To show that N\S is an sp- 
system, take ae N\S. Thena ¢ S. Since S is semiprime, by Theorem 
4.1.39, it follows that <a>? ¢ S. This implies that a,a, ¢ S for some a, 
a, € <a>. This implies that a,a, € N\S. Therefore, N\S is an sp-system. 


Gi 


we 


Converse 


Suppose that N\S is an sp-system. Let a € N\S. Since N\S is an sp-system, 
there exist a,, a, € (a) such that a,a, ¢ N\S. This means that a,a, ¢ S. This 
implies that <a>* ¢ S. Therefore, by Theorem 4.1.39, it follows that S is 
semiprime. | 
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Proposition 4.1.44 (Proposition 2.90 of Pilz, 1983) 


Let S be anonvoid sp-system in N. Let I be an ideal of N with 1 1S =. Then I 
is contained in a semiprime ideal # N. 


Proof 


Let 3 ={J | J be an ideal of N and JD I, ] 0S =@}. Since Tis an ideal of N, and 
IDIandInS=@, it follows that Ie 3. Therefore, 3 is nonempty. 

Let {J}i-; be a chain of ideals of 3. This chain has an upper bound, say 
Uj; > I, and so Uj; € 9. 

Therefore, by Zorn’s lemma, 3 contains a maximal element, say P. Since P is 
maximal, P 4 N. Now we show that P is a semiprime ideal of N. Suppose J > P. 
Then <j> c J for some j € J 7S. Since S is an sp-system, there exist j,, j, € J such 
that for every j € S,<j>* 1S #. This implies that J* z P. Hence, P is a semiprime 
ideal of N. | 


Proposition 4.1.45 


Any intersection of prime ideals is a semiprime ideal. 
Proof 


Let {P;} be a collection of prime ideals. Write S = ();-;P;. To show that S is 
semiprime, take an ideal I of N such that > S.Now PCSSP Cf)j..P => 
P cP, for allie I>I1cP,forallie I (since P,is a prime ideal) > I Cf)jeP; =S. 
This shows that I is a semiprime ideal. | 


Proposition 4.1.46 (Proposition 2.92 of Pilz, 1983) 


Let S be an sp-system and s € S; then there is some m-system M with s € 
McS. 


Proof 


Let s € S. Since S is an sp-system, there exist s;, S$, € S such that s,s, € S. This 
implies that there exist s{,s: € (s,5,) such that s{,s) € S. Continuing in this 
manner, we get a sequence §, 5155, sisi, sksk ... for all positive integers k such 
that ss" € S and <s> 2 (s,5,) 2 sisk 3... 

Take M = {s, 5,5,, sksk, ...}. We show that this is a required m-system. 
Without loss of generality, suppose that | < k and s{")s¥, s(s{? e M. Then 
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36s 5 ss, Take s*9sh* € < sll) > c< sls) > Therefore, ssf") € M. 
The proof is complete. a 


4.2 Prime Radicals in Near Rings 


Definition 4.2.1 (Sambasivarao and Satyanarayana, 1984) 


(i) A subset M of N is called an m*-system if for all a, b € M, we have 
a<b> 71 M# © (i.e., there exists an element b, € <b> such that ab, € M). 
(This definition generalizes the definition of an m-system, which was 
introduced by Van der Walt in 1964.) 

(ii) A subset S of Nis called an sp*-system if for alla € S, we have a<a>n 
M#®@ (ie., there exists an element a, in <a> such that aa, € S). (This 
definition generalizes the definition of an sp-system, which was 
introduced by Mason (1980).) 

(iii) A Sequence dy, 4,,45,...,4,, ... of elements in N is called an m"-sequence 
if a, € a,,<a,_,> for all n 21. 


Remark 4.2.2 


(i) An m'’-system is an m-system, and an sp*-system is an sp-system. 
ii) Every m’-system is an sp*-system, but the converse is not true. 
y ry’ p -sy 


Example 4.2.3 


Let N= Z, the ring of integers. Then N\<10>is an sp"-system, but not an m'-system. 


Remark 4.2.4 


Let P be an ideal of N. Then 


(i) Pis prime if and only if for alla,be N (@<xb>c P= eitherae Porbe P). 
(ii) P is semiprime if and only ifae N @<a>cP=>ae P). 
(iii) P is prime if and only if N\P is an m’-system. 
(iv) P is semiprime if and only if N\P is an sp’-system. 
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Remark 4.2.5 


If M is a nonempty m'’-system and if I is an ideal of N such that Mn I= ©, 
then there exists a prime ideal P containing I such that P 7M = ©. 
The verification is the same as in the proof of Proposition 4.1.34. 


Remark 4.2.6 


If {a,},.29 is an m'-sequence in N, then the set {a,, | 1 2 0} is an m’-system. 


Lemma 4.2.7 (Sambasivarao and Satyanarayana, 1984) 
Let S be an sp’-system and ae S. 


(i) There exists an m’-sequence {4,,},59 in S starting with a (i.e., a = dy). 
(ii) Then there exists an m'-system M such thatae MCS. 


Proof 


(i) Write a) =a. Since S is an sp’-system and ay ¢€ S, it follows that ay<ay> 
S # ©. So, there exists by € <a)> such that a,b) € S. Write a, = aybo. 
Since a, € S, it follows that a,<a,> 7S # ©. Therefore, there exists b, € 
<a,> such that a,b, € S. Write a, =a,D,. 

If we continue this process, we get a sequence of elements dy, 41, My, ... 
such that a,,,, =4,,b,, with b,, € <a,> for all n = 0. Therefore, dy, 4, a, ... 
is an m’-sequence in S starting with a = ay. 

(ii) Now a,,, = 4,b, € 4,<a,> C <a,>, which implies that <a,,,> C <a,>. 
Write M = {a, a,, ...}. We wish to show that M is an m’-system. Let 
x,y € M. Then x =a, and y =a, for some positive integers s and t. 
Without loss of generality, we suppose that s 2 t. 

Now <a,> > <a,>D...D<a>D...D<a>.... Also, a,,, = a,b, b, € 


<a> C <a,>. Hence, M is an m'’-system. Oo 


Definition 4.2.8 


Let I be an ideal of N. Then a prime (completely prime, respectively) ideal 
of N containing I is called a minimal prime (minimal completely prime, 
respectively) ideal of I if P is minimal in the set of all prime (completely 
prime, respectively) ideals containing I. 
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Theorem 4.2.9 (Pilz, 1983 or Sambasivarao, 1982) 


Let I be an ideal of N and M a nonempty m-system in N such that 1 M= ©. 
Then 


(i) There exists an m-system M’* maximal relative to the properties Mc M’ 
and I~ M’, which is empty. 
(ii) If M’ is an m-system maximal relative to the properties M c M’ and 
IA M'=@, then N\M" is a minimal prime ideal of I. 


Theorem 4.2.10 (Van der Walt, 1964; Sambasivarao, 1982; and Groenewald, 
1984) 


Let I be a semiprime ideal of a near ring N. Then I is the intersection of all 
minimal prime ideals of I. 


Proof 


Let I be any semiprime ideal of N. Then by Remark 4.2.4 (iv), N\I is an sp- 
system. So, by Lemma 4.2.7 (ii), it follows that for each s € N\I, there exists an 
m-system M in N such thats € Mc N\I. So, Mis empty. Now by Theorem 
4.2.9, there exists a minimal prime ideal P of I such that PM M is empty. But 
s € M. Hence, s ¢ P. Therefore, I ={\p21P, where P ranges over all minimal 
prime ideals of I. Thus, every semiprime ideal I is the intersection of all mini- 
mal prime ideals of I. a 


Corollary 4.2.11 


If Tis a semiprime ideal in a near ring N, then I is the intersection of all prime 
ideals containing I. 


Proof 
By Theorem 4.2.10, it follows that I = AP, where P ranges over all minimal 


prime ideals and I contains (\p_,P, where P ranges over all prime ideals con- 
taining I. Therefore, I is the intersection of all prime ideals containing]. 


Result 4.2.12 


If S is a semiprime ideal and I a nilpotent ideal, then I is contained in S. 
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Proof 


Let S be a semiprime ideal and I be a nilpotent ideal of N. Since I is nilpotent, 
there exists a positive integer k such that I‘ = 0. Without loss of generality, we 
assume that k is the least positive integer with Ik =0. We have to show that k= 1. 

Suppose k> 1. Then I*9-1=0=5 Ik? c (0:1) ><I*> Cc (0:2 (since 0:1) isan 
ideal by Theorem 4.1.21 (ii)) > <I*>I=0. Since S is semiprime, by Proposition 
4.1.45, it follows that S =()j-1P,, where {P}},-; is the collection of all prime ideals 
containing S. 

Now <I>] =0.¢ S =NierP; = <I >I c P; for all Te I> Ic P; or Ic P; for 
allie [=> Ic P, for allie I> Ik* Cf),.,P, = S, which is a contradiction to 
the minimality of k. Hence, I cS. |_| 


Definition 4.2.13 


(i) The intersection of all prime ideals of N is called the prime radical 

of N, and it is denoted by P-rad(N). 

(ii) For any proper ideal I of N, the intersection of all prime ideals of N 
containing [is called the prime radical of I and is denoted by P-rad(I). 

(iii) The intersection of all completely prime ideals of N is called the 
completely prime radical of N, and it is denoted by C-rad(N). 

(iv) For any proper ideal I of N, the completely prime radical of I is 
defined as the intersection of all completely prime ideals of N con- 
taining I, and it is denoted by C-rad(J). 


Lemma 4.2.14 


Let M CN bea nonvoid m'’-system in N and I an ideal of N with 1A M=@. 
Then I is contained in a prime ideal P # N with PX M=©. 


Proof 


A straightforward verification as in the proof of Proposition 4.1.34. | 


Theorem 4.2.15 


If Tis a proper ideal of N, then 
P-rad(I) = {a € N | every m’-sequence {q,} ,,.) starting with a meets J}. 


Proof 


Let X be the right-hand side set. Let a ¢ N and a ¢P-rad(I). Then there exists 
a prime ideal P containing I such that a) =a ¢ P. Since P is prime, N\P is an 
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m'-system and N\P is an sp’-system. Now there exists an m'-sequence in N\P 
starting with a) that does not meet P, and so, evidently it does not meet I. 
Thus, a ¢ X. Hence, X c P-rad(I). 


Converse 


Suppose a € N witha ¢ X; then there is an m’-sequence {d,,},,:) such that 
ay)=aanda, ¢ I for alln. Write M = {a, | n 20}. Since MO 1is empty and M 
is an m'-system, by Lemma 4.2.14, there is a prime ideal P such that P 5 I, 
and Pq M is empty. Clearly, a ¢ P anda ¢ P-rad(I). Thus, X D P-rad(I). The 
proof is complete. | 


Definition 4.2.16 


An element 4 in a near ring N is said to be strongly nilpotent if every m’- 
sequence {4,},,9 With a) =a vanishes (i.e., there is a positive integer 1 such that 
a,=0 for all k =n). 

Clearly, every strongly nilpotent element in N is nilpotent. But the follow- 
ing example shows that the converse is not true. 


Example 4.2.17 


Consider the ring of all 3 x 3 matrices over the ring of integers. Write a) = 
0 1 1 At ad 
0 0 1 1 1 1 
0 O O)andx=(1 1 = 1). Define a, =apxap,...,a,=4,4xXa,4,.... Now 


a,, #0, and hence ay is not strongly nilpotent. But a) = 0. This shows that a, 
is nilpotent. 


Corollary 4.2.18 


(i) The prime radical of N is the set of all strongly nilpotent elements 
in N. 

(ii) (Theorem 2.105 of Pilz, 1983): P-rad(N) is contained in the set of all 
nilpotent elements of N, and hence P-rad(N) is nil. 


Proof 


(i) This follows from Theorem 4.2.15. 
(ii) This follows since every strongly nilpotent element is nilpotent. | 
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Theorem 4.2.19 


Let I be an ideal of N. 
Then P-rad(I) = {a € N | every m’-system that contains a must contain an 
element of I}. 


Proof 


Let X be the right-hand side set. Let a € P-rad(I). Ifa ¢ X, then there exists an 
m'-system M witha e Mand Mq1=©. This implies that there exists a prime 
ideal P such that Po Tand M71 P=©.So,a¢ P. Therefore, a ¢ P-rad(I), which 
is a contradiction. 


Converse 


Supposeae X. Ifa¢ P-rad(I), then there exists a prime ideal P containing I such 
that a ¢ P. This implies that ae N\P, and N\P is an m'’-system. Since a € X, we 
have (N\P) A 1# ©, which is a contradiction. The proof is complete. a 


Corollary 4.2.20 


If N is a near ring, then 
P-rad(0) = {a € N | every m’-system that contains a contains 0}. 


Theorem 4.2.21 (Theorem 2.94 of Pilz, 1983) 


If € P-rad(I), then there exists a natural number k such that n‘ € I. 
Proof 


Suppose n € P-rad(I); then n € P for all prime ideals P such that P > I. We 
know that M = {n, n?, n°, ...} is an m-system. Suppose that n* ¢ I for all positive 
integers k. This implies that M 7 I= @, that is, there is a prime ideal P CI such 
that P 7 M = ©, which is a contradiction to the fact that n € P-rad(1). The proof 
is complete. | 

Murata, Kurata, and Marubayashi (1969) introduced and investigated a 
generalization of prime rings, called f prime rings. Groenewald and Potgieter 
(1984) extended the results to prime and f-semiprime near rings. The fprime 
radical of a fixed near ring N was defined by Reddy and Satyanarayana 
(1986) as the intersection of all fprime ideals of N, and it was described as 
the subset of N consisting of 0 and all fstrongly nilpotent elements. Note that 
f-primeness is defined by a mapping fy assigning an ideal f,(@) of N to each 
element a € N, which is subject to certain constraints. This mapping fy is not 
uniquely determined; so, each such mapping fy defines an f-primeness as 
well as an f-strong nilpotence. 
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In the following, we shall study f-P-rad(I), the properties of the assignment 
f-P-rad, belonging to a fixed mapping fy and designating the f-prime radical 
f-P-rad(N) to each near ring N. 

We shall refer to this assignment f-P-rad briefly as to the fradical. 

Let us recall that we are working on the variety of all zero-symmetric right 
near rings. Sometimes, we shall restrict our considerations to a universal 
class U of near rings, which is a subclass of near rings closed under taking 
ideals and homomorphic images. 

Let P-rad be a mapping that assigns to each near ring N an ideal P-rad(N) 
of N. Such a mapping P-rad may satisfy some of the following conditions. 


(i) @(P-rad(N)) ¢ P-rad(@(N)) for each homomorphism @: N > @(N) 
(ii) P-rad(N/(P-rad(N)) = 0 for all N 

(iii) P-rad is an idempotent: P-rad (P-rad(N)) = P-rad(N) for all N 

(iv) P-rad is complete: P-rad(I) = I is an ideal of N implies that P-rad(I) ¢ 
P-rad (N). 


Definition 4.2.22 


Consider the preceding four points. 


(a) The mapping P-rad is said to be a Hoehnke radical if it satisfies (i) 
and (ii). P-rad is called a Plotkin radical if it satisfies (i), (iii), and (iv). 

(b) An idempotent and complete Hoehnke radical is called a Kurosh— 
Amitsur radical. To any radical P-rad, we associate two classes of 
near rings, the radical class. 


Rymaa={N | P-rad(N) = N} 


p-rad— 


and the semisimple class 


Spaa={N | P-rad(N) = 0}. 


Notation 4.2.23 


The notions of fprimeness, f-nilpotence, and f-radical of a near ring N are 
based on an ideal mapping fy designating to each element a € N an ideal 
f(a) of N such that 


(i) ae fx@) 
(ii) Tis an ideal of N and x € fy(@) + implies that fy(x) C fy(@ +1 


An ideal mapping fy is, in fact, uniquely determined by the ideal f,(0) as 
seen from the following lemma. 
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Lemma 4.2.24 (Lemma 1 of Satyanarayana and Wiegandt, 2005) 


An ideal mapping fy satisfies conditions (i) and (ii) of Notation 4.2.23 if and 
only if f,y(a@) = fy(0) + @y for alla e N. 


Proof 


Note that for I = 0, condition (ii) yields fy(x) C fy(@) for all x € fy(a). 

Since a € fy(0) + @y by Gi) and (i), we have fxy(@) C fr(0) + @y € fry(0) + 
Fula) < ful). 
Converse 
Suppose that f(a) = f(0) + @,. Condition (i) is trivially fulfilled. 

If xe fy(a) +L then x € fy(0) + @yt+l 

Hence, f(x) = fy(O) + Gy € fy) + @y + 1 = fy@ + I and so (ii) is also 
satisfied. P| 


Note 4.2.25 


We may define an ideal mapping fy by assigning to each near ring N an 
ideal f,(0) of N. In view of Lemma 4.2.24, no relation exists between f,(0) and 
fu(0), where N and M are arbitrary distinct near rings. Dealing, however, 
simultaneously with several near rings, it is reasonable and not restrictive to 
demand the following additional requirement: 

(iii) If N = M, then fy(0) = fy(@ = f,(0) by the same isomorphism. 

An element a € N is said to be strongly nilpotent in N if for any given 
sequence iy, 41, ... of elements of N with ay = 4, a; =4;.,a;-, where a; € (4:4)y, 
there corresponds an integer m such that an =0 for all n 2m. The importance of 
the notion of strongly nilpotent is shown in Corollary 4.2.18. The prime radical 
P-rad(N) of a near ring N is the set of all strongly nilpotent elements of N. 


Definition 4.2.26 


A radical P-rad is said to be hereditary if P-rad(N) 7 I c P-rad(I) for every 
ideal I of N and all near rings N. 

Kaarli and Kriis (1987) proved that the prime radical of near rings is hered- 
itary. One can easily see that Corollary 4.2.18 provides an alternative proof 
for the hereditariness of P-rad(N). 


Definition 4.2.27 


An element a € N is said to be f-strongly nilpotent in N, if every element of 
the ideal f(a) is strongly nilpotent in N, that is, f(a) c P-rad(N). 
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Clearly, every f-strongly nilpotent element is strongly nilpotent. The con- 
verse is not true: let N # P-rad(N) #0, and define f,y(0) = N. Then the elements of 
P-rad(N) are strongly nilpotent in N but not f-strongly nilpotent in N. Moreover, 
by definition, the element 0 € N need not be f-strongly nilpotent in N. 

The f-radical f-P-rad—called the f-prime radical—was introduced and char- 
acterized by Reddy and Satyanarayana (1986). 

f-P-rad(N) = {all f-strongly nilpotent elements of N} U {0}. 


Definition 4.2.28 


(i) A subset S of N is an f-system if it contains an m-system S’, called the 
kernel of S, such that S = © or f(s) 1 S°# © for everyse S. 

(ii) An ideal P of N is said to be fprime if C(P) is an f-system. 

(iii) The fprime radical f-P-rad(N) of N is defined as the intersection of all 
f-prime ideals of N; equivalently, f-P-rad(N) is the set of all those ele- 
ments x € N for which every fsystem that contains x must contain 0. 

(iv) We say that a sequence x,, x, ... of elements of N vanishes (or termi- 
nates) after a certain stage if there exists a positive integer k such that 
x, =0 for alls =k. 

(v) We know that an element x in N is said to be strongly nilpotent if 
every sequence X1, X,, ... of elements of N with x, = x and x;= Ki 4 Me ay 
for some X34 € < Xj;-1 > must terminate after a certain stage. 

(vi) An element a in N is said to be f-strongly nilpotent if every element 
of f(a) is strongly nilpotent. 


Theorem 4.2.29 


Let N be a near ring in which 0 # P-rad(N) # N and x € C(P-rad(N)). 
Define f(a) =< {a,x} > for every a € N. Then N contains no f-strongly nilpo- 
tent elements. In particular, the element 0 is not strongly nilpotent. 


Proof 


Let us suppose there exists an f-strongly nilpotent element y in N; then every 
element of f(y) is strongly nilpotent, and so by Corollary 4.2.18, it follows that 
fly) c P-rad(N), which implies x € P-rad(N), which is a contradiction. Thus, N 
contains no fstrongly nilpotent elements. 

In general, a strongly nilpotent element may not be f-strongly nilpotent. m 


Example 4.2.30 


Let X = {0, b} and define + and- on X as0+0=0+b=b+b=b+0=0. 
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0-b=b-b=b-0=0-0=0. Now (X, +, :) is a near ring. Write N = Y © X, the 
direct sum of near rings Y and X, where Y = Z,, the ring of integers modulo 6. 
The fact that < {0} @ X >* = {0} implies that (0) is not a semiprime ideal of N, 
and since P-rad(N) is semiprime, we have (0) # P-rad(N). Secondly, it can be 
easily verified that the ideal {0,2,4} + X of N is a prime ideal of N, and so 
P-rad(N) c {0,2,4} ® X CN. Thus, (0) # P-rad(N) # N. Let x € C(P-rad(N)) and 
define f(a) = < {a,x}> for alla e N. Let0 #y © P-rad(N). Then by Theorem 
4.2.29, we have that y is not fstrongly nilpotent; however, by Corollary 4.2.18, 
we have y is strongly nilpotent. 


Theorem 4.2.31 


Let N be a near ring. Then 
f-P-rad(N) = {x € N | x is fstrongly nilpotent}. 


Proof 


Let 0 # x € f-P-rad(N). Suppose x is not strongly nilpotent, that is, there isa 
sequence 4, ay, ... of elements of N such that a, = y € f(x) and a; = 4;_,a;_, for 
some q; , € <4aj_; > anda,_, #0 for alli 22. By Remark 4.2.6, it follows that 
S ={a; | 12 1} is an m-system. Now x ¢ f-P-rad(N), which is a contradiction. 
Thus, x is f-strongly nilpotent. 


Converse 


Suppose that x is an f-strongly nilpotent element. If x ¢ f-P-rad(N), then there 
exists an fprime ideal P such that x ¢ P. Now K=C(P) is an f-system. Let K’ bea 
kernel of the fsystem K. Since P 7 K' = © and K’ is an m-system by Proposition 
4.1.34, there exists a prime ideal P* such that P ¢ P* and P* 7 K' = @. Since x € 
K, there exists an element y in f(x) M K’. So, ye K Cc CP’) c C(P-rad(N)), which 
implies that y ¢ P-rad(N). Now y € f(x), and by Corollary 4.2.18, it follows that 
y is not strongly nilpotent. This is a contradiction to the fact that x is f-strongly 
nilpotent. The proof is complete. oO 


Theorem 4.2.32 


(i) Let P be an ideal of N such that f(0) c P. Then P is prime if and only 

if P is f-prime. 

(ii) If f(0) cf P-rad(N), then 
(a) An ideal P is prime if and only if P is fprime. 
(b) f-P-rad(N) = P-rad(N). 

(iii) (a) If f(0) = (0), then P-rad(N) = f-P-rad(N). 
(b) Suppose f(0) # (0). Then P-rad(N) = f-P-rad(N) # (0) if and only if 

flO) < f-P-rad(N). 
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Proof 


(i) It is trivial that every prime ideal is f-prime. 
To prove the converse, suppose P is f-prime. It suffices to show <a> 
<b> < P,a, be N implies that either a € P or b € P. Suppose <a> 
<b> cP. 
Now by definition, we have that a € f(0) + <a> implies 
f@ Cf) + <a> and be f(0) + <b> and f(b) cf) + <b>. 
Now f(a) f(b) c (Ka> + f(0)) (<B> + f(O)) c <a> <b> + f(0) c P. 
Since P is f-prime by Lemma 1.2 (a) of Groenewald and Potgieter 
(1984), eithera e Porbe P. 
(ii) (a) If P is fprime, then P contains f-P-rad(N), and so P 5 f(0). 
Now the result follows from (i). 
(b) Follows from (ii(a)). 
(iii) (a) If f(0) = (0), then f@) = @) for all a € N, and so the two concepts 
f-prime and prime are the same. Thus, f-P-rad(N) = P-rad(N). 
(b) Let f(0) # (0). Suppose P-rad(N) = f-P-rad(N) # 0. 
Let 0 # x € f-P-rad(N). By Theorem 4.2.31, it follows that x is 
f-strongly nilpotent. Now by Corollary 4.2.18, it follows that f(x) 
P-rad(N). Since 0 € f(x) + (0), (0) < f(x) + (0) = f(x), and hence f(0) < 
f(x) cr(N) cf-P-rad(N). The converse follows from (ii)(b). | 


Proposition 4.2.33 


The f-radical f-P-rad (N) of a near ring N is the intersection 
f-P-rad(N) = - {lis an ideal of N | Jis an : prime ideal of N} 
= {lis an ideal of N | N/lis an fprimel}. 

(lis an f-prime ideal if and only if N/I is an prime near ring.) 


Lemma 4.2.34 (Lemma 2 of Satyanarayana and Wiegandt, 2005) 


Let f be an ideal mapping and N a near ring. Then f-P-rad(N) = P-rad(N) if 
and only if f,(0) c P-rad(N). If f-P-rad(N) # 0, then f-P-rad(N) = P-rad(N). If 
P-rad(N) = N, then f-P-rad(N) = 


Proof 


Suppose that f-P-rad(N) = P-rad(N) # 0. Then each strongly nilpotent element 
is f-strongly nilpotent. Hence, for any nonzero element a € P-rad(N), we have 
fyO) + @y=fy(@ Cc P-rad(N), which implies that f(0) c P-rad(N). 

Assume that f-P-rad(N) c P-rad(N), and let ae P-rad(N)\f-P-rad(N). Then 
the element is not fstrongly nilpotent, and so fy (0) + @y =fy(a) ¢ P-rad(N). 
Since (a), € P-rad(N), by a € P-rad(N), we conclude that f(0) ¢ P-rad(N). 
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If f-P-rad(N) # 0, then there exists an element a # 0 that is fstrongly 
nilpotent, that is, fy) + @y =fx(@ Cc P-rad(N). Hence, fx(0) € P-rad(N), and 
so f-P-rad(N) = P-rad(N). | 

Let P-rad (N) = N. Since f,(0) c N = P-rad(N) is always true, the last asser- 
tion also holds. 


Theorem 4.2.35 (Theorem 4 of Satyanarayana and Wiegandt, 2005) 


In a universal class U of 0-symmetric near rings, any fradical f-P-rad is an 
idempotent Hoehnke radical, which is complete if and only if P-rad is com- 
plete in U and then f-P-rad = P-rad. 

For a near ring N, f-P-rad(N) = ‘ae ) if and only if f(0) c P-rad(N). If 
fy) g P-rad(N), then f-P-rad(N) = 

The radical classes R; and Rg a for every fradical Tp. Every near 
ring N with f-P-rad(N) = 0 is a subdirect sum of fprime near rings. 


Proof 


By Proposition 4.2.33, the fradical f-P-rad(N) of a near ring N is the intersec- 
tion f-P-rad(N) = 2 {I is an ideal of N | N/Iis f-prime}. 

The ea aeoe. class corresponding to the fradical f-P-rad is s,= {N | f-P- 
rad(N) = 0}, which is obviously closed under taking subdirect sums. Hence, 
f-P-rad is a Hoehnke radical. 

For the idempotence of f-P-rad, we have to prove that f-P-rad(f-P-rad(N)) = 
f-P-rad(N). As in Lemma 4.2.34, we have two cases. 


Case (i): Suppose f-P-rad(N) = 

Then f-P-rad (f-P-rad(N)) = f-P-rad(0) = 0 = f-P-rad(N). 

Case (ii): Suppose f-P-rad(N) = P-rad(N). 

Then f-P-rad(f-P-rad(N)) = f-P-rad(P-rad(N)). 

Suppose that f-P-rad(P-rad(N)) = 

Now f-P-rad(P-rad(N)) # P-rad(P-rad(N)); so, by Lemma 4.2.34, it follows 
that fp,aaqv(0) Z P-rad(P-rad(N)) = P-rad(N), which is a contradiction. 
Hence, f-P-rad(P-rad(N)) #0, and so again by Lemma 4.2.34, it follows 
that f-P-rad(P-rad(N)) = P-rad(P-rad(N)) = P-rad(N) = f-P-rad(N). Thus, 
f-P-rad(f-P-rad(N)) = f-P-rad(N) for all near rings N. 


Assume that f-P-rad is a complete Hoehnke radical in the universal class 
considered. 

Then f-P-rad is a Kurosh—Amitsur radical, and so f-P-rad is determined by 
its radical class 


={N | f-P-rad(N) = N}. 
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Since every prime near ring is f-prime, it follows that f-P-rad (N) Cc P-rad(N). 
This shows us that the radical class R, is contained in the radical class R,,,24 
of the prime radical P-rad. If0 #Ne R,,.4, then fy(0) c N = P-rad(N), and so 
by Lemma 4.2.34, it follows that fP-rad(N) = P-rad(N) = N, proving the con- 
tainment R,,.14 G Ry. 

Hence, we get &, (J is an ideal of N such that P-rad (N) = I) = 2, (ideal of N 
such that P-rad (N) = I) = f-P-rad(N) = P-rad(N). 

Thus, f-P-rad as well as P-rad is complete in the universal class considered. 
The rest follows from Lemma 4.2.34. | 

Concerning f-P-rad -semisimple near rings, we have obviously the following. 


Corollary 4.2.36 


f-P-rad(N) =0 for a near ring Nif and only if either P-rad(N) =0 or N possesses 
nonzero strongly nilpotent elements, one of which is fstrongly nilpotent 
in N. 


Corollary 4.2.37 


In the variety of all zero-symmetric near rings, an f-radical f-P-rad is never 
complete, and hence never a Kurosh—Amitsur radical. 


Proof 


We note that Kaarli and Kriis (1987) proved that the prime radical P-rad is not 
complete; so, the statement follows directly from the theorem. | 

We shall give a sufficient, but not necessary condition for the hereditari- 
ness of an f-radical f-P-rad. 


Proposition 4.2.38 (Proposition 3 of Satyanarayana and Wiegandt, 2005) 


If an ideal mapping f satisfies f,(0) C fy(0) for every ideal I of N and near 
ring N, then the corresponding f-radical f-P-rad is hereditary. 


Proof 


Let a € f-P-rad(N) 1 I be a nonzero element. Then the element a is f-strongly 
nilpotent in N; so fy(@) c P-rad(N) and 
fi@ <fi@+@; 
c (fn) ND +@y aD 
C (fn) + @y) O1=fy@) O1 
c P-rad(N) 0 1. 
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Since by the result of Kaarli and Kriis (1987), the P-rad is hereditary, we have 

fi(@ ¢ P-rad(N) A Ic P-rad(I), and so a € Tis f-strongly nilpotent in I. Thus, 

aé f-P-rad(I), proving that f-P-rad(N) A I c f-P-rad(I). | 
We conclude this section with two examples. 


Example 4.2.39 


The prime radical P-rad is a hereditary f-radical in the variety of all zero- 
symmetric near rings, but f,(0) Z f,(0) © I for some ideal I of N. Let us 
define f,(0) = P-rad(N). Then f-P-rad(N) = P-rad(N) for all N, and f-strong 
nilpotence coincides with strong nilpotence. As proved by Kaarli and 
Kriis (1987), the prime radical P-rad is not complete; so there exists a near 
ring N possessing an ideal I such that P-rad(I) = I ¢ P-rad(N). Hence, tak- 
ing into account the hereditariness of P-rad, we have P-rad(I) ¢ P-rad(N) A 
Ic P-rad(I). 

Therefore, there exists an element a € P-rad(I)\(P-rad(N) 2 I). 

Now aé f,(0)\(fx(0) 0D, and so f; (0) Z (fy (0) 0D. 


Example 4.2.40 


In the subvariety of all associative rings, the assignment t: N > t(N), where 
t(N) is the ideal of N consisting of all additively torsion elements and 0, 
defines a hereditary Kurosh—Amitsur radical, called the torsion ideal. We 
may define f,(0) = t(N) for all rings. Then by Lemma 4.2.34, 1(N) = fy(0) C 
P-rad(N) if and only if f-P-rad(N) = P-rad(N). In this case, a nonzero ele- 
ment a € N is f-strongly nilpotent in N precisely when the element a as 
well as each additively torsion element is strongly nilpotent in N. If t(N) Z 
P-rad(N), that is, if there exists an additively torsion element in N that is 
not strongly nilpotent, then N does not contain any f-strongly nilpotent 
elements at all. 


4.3 Insertion of Factors' Property Ideals 
in Near Rings and N-Groups 
In this section, we study the concepts of insertion of factors property (IFP) in 


near rings and some related results. We also introduce the IFP N-group and 
the IFP ideal of N-group. We present some results on these concepts. 
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Definition 4.3.1 


(i) A near ring N is said to have IFP if a,b ¢ N,ab =0 = anb=0 for all 
ne N (in other words, ab = 0 = aNb = (0)). 
(ii) Nis said to have strong IFP if every homomorphic image of N has IFP. 
(iii) If an ideal I of N has IFP, then I is called an IFP ideal. 


Result 4.3.2 (Proposition 9.2 of Pilz, 1983) 


N has strong IFP if and only if for all ideals I of N, for alla,b,ne Nabe I=> 
anb € I. 


Proof 


Suppose I has strong IFP and let I be an ideal of N. 
Let x: N > N/I be the canonical epimorphism. Suppose that a, b, n « N and 
abe I. 
To show that anb € I, consider n(a)n(b) = nab) = ab +1 =04+1. 
Since N/Ihas IFP and zis onto, we have n(a)n(n)n(b) = 0 = a(anb) =0 = anbe I. 
Therefore, ab € I> anb € I for alla,b,ne N. 


Converse 


Suppose that for all ideals I of N, and for alla, b,n € [=> anbe I. 
We show that N has strong IFP. Let f: N — N'be a homomorphism. 
Now we show that f(N) has IFP. 
By the first isomorphism theorem, N/I = f(N), where I = ker f. 
Therefore, we have to show that N/I has IFP. 
Takea+I,b+I,n+Ile N/land a+I)(b+1)=0 


=ab+I=O0=> abel 
= anb € I (by converse hypothesis) 
=> (at+Dn+D(b+)=0. 


Hence, N has strong IFP. a 


Result 4.3.3 (Theorem 9.3 of Pilz, 1983) 


The following assertions are equivalent: 


(i) N has IFP. 
(ii) for alln € N, 0: n) is an ideal of N. 
(iii) for all SCN, (0: S) is an ideal of N. 
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Proof 


(i) = (ii): Take x, y € (0: n). Then xn =0 and yn =0. 

By the right distributive law, (x + y)n =xn + yn =0+0=0. 

Therefore, x + y € (0: n). Clearly (0: 1) is anormal subgroup of N and a 
left ideal of N. 

To show (0: n) is a right ideal of N, take n'! € (0: n) and n"§ € N. Now 
n'n = 0. Since N has IFP, we have n'mn =0 for all m € N. In particular, 
n'n'n = 0, where n" € N. This implies that nn" € (0: n). Therefore, 
(0: n)N CN. Hence, (0 : 1) is an ideal of N. 

(ii) = (iii): Since (0: S) = /ses(0: s) and each (0: s) is an ideal, we have that 
(0 : S) is an ideal of N. 

(iii) => (i): Assume that for all S CN, (0: S) is an ideal of N. Let a,b € N. 

Suppose ab = 0. This implies that a € (0: b) = (0: {b}). Since {b} c N and 
(0: {b}) is an ideal (by assumption), we have an € (0: {b}) for alln € N. 
This implies anb = 0 for alln € N. Hence, N has IFP. | 


Definition 4.3.4 


An N-group Gis said to be an IFP N-group if it satisfies the following condition: 
née N,ge Gng=05 nmg=0 forallme N. 
By this definition, it is clear that every IFP near ring N is an IFP N-group. 


Proposition 4.3.5 (Result 1.1 of Satyanarayana, Prasad, and Pradeepkumar, 
2004) 


(i) If Gis an IFP N-group with a torsion-free element a € G, then N is an 
IFP near ring. 
(Here, an element 0 #4 € Gis said to be torsion-free if n EN, na=0 > 
n=0) 
(ii) If Gis a faithful IFP N-group, then N is an IFP near ring. 
(Here, an N-group G is called a faithful N-group if (0 : G) = 0.) 
(iii) If N is not an IFP near ring, then it has no faithful IFP N-groups. 
(iv) If Gis an IFP N-group and I is an ideal of N such that I c (0 : G), then 
G is an IFP N*-group where N* = N/I is the quotient near ring. 
(v) If Gis an IFP N-group, then the quotient near ring N/(0 : G) is an IFP 
near ring. 


Proof 


(i) Take x, ye N such that xy = 0. Now xy =0 = xya = 0. Since G has IFP, 
we have xnya = 0 for all n € N. Therefore, xny € (0: a) = 0 (since a is 
torsion-free). This is true for all n € N. Hence, N is an IFP near ring. 
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(ii) Suppose x, y € N such that xy =0. Then xyG = 0. Since G has IFP, we 
have xnyG = 0 for alln € N. This implies that xny € (0: G) = (0), since 
G is faithful. This is true for all n € N. Hence, N is an IFP near ring. 

(iii) Follows from (ii). 

(iv) Letn+Im+Ie N/I,ae Gwith (n+I])a=0. This implies na =0. Since 
G has IFP, we have nma = 0. This implies (n + I) (m + Da =0. This is 
true for all m+I¢ N/I. Hence, G is an IFP (N/I)-group. 

(v) Taking I = (0: G) in (iv), we have that G is an IFP N/I-group. Since I = 
(0: G), it follows that G is a faithful N/I-group; and so by (ii), we have 
N/Tis IFP. | 


Theorem 4.3.6 (Theorem 1.2 of Satyanarayana, Prasad, and Pradeepkumar, 
2004) 


Let G be an IFP N-group such that NG #0 and every monogenic N-subgroup 
of G has an ascending chain condition on ideals (ACCI). (Here, an N-group 
G is said to be monogenic if there exists a € G such that Na = G.) Then there 
exists an element g € G such that 


(i) (0: g) is a prime left ideal of N. 
(ii) (0: g) is a prime ideal of N. 
(iii) There exists a monogenic N-subgroup Ng of G such that N¢g is iso- 
morphic to N/P, where P is a prime (left) ideal of N. Moreover, N¢ is 
N-isomorphic to a prime near ring N’. 


Proof 


Write A = {(0: x) | O#xe G, Nx #0}. 

First we show that A contains a maximal element. Let us suppose that A 
contains no maximal elements. Then there exists an infinite strict increasing 
sequence (0: x,) C (0: x.) C... of elements of A. 

Now (0: x,)/(0: x1) < (0: x3)/(0 : x1) C ... is also a strict increasing infinite 
sequence of ideals of the N-group N/(0: x,). This implies that N/(0: x,) has no 
ACCIL 

Consider the monogenic N-subgroup Nx, of G. By the given condition, 
Nx, has an ACCI. We know that (0 : x,) is a left ideal of N. So, N/(O : x;) is 
N-isomorphic to Nx, under the map n + (0: x,) > 1x4. 

Since Nx, hasan ACCI, wehave N/(0:x,) hasan ACCL whichis a contradiction. 

Therefore, A contains a maximal element, say (0 : g). Write P = (0 : 9). 


(i) Now we show that P is a prime left ideal. If P is not a prime left ideal, 
then there exist a¢ P and b¢ P such that abe P. 
Since P = (0 : g), it follows that ag # 0, bg # 0, and abg = 0. Since G is an 
IFP N-group, it follows that (0 : g) c (0: bg), and so (0: bg) = (0: g) by 
the maximality of (0 : 9). 
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Now a é (0: bg) = (0: g) = ag = 0, which is a contradiction. Hence, 
P=(0:g) isa prime left ideal. 
(ii) Since G has an IFP, by Result 4.3.3, it follows that P = (0 : g) is a two- 
sided ideal. Now, as in part (i), we can show that P is a prime ideal. 
(iii) Now Ng is a monogenic N-subgroup of G such that Ng is isomorphic 
to N/P. Since P is prime, it follows that N° = N/P as a prime near 
ring. | 


4.4 Finite Spanning Dimension in N-Groups 


It is known that the concept of a “finite spanning dimension” (FSD), which 
was introduced by Fleury (1974) in modules over rings, is a generalization of 
the dimension of finite-dimensional vector spaces. In this chapter, we gener- 
alize this concept to N-groups. 

We present the notions of PSD, hollow, and supplement in N-groups, and 
obtain some important results concerning these notions. 

For N-groups satisfying the condition, “every hollow N-subgroup is an 
ideal,” we prove a structure theorem: If G is an N-group having an FSD, then 
there exists an integer t and hollow N-subgroups H,, Hy, ..., H, such that G = 
H,+H,+...+H,and G# 2-H; for every 1 <j <t. Moreover, if there exist hol- 
low N-subgroups H,/, H,', Wee H,' such that G = H,' + H,' +... + H,' and none 
of the terms can be deleted from the sum, then q =t. The integer t determined 
here is called the spanning dimension of G and is denoted by Sd(G). 


Definition 4.4.1 


(i) Let Gbe an N-group. A subset S of G is said to be small in Gif S+ K=G 

and K is an ideal of G imply K=G. 

(ii) G is said to be hollow if every proper ideal of G is small in G. 

(iii) G is said to have an FSD, if for any strictly decreasing sequence of 
N-subgroups 
XyDX,;DX,DX35D... 
of G such that X; is an ideal of X;_,, there exists an integer k such that 
X; is small in G for all j 2k. 


Remark 4.4.2 


Clearly, every N-group with a descending chain condition (DCC) on 
N-subgroups has an FSD. 
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Definition 4.4.3 


Let H be an N-subgroup of G. Then an N-subgroup K of G is said to be a 
supplement for H if H+ K=Gand H + K'#G for every proper ideal K! 
of K. 


Lemma 4.4.4 (Lemma 0.1 of Reddy and Satyanarayana, 1988) 


Let G be an N-group. If H is an N-subgroup and K is an ideal of G such that 
H+K=G, then for any ideal H, of H, H, + K is an ideal of G. 


Proof 


Since H, is an N-subgroup of G and K is an ideal of G, it follows that H, + K is 
an N-subgroup of G. Leta ¢ H,+ K,g € G,and ne N. Then there exist h, € Hy, 
k,k,€ K,he Hsuchthata=h,+k,andg=h+k. 

Since K is normal in G, there exists an element k, ¢ K such thatk +h, =h, +k. 
Now we have 


gta-—g=(h+k)+(m+k)—-(h-k) 
=h+(k+h,)+k,-k-h 
=h+(h,+k,)+k,-k-h 
=h+h, +(k, +k, -k)-h 
=(h+h, —h)+h+(k, +k, —k)—h. 


Sinceh+h,-he H,andh+(k,+k,-h)-he K,wehaveg+a-geéeH,+K. 
So, H, + K is normal in G. To show that H, + K is an ideal of G, consider 


ng + a)—ng=n((h + k) + (hy + ky))—-n(n + k) 
=n(h+(k+h)+k)-—n(h+k) 
=n(h +(,+k.)+k)-—nh+k) 
= n((h+hy)+(ko+k,))-—n(h+h)+n(h+h)-—nh+nh-nh + k). 


Since n((h + hy) + (ko +ky))-—n(h+h) €K, n(h+h,)-nhe Hy, 
nh—-n(h + k)€K and K+H,+K=H,+K, and we have 
nig + a)—ng € H,+K. Thus, H, + K is an ideal of G. = 
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Definition 4.4.5 


A strictly decreasing sequence of N-subgroups X,; > X,> X35... of Gis said 
to be a *-sequence (an ideal sequence) if X; is an ideal of X;_, for i> 2. 


Remark 4.4.6 


G has a DCC on N-subgroups 
= G contains no *-sequence of N-subgroups 
= G has a DCC on ideals. 


Proposition 4.4.7 (Proposition 0.2(c) of Reddy and Satyanarayana, 1988)) 


Let G be an N-group having an FSD and K an ideal of G that is nonsmall in G. 
Then G/K contains no *-sequences, and hence G/K has an FSD. 


Proof 


Let (X,/K) > (X,/K) > (X;3/K) > ... be a *sequence in G/K. Then by 
Theorem 3.3.4, X, > X,>D... isa *-sequence. Since K is nonsmall and X;2 K, for 
each i, X; is also nonsmall in G. Thus, we arrive at a contradiction to the fact 
that G has an FSD. Hence, G/K contains no strictly decreasing *-sequences. It 
is now evident that G/K has an FSD. | 


Proposition 4.4.8 (Proposition 0.3 of Reddy and Satyanarayana, 1988) 


Let G be an N-group and K an ideal of G. Suppose that L is an N-subgroup 
of G, not contained in K, and f: G > G/K is the canonical epimorphism. Then 


(i) If L is hollow, then so is f(L). 
ii) If Lis a supplement for K and if G/K is hollow, then L is hollow. 
PP. 


Proof 


(i) Suppose L is hollow and f(L) = (L + K)/K is not hollow. Then there 
exist two proper ideals X/K, Y/K of f(L) such that (X/K) + (Y/K) =f(L). 
By Proposition 3.2.27, there exist two proper ideals X,, Y, of L such 
that X= X,+Kand Y=Y,+K. 

So, X+ Y= xX,+ Y, + K. Since (X/K) + (Y/K) = f(D), 


Prime and Semiprime Ideals 199 


X+Y=L+K. By modular law, 
L=LA(L+K)=LA(X+Y) 
=LA(X,+Y,+K) 
=X,+¥Y%+(LOK). 
Since X, and Y, are proper ideals of L and L is hollow, we have L = 
LOK,andsoL cK, whichis a contradiction. Therefore, f(L) is hollow. 


(ii) Suppose L is a supplement for K and f(L) is hollow. Let X and Y be 
ideals of L such that X + Y = L. Then f(X) + f(Y) =/(L). Since f(L) is hol- 
low, we have either f(X) = f(D) or f(Y) = f(L). Suppose f(X) = f(L), then 
X+K=L+K. By modular law, L= X+ (LK). Now X+K=X+(LN 
K)+K=L+K=G,and X is an ideal of L. Since L is a supplement for 
K, we have X = L. Similarly, if f(Y) = f(L), then we can show that Y = L. 
Hence, the result. Oo 


Corollary 4.4.9 


Let H be anonsmall N-subgroup of G. If every proper ideal of H is small in 
G, then H is hollow. 


Proof 


Since H is nonsmall in G, there exists a proper ideal K of G such that H+ K= 
G. Since every proper ideal of H is small in G, it is evident that H is a supple- 
ment for K. By Proposition 4.4.8, it is enough if we show that G/K is hollow. 
To show this, let X and Y be ideals of G containing K such that X + Y=G. 
By modular law, we have X = (X 7 H)+ K and Y = (Y 7 H) + K. Therefore, 
(XA H)+(¥YOH)+K=X+Y=G,andso X VNH=H or YO H=H. Hence, 
either X = G or Y=G. This completes the proof. Oo 


Lemma 4.4.10 (Lemma 1.1 of Reddy and Satyanarayana, 1988) 


If G has an FSD, then every nonsmall N-subgroup H of G contains a hollow 
N-subgroup, which is nonsmall in G. 


Proof 


If H is hollow, then there is nothing to prove. Suppose that H is not hollow. 
By Corollary 4.4.9, there exists a proper ideal H, of H, which is nonsmall 
in G. If H, is hollow, our result is true. If not, again using Corollary 4.4.9, 
there exists a proper ideal H, of H, such that H, is nonsmall in G. 
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Continuing in this manner, we obtain a strictly decreasing sequence of 
N-subgroups H,) = H>H,>H,>... of Gsuch that H;,, is an ideal of H; for i 2 1. 
Since each H; is nonsmall and G has an FSD, our process must terminate at a 
finite stage, say at the kth step. Then H; is hollow and nonsmall in G, which is 
contained in H. n 


Lemma 4.4.11 (Lemma 1.2 of Reddy and Satyanarayana, 1988) 


Suppose G has an FSD. Let H be an ideal of G and K an N-subgroup such that 
H+K=G. Then there exists a strict finite chain K = K) > K, 5 K,>...5 K, of 
N-subgroups such that K; is an ideal of K,_, for 1 <i<s and K, isa supplement 
for H. Further, if H # G, then each K; is nonsmall in G. 


Proof 


If H =G, then K, = (0) is asupplement for H and the result is true in this case. 
Suppose H #G. If K isnot asupplement for H, then there exists a proper ideal 
K, of K such that H+ K, =G. Again, if K, is not a supplement for H, then there 
exists a proper ideal K, of K, such that H + K, =G. If we continue this process, 
we get a strict chain K = K) > K, > K, >... of N-subgroups with K; as an ideal 
of K;_, for 1 = 1. Since each K; is nonsmall and G has an FSD, this chain must 
terminate at a finite step, and so there exists an integer S such that K, is a 
supplement for H. The proof is complete. a 


Note 4.4.12 


Since the sum of two N-subgroups need not be an N-subgroup from 
now onward, we consider only those N-groups G in which every hollow 
N-subgroup is an ideal of G. Clear examples of near rings belonging to this 
class of N-groups are given in the following example. 


Example 4.4.13 


If N is a Boolean near ring (i.e., every element of N is an idempotent) or N is a 
strongly regular near ring (i.e., for every a e€ N, there isan xe Nsuch that a=xa’), 
then every N-subgroup of N is an ideal of N (by Remark 2.2 of Satyanarayana, 
1984). Therefore, every hollow N-subgroup of N is an ideal of N. 


Theorem 4.4.14 (Theorem 1.3 of Reddy and Satyanarayana, 1988) 


Let G be an N-group having an FSD. Then 
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(i) There exist hollow N-subgroups H,, H,...,H, such that G =H, + H, + 
.. +H, and G # Xi. a Hi for every 1<j<t. 
(ii) If there exist hollow N-subgroups Hi, H},..., A; such that Hi + 
Hi +...4+ isk = G and none of the terms can be deleted from the 
summation, then, qg=t. 


Proof 


(i) If Gis hollow, take H, = G. Suppose G is not hollow. Then G contains 
a nonsmall proper ideal H. By Lemma 4.4.10, H contains a hollow 
N-subgroup H, that is nonsmall in G. Since H, is nonsmall, there 
exists a proper ideal K of G such that H, + K = G, and by Lemma 
4.4.11, there exists a strict chain of N-subgroups 


K=K)>K,>K,5>...9K,, 


of G such that K; is an ideal of K;_, for 1 <i<s, and K,, is a supplement 
for H,. If K;, is hollow, take H, = K,,. Then G = H, + H,, and our result 
is true. If K;, is not hollow, since K,, is nonsmall in G, by Lemma 4.4.10, 
K,, contains a hollow N-subgroup H, that is nonsmall in G. Since H, is 
nonsmall, there exists a proper ideal K' of G such that H, + K'=G. 

By modular law, K,, = K;, 0 G= Ks, 0 (Hy + K') = Hy + (Ks, 0 K’). 

Now H, + H, + (Ks, 0 K') =G, and it is clear that none of the terms can 
be deleted from the sum. Write K;,, = K,, > K'. Since K’ is an ideal of G, 
K,_,is an ideal of K,. Again using Lemma 4.4.11, there exists a strict 


chain of N-subgroups 
Ka = Key = Ks. DD Ks,45, 
such that K,,_,, is an ideal of K;, for 1 <i<s,-1 and K,,,,, is a supple- 


ment for H, + H). If Ks,4s, is hollow, take H; = Ks... Now G = H, + 
H,+ H;, and none of the terms can be deleted from the summation. 
If we continue this process, at the tth step, we have hollow 
N-subgroups H,, H,, ..., H, and a strict chain of N-subgroups K = 
Ky: Ki 3 Ko Den Ke SDKs Se. D Ky.+s,> »DKo+s)4...45, such that 
each term is an ideal of its proceeding term, and G=H,+H,+...+ 
H, + K,,+s,+...+s, and none can be deleted from the sum. Since each K; 
is nonsmall and G has an FSD, this process must stop at the (f — 1)th 
step only if Ks4s,+. dey is hollow. Now take H, = K,,+5,+.. 54-4" 
Thus, we get hollow N-subgroups H,, H,, ..., H, such that Ht H,+ 
.. + H,=G, and no term can be deleted from the sum. 
Even though the proof for (ii) is parallel to ring theory, for the sake of 
completeness, we present the proof here. 

(ii) Suppose G = Hj} + H}+... + Hj, where H} is hollow and none of the 
terms from the summation may be deleted. Without loss of general- 
ity, we may assume that q > f. Consider H, + H; + ... + H,. This is a 
proper ideal of G by construction. 
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We show that for some i (1 <i <q), G= H{ +H, +... + H, and none of the 
terms from the summation can be deleted. Suppose for 1 <i<q-—1 that G# 
Hi+H,+...+H,>t. 

Then for 1 <i<q-—1, by modular law, 


Hi + Hp +...+H, =(Hi+H2+...+H) m (Hit+H+...+H;) 
= ((Hi + Hp +...+ H,) 0 H,)+(H2 +...+ H) 
=U} +H) +...+H; 


where U} =(U} +H,+...+H,) OH,. Since G#Hi +H,+...+H, Uj isa 
proper ideal of H,, and hence U} is smallin G for 1 <i<q-1. 


Now Hi} +Hi+...+Hj+H,+...+H,=G 
=> U?+H,+...+H,+ Hi +...+ Hj=G 
=>H,+...+H,+Hj+...+Hj=G 

= U3+H),+...+H,+H3+...+H,=G 


=>H,+...+H,+ H3 +...+ H, =G. 


If we continue this, finally we get H, +... + H,+ Hj =G. Thus, there exists 
aj such that H, +... + H,+ Hj = G. From the construction Hj cannot be 
deleted from the sum. Suppose Hj + H;+...+H,=G. Using the modular law 
as earlier, there exists a proper ideal U = Hj (H+... +H, or Hj such that 
H,+...+H,=U+H,+...+H, So,U+H,+H,+...+H,=H,+H,+...+H,=G, 
and hence H, + H; +... + H;=G, which is a contradiction. 

So, H, cannot be deleted from the sum H} +H, +... +H,=G. Similarly, we 
can show that no H, can be deleted. 

Actually, we have replaced H, by some Hj and studied the problem of 
deletion. Next we replaced H, by another H; and showed that the sum is 
equal to G and that no term can be deleted. 

When we continue in this manner, if q > t, we find that after replacing all 
of the H,’s that we have actually deleted some H,’s. This is a contradiction. 
Therefore, p = q. | 


Definition 4.4.15 


The integer determined in Theorem 4.4.14 is denoted by Sd(G), and is called 
the spanning dimension of G. 
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Proposition 4.4.16 


Let G be an N-group with an FSD. If His an ideal of G and K is an N-subgroup 
of G, which is a supplement of H, then K has an FSD. 


Proof 


If X is an N-subgroup of K that is nonsmall in K, then there exists a proper 
ideal J of K such that X+ J=K. 

Since K + H = G and H is an ideal of G, by Lemma 4.4.4, J + H is an ideal 
of G. Since K is a supplement of H, J + H is a proper ideal of G. But X + 
(J + H) =G, which implies that X is not small in G. Thus, it follows that since 
G has an FSD, K also has an FSD. Oo 


Lemma 4.4.17 (Lemma 2.1 of Satyanarayana, 1991) 


Suppose G has an FSD. Then 


(i) Every N-subgroup having an FSD is an ideal. 

(ii) If K and L are two ideals of G such that K is a supplement of L and L 
is a supplement of K, then Sd(G) = Sd(L) + Sd(K). 

(iii) Let K be a supplement of an ideal H of G; then Sd(K) = Sd(G) if and 
only if K=G. 

(iv) If Kis a supplement of an ideal H of G, then K is an ideal of G. 


we 


Proof 


(i) If J is an N-subgroup of G having an FSD, then by Theorem 4.4.14, 
there exist hollow N-subgroups H,, H), ...,H,such that H,+H,+...+ 
H,= J, and by our assumption each H; is an ideal of G, and hence J is 
an ideal of G. 

(ii) Suppose K and L are two ideals of G such that K is a supplement of L 
and L is asupplement of K. By Proposition 4.4.16, K and L have an FSD, 
and by Theorem 4.4.14, there exist hollow N-subgroups H,, H;, ..., H, 
Hi, Hi, ..., H, Ht, Hi, ..., Hy such that K=H,+H,+...+H,andL= 
Hi+H3+...+H!, and none of the terms can be deleted either from 
the summation K=H,+H,+...+H, or from L=H}+H}+...+ Hj. 
Now G=K+L=H,+H,+...+H,+ Hi + Hj +... + Hi. Now since 
K and L are supplements to each other, it is clear that no term can be 
deleted from the summation 


G=H,+H,+...+H,+ Hi + Hj} +...+ Hp. 
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Thus, Sd(G) =t + s = Sd(K) + Sd(L). 

(iii) Let K be a supplement of an ideal H of G. Suppose Sd(K) = Sd(G). 
Since G has an FSD, by Lemma 4.4.11, there exists an N-subgroup J 
contained in H such that J is a supplement for K. Now by Proposition 
4.4.16, J has an FSD, and by (i) J is an ideal of G. Now it is clear that K 
is also a supplement for J. Now by (ii), we have Sd(K) + Sd(J) = Sd(G), 
which implies that Sd(J) = 0. Now it is evident that J = (0). The rest is 
clear. 

(iv) If K is a supplement, then by Proposition 4.4.16, K has an FSD and 
by (i), K is an ideal. | 


Theorem 4.4.18 (Theorem 2.3 (iv) of Satyanarayana, 1991) 


If G has an FSD and if (0) # K is an ideal of G that is a supplement of an ideal 
H of G, then K and G/K have an FSD and Sd(G/K) = Sd(G) — Sd(k). 


Proof 


By Proposition 4.4.16, K has an FSD. Since K is a supplement, it follows that K 
is nonsmall, and by Proposition 4.4.7, G/K has an FSD. By Lemma 4.4.11, there 
exists a supplement L for K that is contained in H. Now K is also a supple- 
ment for L. By Lemma 4.4.17 (ii), Sd(G) = Sd(K) + Sd(L). By Theorem 4.4.14, 
there exist hollow N-subgroups L,, L,, ..., L, such that L = L, + L, +... + Ly 
none of the terms can be deleted from the summation, and s = Sd(L). Let f: 
G — G/K be the canonical epimorphism. 

If L; c K for some i, then we have a contradiction. So L; ¢ K for each i, and by 
Proposition 4.1.8, f(L,), f(L,), ..., f(L,) are hollow N-subgroups of G/K. Clearly, 


FD =flly) + fly) + ... +f(L,) = G/K. 


Suppose f(L,) + ... + f(L,) = G/K. 

Then L,+L,+...+L,+K=G. Since Lis a supplement of K and L,+L,+...+ 
L, is an ideal of L, we have L=L, +... + L,, which is a contradiction. Similarly, 
we may show that no term can be omitted from the sum f(L,) + f(L,) +... + 
f(L) =G/K. 

Thus, Sd(G/K) = s = Sd(L) and Sd(L) = Sd(G) — Sd(K). 

Therefore, Sd(G/K) = Sd(G) — Sd(k). 

From the proof just given, we obtain the following. | 


Remark 4.4.19 


If G has an FSD, H is anonsmall ideal of G, and L is a supplement of H, then 
Sd(G/H) = Sd(L). 
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Lemma 4.4.20 (Theorem 2.3 (ii) of Satyanarayana, 1991) 


Let G be an N-group having an FSD and H be a nonzero ideal satisfying 


(i) Hand G/H have an FSD; and 
(ii) Sd(G) = Sd(G/H) + Sd(A) 


Then H is nonsmall in G. 
Proof 


Suppose H is small in G. Let f: G — G/H be the canonical epimorphism. If 
Sd(G) = 1, then Sd(G/H) = 0, and hence G = H. So, in this case H is trivially 
nonsmall in G. Assume that Sd(G) > 1. By Theorem 4.4.14, there exist hollow 
N-subgroups Z,, Z,, ..., Z, such that G= Z,+ Z,+...+ Z,and X =Sd(G). Since 
Z; is nonsmall, Z; ¢ H, and by Proposition 4.4.8, f(Z,), f(Z.), .... f(Z,) are hollow 
N-subgroups of G/H. Clearly, f(Z,) + f(Z,) + ... + f(Z,) = G/H. Since H is small, 
none can be deleted from the summation, and if f(Z,) + f(Z,) + ... + AZ) + 
f(Zin) +... + f(Z,) = G/H for some 1 <i<k, then 


Zyt...t+Z44t Za t...+Z,+H=G. 


Since H is small, Z, +... + Z;, + Z,, +... + Z,=G. This is a contradiction 
since Sd(G) =k. Therefore, Sd(G/H) =k, and by hypothesis Sd(G/H) = 0 and so 
H = (0), which is a contradiction. Thus, H is nonsmall in G. | 


Lemma 4.4.21 


If G has an FSD and H is a nonsmall ideal of G, then the following are 
equivalent: 


(i) His a supplement of an ideal of G. 
(ii) Every N-subgroup of H that is small in G is small in H. 
(iii) Every ideal of G contained in H that is small in G is small in H. 


Proof 


(i) = (ii): Let X be an N-subgroup of H that is small in G. Suppose X + 
HA! = Hand H' isan ideal of H. If His a supplement for an ideal K of G, 
then 
X+H!'+K=H+K=G. 

By Lemma 4.4.4, H! + K is an ideal of G, and since X is small, we have 
H'+K=G. Since H is a supplement for K, by definition H! = H. This 
shows that X is small in H. 
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(ii) = (ii) is trivial. 

(iii) = (i): Since H is nonsmall, there exists a proper ideal A of G such that 
H+A=G. By Lemma 4.4.11, there exists an ideal K’ of G such that 
K' cAand K is asupplement for H. Now by Lemma 4.4.17 (i), K is an 
ideal. 

Again, using Lemma 4.4.17, there exists an ideal H’ of G such that H’ CH 
and H’ is a supplement of K’. Now it is evident that K’ is also a supplement 
for H’. We first show that H A K’ is small in G. To show this, let Z be an ideal 
of G with (HA K)+ Z=G. Now 

K=GonK=(HnK)4+Z)0K 

=(HNK)+(ZAK) and 


(HA K)+(Z0K)+H=K+H2=G. Since (H 7 K) CH, we have (Z 9 K’) + 
H=G. The fact that K’ is a supplement for H shows that Z 7 K’ = K’, and so 
Z 2K. Therefore, Z = G and hence H - K is small in G. By assumption, Hn 
K is small in H. Now by modular law, 


H=HOAG=HoO (H'+K)=H +(K 4). 


Since K’ 4 His small in H, we have H = H’, which shows that H is a supple- 
ment of K’. By Lemma 4.4.17 (i), K is an ideal. Therefore, H is a supplement of 
an ideal of G. | 


Theorem 4.4.22 (Theorem 2.3 (iv) of Satyanarayana, 1991) 


Let G be an N-group having an FSD and H an ideal of G satisfying 


(i) Hand G/H have an FSD; and 
(ii) Sd(G/H) = Sd(G) - Sd(H) 


Then H is supplement of an ideal of G. 
Proof 


If H = (0), there is nothing to prove. Suppose H # (0). By Lemma 4.4.20, H is 
nonsmall. By Lemma 4.4.11, there exists an N-subgroup K’ that is a supple- 
ment for H. Since H is an ideal, by Proposition 4.4.16, K’ has an FSD, and 
by Lemma 4.4.17 (i), K’ is an ideal. Since H is nonsmall, we note that K’ is 
a proper ideal of G. By Remark 4.4.19, Sd(G/H) = Sd(K’). Now suppose H is 
not a supplement. Then by Lemma 4.4.21, there exists an ideal S of G con- 
tained in H such that S is small in G and S is not small in H. Since H has an 
FSD, by Lemma 4.4.11, there exists a proper N-subgroup K of H such that 
K is a supplement for S in H. Again by Lemma 4.4.16, K has an FSD, and 
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by Lemma 4.4.17 (i), K is an ideal of G. Now by Lemma 4.4.11, there exists 
an N-subgroup (0) # S° of H such that S" is a supplement for K in H that is 
contained in S. Now, H = S’ + K, and by Lemma 4.4.17 (ii), Sd(H) = Sd(S*) + 
Sd(k) and Sd(S*) => 1. Now S°+K+K' =H+K =G, and since S’ is small in G, 
K+K =G Let K' bea supplement of K’ with K! c K. By Lemma 4.4.17 (ii), 
Sd(G) = Sd(K!) + Sd(K’). Since K! c K and both K and K' have an FSD, it fol- 
lows that Sd(K!) < Sd(K). Thus, we have 
Sd(G) = Sd(K') + Sd(K*) 
< Sd(K) + Sd(K*) 
< Sd(S*) + Sd(K) + Sd(K*) 
= Sd(H) + Sd(K*) 
= Sd(H) + Sd(G/H) 
= Sd(G). 
So we get Sd(G) <Sd(G), and this is a contradiction. The proof is complete. m 
Combining Theorems 4.4.18 and 4.4.22, we have the following. 


Theorem 4.4.23 


Let G be an N-group having an FSD. Then for an ideal H of G, the following 
conditions are equivalent: 


(i) His a supplement for an ideal of G. 
(ii) H and G/H have FSD and Sd(G) = Sd(G/H) + Sd(A). 
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Dimension and Decomposition Theory 


It is well known that the dimension of a vector space is defined as the number 
of elements in its basis. The basis of a vector space is a maximal set of linearly 
independent vectors or a minimal set of vectors that spans the space. The for- 
mer, when generalized to modules over rings, becomes the concept of Goldie 
dimension. Goldie (1972) introduced the concept finite Goldie dimension 
(FGD) in modules over rings. A module is said to have FGD if it contains no 
infinite direct sum of nonzero submodules. The concept of FGD in N-groups 
was introduced by Reddy and Satyanarayana (1988). It was later studied by 
Satyanarayana and Prasad (1998, 2000, 2005b, 2005c); Satyanarayana, Prasad 
and Pradeep Kumar (2004). 


5.1 Finite Goldie Dimension 


We begin this section with the following lemma. 


Lemma 5.1.1 (Lemma 1.2.5 of Satyanarayana, 1984) 


Let G be an N-group having FGD. Then every nonzero ideal H of G contains 
a uniform ideal. 


Proof 


Suppose H contains no uniform ideal of G. Then H is not uniform, and so 
there exist two nonzero ideals H, and Hi of G such that H; 0 Hj =(0) and 
H,+Hi cH. By our supposition, H' is not uniform and this implies that 
there exist two nonzero ideals H,, H} of G such that H,H3=(0) and 
H,+H) c Hj. If we continue this process, we get two infinite sequences 
{H,}?, {H}}? of nonzero ideals of G such that H; 0H} =(0) and H;+ H; ¢ Hi 
for 1 > 2. Now the sum 2%2,H,; is an infinite direct sum of nonzero ideals of G, 
which is a contradiction. The proof is complete. a 
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Theorem 5.1.2 (Theorem 2.4 of Reddy and Satyanarayana, 1988a) 


Let G be an N-group. 


(i) If Ghas FGD, then there exists a finite number of uniform ideals of G, 
whose sum is direct and essential in G. 

(ii) If Ghas uniform ideals U,, U,, ..., U,, such that the sum U, + U,+...+ 
U,, is direct and essential in G, then G has FGD. Moreover, the positive 
integer n is independent of the choice of the U,’s. 


Proof 


(i) By Lemma 5.1.1, G contains a uniform ideal U,. If U, is essential in 
G, we are through. Suppose U, is not essential; then there exists a 
nonzero ideal H, of G with U, M H, = (0). Again, using Lemma 5.1.1, 
H, contains a uniform ideal U,. If U, + U, is essential in G, then the 
theorem is true. Otherwise, there exists a nonzero ideal H, of G such 
that (U, + U,) © H, = (0). Now there exists a uniform ideal U, c H). If 
we continue this process, we get a chain 

U, < (U, + U,) c (U, + U, + U3) C ..., which must terminate. 

Hence, for some n, U, + U,+ ... + U,, must be essential in G. 
Suppose G has uniform ideals U,, U,, ..., U,, such that the sum S = 
U,+U,+...+ U,, is direct and essential in G. Let V,, V3, ..., V,,, be non- 
zero ideals of G, whose sum T= V, + V, +... + V,, is direct. We shall 
show that m <n, from which (ii) follows. 

First, we show that if J is an ideal of G such that J 7 U; # (0) for alli, 
then J is essential in G. If J ~ U; # (0), we have that J > U; is essential 
in U,, and by Corollary 3.4.5, (J © U,) +... + J 7 U,) is essential in S, 
and by Remark 3.4.2, (J 7 U;) +... + 7 U,) is essential in G. Again 
by Remark 3.4.2 and since (J A U,) +... + J A U,) CJ, it follows that 
J is essential in G. 

Now consider T, = V, + V; +... + V,,,. Since T, is not essential in G, 
there exists ani (1 <i <1) such that T, M U;= (0), and we may suppose 
that T, > U, = (0). 

Thus, the sum U,+ V, +... + V,,, is direct. 

Again, since T, = U,+ V3+... + V,,, is not essential, there exists an i (2 < 
i <n) such that T, 7 U;= (0), say i= 2. Therefore, U, + U,+ V3+...+ V,, 
is direct. If we continue this process, we arrive at the result thatm<n. © 


Gi 


we 


Definition 5.1.3 


Let G be an N-group with FGD. Then the integer n determined in Theorem 
5.1.2 is called the dimension of G. We shall denote it by dim G. 
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Corollary 5.1.4 


Suppose G has FGD and n = dim G. Then 


(i) The number of summands in any decomposition of an ideal I of Gas 
a direct sum of nonzero ideals of G is at most n. 
(ii) An ideal H of G is essential in G if and only if H contains a direct 
sum of n uniform ideals. 


Proof 


(i) Suppose I= K, + K, +... + K, for some nonzero ideals K,, K;, ..., K, 
of G and the sum K, + K, +... + K, is direct. Now, by the proof of the 
second part of Theorem 5.1.2, we have s <n. 

Suppose H is an essential ideal of G. Since G has FGD, by Theorem 
5.1.2, there exist uniform ideals U,, U,, ..., U,, in G such that the sum 
U, + U,+... + U, is direct and essential in G. Since H is essential, 
Ho U;,is nonzero and so Hm U, is a uniform ideal of G, for 1 <i<n. 
Thus, H contains the sum 

(Hq U,)+...+(H 0 U,) of n uniform ideals. 


Gi 


we 


Converse 
Suppose that H contains a direct sum V, + V, +... + V,, of uniform ideals V,, 


V,,... V,. If H is not essential, by Remark 3.4.2, V, + V,+... + V,, is not essen- 
tial, and so there exists a nonzero ideal L of G such that (V,+ V,+...+ V,) a 
L=(0).NowL+V,+V,+...+V,,isa direct sum of n+ 1 nonzero ideals, which 


is a contradiction to part (i) of this corollary. The proof is complete. | 


Corollary 5.1.4 (ii) may be restated as “Let G be an N-Group with FGD. 
Then an ideal H of G is essential in G if and only if dim (H) = dim (G).” 


Notation 5.1.5 


Let G be an N-group having FGD and H be an ideal of G. Since G contains 
no infinite direct sum of nonzero ideals, H also does not contain an infinite 
direct sum of nonzero ideals of G, and if we proceed as in Theorem 5.1.2, 
there exist uniform ideals U,, U,, ..., U, in G such that the sum U, + U, + 
... + U, is direct and G-essential in H. Further, the integer k is independent 
of the choice of U;s. This number k is called the dimension of H relative to G 
and is denoted by dim,(H) (or simply by dim H). 


Note 5.1.6 


A nonzero ideal U of G is uniform if and only if dim U = 1. 
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Proof 


Suppose U is uniform. Then U is uniform and U is essential in U. Hence, 
dim U=1. 


Converse 


Suppose dim U = 1. Then there exists a uniform ideal V of G such that V is 
essential in U. Now we have to show that U is uniform. Let us suppose U is 
not uniform. Then there exist two nonzero ideals I and J of G contained in U 
such that I 74 J = (0). Since V is essential in U, it follows that V 4 I # (0) and 
Va] #(0). Now V Aland V J are two nonzero ideals in V whose intersec- 
tion is (0), which is a contradiction (refer to Proposition 3.4.12). Oo 


Proposition 5.1.7 


Let G be an N-group with FGD. Then an ideal H of G is essential in G if and 
only if dim(H) = dim(G). (This is a restatement of Corollary 5.1.4 (ii).) 


Theorem 5.1.8 


If G has FGD and G,, G, are two ideals of G such that G, M G, = (0), then 
dim(G, + G,) = dim(G,) + dimG,). 

Proof 

Write m, = dim(G,) and m, = dim(G,). Now there exist uniform ideals 

U;, Ug, ..., Um, Viz Vo, .-+, Vin of G such that the sums U,+...+U,,, and 

V, +...+ V1, are direct and G-essential in G,, G,, respectively. Since G; A G,= (0), 


the sum U,+...+ Um, +Vi+...+ Vin, is direct and by Corollary 3.4.10, 


Uy, +Uy +...+ Un, +Vi t+ V2 +...4+ Vig 


is essential in G, + G,. Therefore, 
dim(G, + G,) =m, +m, = dim G, + dim G,. | 
Corollary 5.1.9 


If G has FGD and H is an ideal of G with dim H < dim G, then there exist 
uniform ideals U,, U,, ..., U, such that the sum H+ U,+ U,+...+ U;, is direct 
and essential in G. Moreover, k = dim G — dim H. 
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Proof 


Since dim H < dim G, by Proposition 5.1.7, His not essential. By Zorn’s lemma, 
there is an ideal H' that is maximal subject to H M H' = (0). Then, H + H' is 
essential in G. Let k = dim H'. Now there exist uniform ideals U,, U,, ..., U; 
of G such that the sum U, + U, +... + U;, is direct and G-essential in H'. By 
Theorem 3.4.10, 

H+U,+U,+...+U;,is direct and G-essential in H + H'!. By Remark 3.4.2, 
H+U,+U,+... + U,is essential in G. By Proposition 5.1.7 and Theorem 
5.1.8, 


dim G = dim(H + U, +...+ Ux) 
= dim(H) + dim(U,) +...+ dim(U,;) 
= dim(H) +k. 


Hence, k = dim G — dim H. 
In vector space theory, for a subspace W of a vector space V, we have 
dim(V/W) = dim V — dim W. This condition does not hold for an ideal 
W of an N-group V over a near ring N, where “dim” denotes the “Goldie 
dimension.” | 


Definition 5.1.10 


Let K, I be ideals of G. K is said to be a complement of I if it satisfies the fol- 
lowing two conditions: 


(i) KAI=(0); and 
(ii) K'is an ideal of G such that K' 5 K, K' # K imply that K! \1+# (0). 


Result 5.1.11 (Lemma 1.4 of Satyanarayana, 1991) 


Let us fix an ideal I of G. By Zorn’s lemma, the set of all ideals H of G satisfy- 
ing H A I= (0) contains a maximal element, say K. Again, by Zorn’s lemma, 
the set of all ideals X of G satisfying X > I and X N K= (0) contains a maximal 
element, say K’. Then we have 


(i 
(ii 
(iii 
(iv 


Kis a complement of I 

K is a complement of K 

K+Iand K + K are essential ideals 
Tis essential in K’. 


Veo ao a 
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Proof 


(i) Consider the set of ideals H of G such that H 1 I = (0). By Zorn’s 
lemma, this set has a maximal element, say K. Then, it is evident that 
Kis a complement of I. 
(ii) Let K* be an ideal that is maximal relative to KD I and K* 7 K=(0). 
Clearly, K' is a complement of K. 
(iii) It is easy to verify that K + K* and K + I are essential. 
(iv) Since I c K’, it follows that K+ Ic K+ K’. Also, K + lis essential in K + 
K’. By Corollary 3.4.5, lis essential in K’. Oo 


Definition 5.1.12 


Let H, H' be two ideals of an N-group G such that H ¢ H'. Then H! is called 
a G-essential extension of H in G if H is G-essential in H!. If, in addition, 
Hl! # H, we say that H' is a proper G-essential extension. 


Proposition 5.1.13 (Proposition 2.1.4 of Satyanarayana, 1984) 


If G has FGD and if an ideal H of G has no proper G-essential extensions, 
then G/H has FGD. 


Proof 


Let H,, Hp, ..., H, be ideals of G such that (H,/H) + (H,/H) + ... + (H;,/H) is a 
direct sum of nonzero ideals in G/H and H cH, for 1 <i <k. By hypothesis, 
there exist nonzero ideals J; in G such that J; c H;, J; 7 H = (0). We now show 
that the sum J, + J,+... + J, is direct. Suppose a, + a, +... +4,=0, where a; € J; 
for 1 <i<k. Then @,+H)+(a,+H)+...+(@ +H) is the zero element in G/H, 
and since a;+ H € H,/H and the sum (H,/H) + (H,/H) + ... + (H;/H) is direct, 
we have a;+ H=0+H for each i. Hence, a;¢ H and soa;¢ HO J;=(0). Thus, 
thesum J,+J,+...+J,is direct. By Corollary 5.1.4 (i), k <n, where n = dim(G). 
Therefore, any direct sum of nonzero ideals of G/H has at most n terms, and 
hence G/H has FGD. | 


Proposition 5.1.14 (Remark 1.5 of Satyanarayana, 1991) 


If G has FGD and if K is a complement ideal in G, then 


(i) K has no proper G-essential extensions and 
(ii) G/K has FGD. 
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Proof 


(i) If K is a complement of I, then for any ideal K' of G containing K 
properly, K' 1 I # (0) and K nq (K' 4 I) = (0). Thus, K has no proper 
G-essential extensions in G. 

Now, (ii) follows from Proposition 5.1.13. Oo 


Theorem 5.1.15 (Theorem 2.1.7 of Satyanarayana, 1984) 


Let K be an ideal of G and m: G > G/K be a canonical epimorphism. Then the 
following conditions are equivalent. 


(i) Kis a complement. 
(ii) For any ideal K! of G containing K, K! is a complement in G, if and 
only if m(K’) is complement in G/K. 


Proof 


(i) = Gi): Suppose K’ is an ideal of G containing K. If K' is a complement of 
an ideal S in G, then it is easy to verify that m(K') is a complement of 
m(S). Conversely, suppose m(K!) is a complement of an ideal I/K. We 
now show that K! is a complement ideal. Suppose K is a complement 
of Z, where Z is an ideal of G. Let X be a complement of K containing 
Z. Since K! q I= K, we have K''n (7 X) = (0). Let Y be a complement of 
IA Zcontaining K'. Now Y OID Kand (YN 1) N Z= (0), and hence Yn 
I=K. Therefore, n(Y) 1 n() = (0). Since a(Y) D 2(K!) and n(Y) 7 n(1) = (0), 
we have m(Y) =2(K') and Y = K!. Thus, K! is a complement ideal in G. 

(ii) = (i): Since m(K) is a complement in G/K, it is evident that K is a comple- 
ment in G. a 


Example 5.1.16 


If V is a vector space, then every subspace of V is a complement. 


Theorem 5.1.17 (Theorem 2.1.10 of Satyanarayana, 1984) 


Let K be an ideal of G and m: G > G/K be the canonical epimorphism. Then 
the following conditions are equivalent: 


(i) Kis a complement. 
(ii) For any essential ideal S of G, m(S) is essential in G/K. 
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Proof 


(i) > (ii): Let S be an essential ideal of G. To show 1(S) is essential in G/K, let 
Z/K be an ideal of G/K such that 1(S) 7 (Z/K) = (0). Suppose Z # K. Then 
by Proposition 5.1.14 (i), there exists a nonzero ideal A of G such that AN 
K=@Q)andAcZ.Nowxe SN ASx+KeE nS)On(Z)=(0)andxe A 
=>xeKnA=(0). 

Since S is an essential ideal and S$ M A = (0), we have A = (0), which is 
a contradiction. Thus, Z = K, and hence n(S) is essential in G/K. 

(ii) = (i): Suppose K is not a complement. Then by Proposition 5.1.14, K has 
a proper G-essential extension Kk’. Let X be a complement of K’ in G. 
Then K’ + X is essential in G. Since K is G-essential in K’, by Theorem 
3.4.10, K + X is G-essential in K’ + X, and so is essential in G. By 
hypothesis, m(K + X) is essential in G/K. Since K’ contains K properly, 
m(K’) is anonzero ideal of G/K. Now 


(K+ X) NK =K+(XOK)=K, 
which shows that m(K + X) 7 1(K’) = (0). This is a contradiction to the 


fact that m(K + X) is essential in G/K. The proof is complete. | 


Definition 5.1.18 


(i) Acomplement ideal in G is said to be a maximal complement ideal if it 

is maximal in the set of all complement ideals properly contained in G. 

(ii) An ideal I of G is said to be meet-irreducible if it cannot be written as 
J] (OK, where J and K are ideals of G, 1 # J, 1# K. 


Lemma 5.1.19 


Suppose K is a maximal complement ideal of G and I is an ideal of G with 
K+I¢K. Then K +1 is essential. 


Proof 


Suppose K + J is not essential. Then there exists a nonzero ideal A of G such 
that (K + I) (7 A = (0). Let K’ be a complement of A containing K + I. Then 
K’ cK, and by the maximality of K, we have K = K’.. So, K+ IC K. This isa 
contradiction. r 


Proposition 5.1.20 


Every maximal complement K in G is meet-irreducible. 
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Proof 


Suppose K is a complement of the ideal J. Suppose K is not meet-irreducible. 
Then there exist two ideals I,, I, of G properly containing K such that 
K=Lq1,. Write $;=1; 0] for i= 1, 2. It is evident that S; 4 (0), S; 1S, = (0), and 
(K + S,) AS, = (0). Since K + S, ¢ K, by Lemma 5.1.19, K + S, is essential in G, 
and hence S, = (0). This is a contradiction. | 


Proposition 5.1.21 (Proposition 2.1.14 of Satyanarayana, 1984) 


Let I be a nonessential ideal of G. If I is meet-irreducible, then I is a comple- 
ment. Moreover, if G has maximum condition on complement ideals, then 
every meet-irreducible ideal is a maximal complement. 


Proof 


Since I is not essential, there exists a nonzero ideal A of G such that 
IA A= (0). Let K be a complement of A containing I. Now K q (I+ A) =I + 
(K 7 A) =I. Since I is meet-irreducible and I+ A # I, we have K = I. Thus, 
Tis a complement ideal. Now suppose that G has maximum condition on 
complement ideals. Since I is not essential, there exists a proper ideal K 
containing | that is also a complement ideal. Since G has maximum condi- 
tion on complement ideals, there exists a maximal element in the set B = 
{S | S is a proper ideal containing I, and S is a complement ideal}, say K’. 
Now K’ is a maximal complement ideal. Suppose K’ is a complement of an 
ideal B of G. Since K’ is proper, B # (0). Now Kn ([+ B) =1+(K OB) =I. 
Since I is meet-irreducible and 141 +B, we have K =I. Hence, I is a maximal 
complement ideal. | 


Theorem 5.1.22 (Theorem 2.1.15 of Satyanarayana, 1984) 


(i) Every maximal complement K of G is meet-irreducible and non- 
essential. 

(ii) Conversely, if G has maximum condition on complement ideals, 
then every meet-irreducible and nonessential ideal of G is a maximal 
complement in G. 


Proof 
(i) If K is a maximal complement in G, then by Proposition 5.1.14, K is 


not essential in G, and by Proposition 5.1.20, K is meet-irreducible. 
(ii) Follows from Proposition 5.1.21. a 
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Now we present the notion “E-irreducible ideal” and prove that a nones- 
sential ideal K of G is E-irreducible if and only if dim(G/K) = dim G - dim K, 
where G is an N-group with FGD. 


Remark 5.1.23 


Let K, and K, be two ideals of G. Then for any ideal K of G, the following 
conditions are equivalent: 


(i) K=K,7K, and either K is G-essential in K, or K is G-essential in K, 
imply K = K, or K=K,,. 
(ii) K=K, 7 K,, K is essential in K,, K # K, imply K = K,. 
(iii) K= K, 7 K,, K is essential in K, imply K = K, or K= K,. 


Definition 5.1.24 


An ideal K of G satisfying any one of the conditions of Remark 5.1.23 is called 
an E-irreducible ideal. 

Proposition 5.1.14 shows that a complement ideal has no proper G-essential 
extensions. Hence, every complement ideal is E-irreducible. But, the following 
example shows that the converse need not be true in general. 


Example 5.1.25 


Consider N = Z, the ring of integers, and G = Z,,, the ring of integers mod- 
ulo 12. Now G is an N-group, and the principal ideal K generated by 2 in Gis 
E-irreducible, but not a complement. 

Clearly, every meet-irreducible ideal is an E-irreducible ideal. But, the 
following example establishes that every E-irreducible ideal need not be 
meet-irreducible. 


Example 5.1.26 


Consider N = Z, the ring of integers, and M = Z, x Z; x Zs, where Z; is the 
ring of integers modulo i for i = 2, 3, 5. Write K = (0) x (0) x Zs. 

Since K = (Z, x (0) x Z;) A (0) x Z; x Z;), K is not meet-irreducible. But K is 
E-irreducible. 

Now we give an example of an ideal that is not E-irreducible. 
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Example 5.1.27 


Consider N = Z, the ring of integers, and G= Z,; x Z3, Z, is the ring of inte- 
gers modulo k for k = 3, 8. Now K = <4> x (0) is not an E-irreducible ideal 
of G. 

(Since K = (Z, x (0)) A (k4> x Z;) and K is essential in Z, x (0).) 

Next we prove that if G has FGD and I is a nonessential ideal of G, then I is 
E-irreducible if and only if dim G = dim I + dim(G/J). 

We first begin with the following. 


Lemma 5.1.28 (Lemma 2.2.6 of Satyanarayana, 1984) 


If G has FGD and if K is an E-irreducible ideal of G, then G/K has FGD and 
dim(G/K) < dim G. 


Proof 


Suppose K,, K,, ..., K,, are ideals of G containing K such that (K,/K) + (K,/K) + 
... + (K,/K) is a direct sum of nonzero ideals in G/K. Then K; ()%j4;K; = K, 
and since K is E-irreducible, K is not G-essential in K; for 1 <i<n. Therefore, 
it is possible to pick up a nonzero ideal U; of G contained in K; such that 
K A U;= (0). We now show that the sum K + U, + U, +... + U,, is direct. Let 
k+u,t+u,+...+u,=0,whereke K,u;¢€ U;forl1<isn.Thenu,+u,+...4+ 
u,,€ K,and hence (u, + K) + (u.+ K)+...+(u,,+ K) is the zero element in G/K. 
Since the sum (K,/K) + (K,/K) + ... + (K,/K) is direct, u,+ K=0+K and u;¢€ 
KU,= (0). Thus, the sum K + U, + U, +... + U,, is direct. Now the result 
is trivial. | 


Lemma 5.1.29 (Lemma 2.2.7 of Satyanarayana, 1984) 


Let G be an N-group with FGD. If A is an ideal of G such that dim(G/A) = 1 
and A is nonessential, then dim A = dim G - 1. 


Proof 


Since A is not essential, there is a nonzero ideal I of G such that I 7 A = (0). Let 
K be acomplement of A containing I. Suppose dim K 2 2. Then K contains a 
direct sum of two uniform ideals U,, U, of G. Clearly, U; 0 A = (0) for i= 1, 2. 
By Lemma 3.2.29, (U, + A)/A), (U, + A)/A) are two uniform ideals of G/A. 
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It is easy to verify that the sum ((U, + A)/A) + (U, + A)/A) is direct, and hence 
dim(G/A) = 2, which is a contradiction. Hence, dim K # 2. Since K # (0), we 
must have that dim K = 1. Since K is a complement of A, the sum K + A is 
essential and direct. So dim G =dim(K+ A)=dim K+ dim A=1+dim A. @ 


Theorem 5.1.30 (Theorem 2.2.8 of Satyanarayana, 1984) 


Let G be an N-group having FGD. If K is an E-irreducible ideal that is nones- 
sential in G, then G/K has FGD and dim(G/K) = dim G — dim K. 


Proof 


By Lemma 5.1.28, G/K has FGD. If dim(G/K) = 1, then by Lemma 5.1.29, 
dim(G/K) = dim G — dim K. Suppose dim(G/K) = m, where m = 2. Then by 
Theorem 5.1.2, there exist ideals K,, K;, ..., K,, of G containing K properly such 
that for 1 <i<m, K,/K is uniform and the sum (K,/K) + (K/K) + ... + (K,,/K) 
is direct and essential in G/K. Therefore, K = K; \ Kj for 1 $i #j < m. Since K 
is E-irreducible and K;# K # K,, it follows that K is not G-essential in K, for 
1<s<m. So, there exist uniform ideals U, (1 <s < m) of G such that U, c K, 
and U, 7 K = (0). From the proof of Lemma 5.1.28, we conclude that the sum 
K+U,+U,+...+U,, is direct. 

We now show that T = K + U, + U,+... + U,, is essential in G. Let J be an 
ideal of G such that T 7 J = (0). Then T1 (J+ K) =(TOJ)+K=Kand (T/K) 9 
(J + K)/K) = (0). Since K,/K is uniform and ((U; + K)/K) is a nonzero ideal of 
K,/K, we have that ((U; + K)/K) is (G/K)-essential in K;,/K, for 1 <i<m. 

By Corollary 3.4.10, (U, + K)/K) + (Uz + K)/K) + ... + (U;, + K)/K) is (G/K)- 
essential in (K,/K) + (K,/K) +... + (K,,/K). Since the sum (K,/K) + (K,/K) +... + 
(K,,/K) is essential in G/K, by Remark 3.4.2 (ii), (U, + K)/K) + (U, + K)/K) + 
... + (U,, + K)/K) is essential in G/K. 

That is, T/K is essential in G/K. 

Since (J + K)/K) - (T/K) = (0), we have (J + K)/K) = (0) and J c K, which 
implies J =] 7 T = (0). Hence, the sum T= K+ U, + U, +... + U,, is essential 
in G. Now 


dim G = dim(K + U, + U2 +...+ Un) 
=dim K+dim U,+dim U, +...+dim U,, 
=dim K+m 
= dim K + dim(G/K). 


The proof is complete. o 
As a consequence of this, we now obtain the following. 
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Corollary 5.1.31 


If K is a complement and G has FGD, then G/K also has FGD, and dim G = 
dim K + dim(G/K). 


Proof 
If K is essential, then K =G, and the result is trivially true. So, assume that K 


is not essential. Since every complement ideal is E-irreducible, the result fol- 
lows from Theorem 5.1.30. | 


Corollary 5.1.32 (Goldie, 1972) 


Let R be a ring and M be an R-module satisfying, Rm =0,m « M> m=O. If 
Kis a complement submodule of M, and M has FGD, then M/K also has FGD, 
and dim M = dim K + dim(M/K). 

In the remaining part of this section, we prove the converse of Theorem 
5.1.30. 


Lemma 5.1.33 


Let G be an N-group with FGD. If K is a proper ideal of G such that G/K has 
FGD and dim G = dim K + dim(G/K), then K is not essential in G. 


Proof 
If K is essential, then by Proposition 5.14 (ii), dim G = dim K. Then by 


hypothesis, dim(G/K) = 0 and so G/K = (0), that is, G = K. This contradicts our 
hypothesis. a 


Theorem 5.1.34 (Theorem 2.2.12 of Satyanarayana, 1984) 


Let G be an N-group with FGD and K an ideal of G such that dim G= dim K+ 
dim(G/K). Then K has no proper G-essential extensions in G. 


Proof 
If K =G, there is nothing to prove. So it suffices to show that if K 4 G, then 


K has no proper G-essential extensions. Suppose K has a proper G-essential 
extension K!. That is, K is G-essential in K! and K # K!. So dim K = dim K'! and 
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dim(K'/K) 2 1. Let K, be a complement of K!. Then the sum K! + K, is direct 
and essential in G. By Proposition 5.1.7 and Theorem 5.1.8, we have 


dim G = dim(K' + K,) = dim K'+ dim K,. 

Since K,  K = (0), (K, + K)/K is isomorphic with K,, and hence dim 
((K, + K)/K) = dim K,. Since K! q (K, + K) = (K' 1 K,) + K and (K! 71 K,) + 
K = K, the sum (K'/K) + ((K, + K)/K) is direct. Therefore, by Theorem 5.1.8, 
we have 

dim(G/K) = dim((K/K) + ((K, + K)/K)) 
= dim(K’/K) + dim((K,+K)/K) 
> 1+ dim((K,+ K)/K) 
=1+dim K, 
=1+dim G-—dim K' 
=1+dim G-dim K 
=1+dim(G/K). 


This is a contradiction. Therefore, K has no proper G-essential 
extensions. | 


Remark 5.1.35 


Every proper ideal of G that has no proper G-essential extensions is 
E-irreducible and nonessential. 
Combining Theorems 5.1.30 and 5.1.34, we have the following. 


Theorem 5.1.36 


Let G be an N-group with FGD. Then a proper ideal K of G is nonessential 
and E-irreducible if and only if G/K has FGD and dim G/K = dim G — dim K. 
Now we present some equivalent conditions for an ideal to be a comple- 
ment ideal. 
We start with the following. 


Lemma 5.1.37 


Let K be an E-irreducible ideal of G. Then either (i) K is essential or (ii) K has 
no proper G-essential extensions. 
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Proof 


It suffices to show that if K has a proper G-essential extension K' in G, then 
K is essential in G. Now suppose K' is a proper G-essential extension of K 
in G. To show K' is an essential ideal of G, let I be an ideal of G such that 
K' aA1=(0). Now K'n (K+ D=K+(0 kK!) =K. Since K is E-irreducible and 
K#K’, Kis essential in K', we have K = K + I, which implies I c K’. So, I= (0) 
and K' is essential in G. By Remark 3.4.2 (ii), K is essential in G. a 


Lemma 5.1.38 


Suppose K is an E-irreducible ideal of G. Then either (i) K is an essential ideal 
of G or (ii) K is a complement. 


Proof 


Suppose K is not essential. Then by Lemma 5.1.37, K has no proper G-essential 
extensions. By Proposition 5.1.14, K is a complement ideal. a 


Theorem 5.1.39 (Theorem 2.3.3 of Satyanarayana, 1984) 


Let K be an ideal of an N-group G and m: G > G/K be the canonical epimor- 
phism. Then the following conditions are equivalent: 


(i) K=Gor Kis nonessential and E-irreducible. 
(ii) K has no proper G-essential extensions. 
(iii) K is a complement. 
(iv) For any ideal K' of G containing K, K' is a complement in G if and 
only if m(K’) is a complement in G/K. 
(v) For any essential ideal S of G, 2(S) is essential in G/K. 
Moreover, if G has FGD, then these conditions are equivalent to: 
(vi) G/K has FGD and dim G/K = dim G - dim K. 


Proof 


(i) => (Gi): Follows from Lemma 5.1.37. 
(ii) = (iii): Proposition 5.1.14. 
(iii) = (ii): Proposition 5.1.14. 
(ii) > (i): is trivial. 
(iii) & (iv): Follows from Theorem 5.1.15. 
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(iii) & (v): Follows from Theorem 5.1.17. 
(i) © (vi): Follows from Proposition 5.1.21. a 
Combining Results 5.1.11 and 5.1.39, we have the following. 


Corollary 5.1.40 


Let G be an N-group. Then the following are equivalent. 


(i 
(ii 
(iii 
(iv 


Every ideal of G is a complement. 

Every proper ideal of G is nonessential and E-irreducible. 

Every proper ideal of G has no proper G-essential extensions. 

For an ideal K of G with canonical epimorphism 

mt: G — G/K, it follows that K! is a complement in G containing K if 
and only if m(K') is a complement in G/K. 

(v) For any ideal K of G with canonical epimorphism m: G > G/K, we 
have S is an essential ideal of G implies that m(S) is essential in G/K. 
Moreover, if G has FGD, then the preceding conditions are equiva- 
lent to each of the following. 

(vi) G is completely reducible and G has descending chain condition 
(DCC) on ideals. 
(vii) For any ideal K of G, G/K has FGD and dim G/K = dim G - dim K. 


Vora a 


5.2 Linearly Independent Elements in N-Groups 


Result 5.2.1 (Result 0.3 of Satyanarayana and Prasad, 2005) 


Let U be an ideal of an N-group G; then the following two conditions are 
equivalent: 


(i) Uis uniform. 
(ii) OF xe Uand0O4ye US <x>n<y>F# (0). 


Proof 


(i) > (ii): Suppose 0 # x €e Uand 0 # ye U. Let us suppose that <x> 
<y> = (0). Since U is uniform, <x> ¢ U, <y> Cc U, we have either 
<x> = (0) or <y> = (0) = x = 0 or y = 0, which is a contradiction. 
Therefore, <x>  < y> # (0). 

(ii) = (i): Suppose U is an ideal with property (ii). To show U is uniform, 
let I, J be ideals of G such that I c U,J CU, IN J = (0). Now we have 
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to show that I = (0) or J = (0). Let us assume that I # (0), J] # (0) > 
there exist 0 #a € Iand0#De J. Now (0) #<a> Cl and (0)#<b>c]J. 
By (ii), we have (0) # <a> <b> CIN J SI J # (0), which is a 
contradiction. Therefore, I = (0) or J = (0). This shows that U is 
uniform. Oo 


Lemma 5.2.2 (Satyanarayana and Prasad, 2005) 


Suppose f: G > G' is an N-group isomorphism and I, 1 <i <n are ideals of G. 
Then 


(i) The sum of ideals I, 1 <i <n of Gis direct in G if and only if the sum 
of ideals f(I), 1 <i <n of G' is direct in G'. 
(ii) K, S$, K,, if and only if f(K,) <, f(K). 


Proof 


(i) Suppose the sum of ideals I, 1 <i <n is direct. Then we have I; N ([, + 
wt] 4+ +... +1) = (0). Now we show that f(I) 0 [A(,) +... + f(a) + 
fia) + -.. + fly] = 0). 
Take y € f(I) 0 [fy +... + fla) + fling) +... + fl 


=> y= f(x) = fi) +...+ f(a) + f (xi) +...+ f(xn) with x; €1; for lsisn. 
=> f(xi) = f(t... +X at Mart... t Xn) 

SX HAA. AK at Nar te. th (since f is one—one) 

>x, 61,0, +...4)-.4+]4,+...+1,) = (0) 

=x =0> y= f(x) = f(0)=0 (since f is one-one). 


This shows that f(1) 0 [f() +.. +L.) + f(lia) + -.. +f] =O, for sin. 
Hence, the sum of ideals f(I,), ..., f(I,) is direct. 


Converse 
Suppose f(I), 1 <i< nis direct. 
Takexe I A(,+...t+h.,+],,+...+1, 
> f(xje FU)O fi t...4+ bat li +...+]h) 
= fTi)alf(h)+...+ fia) + fin) +...+ fn] = (0) 


= f(x)=0=>x=0(since f is one-one). 


Thus, we proved that], (I, +... +].4+Jig+...+,) = (©), forlsis<n. 
Hence, the sum of ideals I, 1 <i <n is direct. 


226 Near Rings, Fuzzy Ideals, and Graph Theory 


(ii) Suppose K, <, K,. Let us suppose f(K,) is not essential in f(K,). Then 
there exists an ideal J of G! such that f(K,) A I= (0), 14 (0), and Ic f(K,). 
Since | # (0), it follows that K = f(D) is a nonzero ideal in G. Since the 
sum of f(K,) and f(K) = I is direct in G', by (i), the sum of K, and K is 
direct in G. 

Now K, 9 K= (0), K=f\() cf (f(K,)) = K>. This shows that K, is not essen- 
tial in K,, which is a contradiction. 
The converse is a straightforward verification as in the earlier part. a 


Lemma 5.2.3 (Lemma 0.4 of Satyanarayana and Prasad, 2005) 


Suppose f: G > G! is an epimorphism. Then for any x € G, we have f(<x>) = 


<f(x)>. 
Proof 
We know that <x>=U Aj, where A,,, =A; UA? U A? for all i> 0, and 
Aj ={g+x-g|xeA;,ge GI, 
Ap={a-b|a,be A}, 
Aj ={n(g+a)-ng|ae A,ne N,ge€ G} with Ap = {x}. 
Also, <f(x)> = Uj-0B;, where B,,, = B; U B? U B;* with By = {f(x}. 


We verify that By = f(A), ..., B;=f(A)) for alli = 0. Now By= {f(x)} = f(A), since 
Ay = {x}. Suppose the induction hypothesis. That is, B, = f(A,). Now we have 
to verify that By = f(Ag)- 

Part 1: Take y € B,,, =B; UB? U B;. 

Case (i): Suppose y € B,’. Then y= ¢ +b -—g for some be B, and ge G!. Now 
be B,=f(A) = b=f@ for somea eé A,. Since fis onto, there exists g, € Gsuch 
that f(¢,) =9. Now 


y=g+b-g=f(g) +f@ —f(gy) =flgi +4 - 81) € flAr). 


Case (ii): Suppose y € B,°. Then y = b, — b, for some b,, b, € B,. Since B, = f(A), 
we have b, = f(a,), b> = flax) for some a), a, € A, Now y = b, — bp = f(a,) — flay) = 
f(a, - 4) € flA;?). 

Case (iii): Suppose y € B,*. Then y = n(g + b) — ng for some b € B, ne N, 
ge G'. Since fis onto, there exists g, € Gsuch that f(¢,) =g. Since b € B,=f(Ay), 
we have b = f(a) for some a € A,. Now 


Dimension and Decomposition Theory 227 


y = (f(g) + fla) — nflgi) = fln(g, + a) — ngi) € flAy). Hence, By = By VU Bye U 
Be cf(Ar) VU f(A) USAR) Sc flAnu)- 

Part 2: Let ze A,. Thenz=g+a-g forsomeae Ay ge Gof2=fgta-g= 
AQ +f@ —flg) € B, Gince fla) € fA, = B,. Therefore, f(A;,’) c B,’. 

Similarly, we can show that f(A,°) Cc B,°, f(A;*) C B,*. Finally, it follows that 
f (Aju) c Beat: 

From Parts 1 and 2, we have f(A,,;) = Byjy. 

By mathematical induction, we conclude that f(A) = B; for alli=1, 2, .... 


Hence, <f(x)>= Ujzo = Uio f(A) = f (Ui Ai = f(<x>). | 


Definition 5.2.4 


Let X be a subset of G. X is said to be a linearly independent (1.i.) set if the 
sum Yaex <a> is direct. If {a,/1 <i <n} is an 1. set, then we say that the ele- 
ments a, 1 <i<n are 1i. If X is not an 1i. set, then we say that X is a linearly 
dependent (1.d.) set. 


Definition 5.2.5 


An element 0 # u € U is said to be a uniform element (u-element) if <u> is a 
uniform ideal of G. 


Remark 5.2.6 (Remark 1.3 of Satyanarayana and Prasad, 2005) 


(i) Let G be an N-group. Then every ideal contained in a uniform ideal 
of G is uniform. 


Verification 


Suppose U is a uniform ideal of G. Let I be an ideal of G such that I c U. We 
show that I is uniform. Let A, B be ideals of G such that A, B cI, AN B = (0). 
Now A, Bc ICU, AM B=(0) and Uis uniform; it follows that A = (0) or B = (0). 
Therefore, U is uniform. 


(ii) Suppose G has FGD. If H is a nonzero ideal of G, then H contains a 
u-element. 
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Verification 


Let Hbea nonzero ideal of G. Then by Lemma 5.1.1, H contains a uniform ideal 
U. Since U # (0), there exists 0 # u € U. By (i), <u> is uniform (since <u> U). 


Hence, u is a u-element. 


Result 5.2.7 (Result 1.4 of Satyanarayana and Prasad, 2005) 


(i) 
(ii) 


(iii) 


Ifa, 1<i<mare1i. elements in G, then m <n, where n = dim G. 
dim Gis equal to the least upper bound of the set A, where A= {m | m 
is a natural number and there exist a;¢ G, 1 <i<m such that a, 1< 
I< mare lil}. 

If m= dim Gand a,,1<i<nare |i. elements, then each <a> is a uni- 
form ideal (in other words, each a; is a u-element). 


Proof 


(i) 
(ii) 


(iii) 


Since a, 1 <i<m are Li. elements, the sum 72; <a;> is direct. By 
Corollary 5.1.4, we have m <n. 

By (i), it is clear that dim G is an upper bound for A. Write n = dim G. 
By Theorem 5.1.2, there exist uniform ideals U;, 1 <i <n whose sum 
is direct and essential in G. So, n € A. Thus, n is the least upper 
bound for A. 

Suppose <a,> is not uniform for some 1 < k <n. Then <a,> contains 
two nonzero ideals A and B such that A 4 B = (0). So, there exist non- 
zero uniform ideals U and V such that UC A and V cB. 

LetO0#ue Uand0#ve V. Now the sum of 


<O)>, <Ay>, 02, <Aj >, <U>, <U>, <Apyy>) 000) <A> 


is direct. The number of summands in this sum is + 1. By (ii), 0 +1 
dim G =n, which is a contradiction. The proof is complete. 


Definition 5.2.8 


Ifn= 


dim G and a;, 1 <i<n are 1.i. elements, then {a; | 1<i<n}is called an 


essential basis for G. 
A straightforward verification gives the following note. 
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Note 5.2.9 


(i) G has FGD if and only if G contains no direct sum of infinite num- 
ber of nonzero ideals, if and only if every Li. subset X of Gis a finite 
set. 

(ii) G has no FGD if and only if G contains an infinite 1.i. subset. 

(iii) Suppose dim G=n and X is ali. set. Then |X| =n (here |X| denotes 
the cardinality of X) = X is a maximal 1.i. set (in this case, we say 
that X is an essential basis for G). 

(Example for the converse is not true: Take G = Z, ® Z,. Then G is an 
N-group, where N = Z. Since G is a finite N-group, it has FGD. Write u = (1, 0). 
Then 2u = (0, 0). So <u> = {(1, 0), (0, 0)} is an ideal of the N-group G. Also, u is 
a u-element. Write v = (0, 2). Then <v>= {(0, 2), (0, 4), (0, 0)} is an ideal of an 
N-group G. Also, v is a u-element. 

Write w = (0, 3). Then <w> = {(0, 3), (0, 0)} is an ideal of an N-group G. Also, 
w is a u-element. Now it is easy to verify that G = <u>®<v>®<w>. Thus, 
dim(G) = 3. Write X = {(1, 0), (0, 1)}. Now X is an Li. set. Thus, there is no Y CG 
such that X & Y and Y is Li. Thus, X is a maximal L.i. set with cardinality of X 
(i.e, |X|) =2 #3 =dim(G),) 


Lemma 5.2.10 (Lemma 1.7 (i) of Satyanarayana and Prasad, 2005) 


Let f: G > G' be an isomorphism and x; € G,1<i<k. Then x, x,,..., x, are Li. 
elements in G if and only if f(x,), f(x), ..., f(%,) are 1i. elements in G!. 


Proof 


X4, Xo, ..., X, are li. elements 
= the sum of <x)>, <x,>, ..., <x,> is direct. 
© the sum of f(<x;>), f(<x>), ..., f(<x,>) is direct (by Lemma 5.2.2) 
© the sum of <f(x,)>, <f(X2)>, ..., <f(x,)> is direct (by Lemma 5.2.3) 
= f(xy), fd), f(x) are Li. elements. | 


Lemma 5.2.11 (Lemma 1.7 (ii) of Satyanarayana and Prasad, 2005) 


Let f: G > G! be an N-group isomorphism. Then u is a u-element in G, if and 
only if f(u) is a u-element in G1. 
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Proof 


Suppose u is a u-element in G. 

Let us suppose f(u) is not a u-element. 

Since <f(u)> is not uniform, there exist w,, Ww, € <f(u)> such that <w> 
<W, >= (0). 

By Lemma 5.2.3, <f(u)>=f(<u>), so there exist u, U, € <u> such that w, =f(u,), 
W = f(uy). 

Since <u> is uniform, we have <u,> A <u> # (0) > u,, uy are not Li. => fu), 
f(u,) are not Li. (by Lemma 5.2.10) 

=> W,, Ww, are not Li. > <w,> A <w,> # (0), which is a contradiction. Thus, we 
have proved that u is a u-element implies f(u) is a u-element. 


Converse 


Suppose f(u) is a u-element. 

Let us suppose u is not a u-element 

=> there exist u,, U, € <u> such that <u,> 9 <u,> = (0) 

=> Uy, uy are Li. = f(uy), fu) are Li. (by Lemma 5.2.10) 

=> <f(u))> 9 <f(u.)> = (0) and <f(u)> C <flu)> and <f(u,)> Cc <f(u)>. 
Since f(u) is uniform, we have <f(u;)>= (0) or <f(u2)>= (0), which is a contradic- 
tion. The proof is complete. a 


Now we generalize the concept of “essentially spanned” given by Anderson 
and Fuller (1974) to N-groups. 


Definition 5.2.12 


Let H be an ideal of G and X C H. We say that 


(i) His essentially spanned by a collection of ideals {Ia}ac, (here A is an 
index set) of Gif Xyeala is essential in H (or {I,},.<4 spans H essentially). 
(ii) H is spanned by a collection of ideals {I,},., of G_ if 
Does Le H({labica spans H). 
(iii) H is essentially spanned by X if Z,-<x <x> is essential in H (X spans 
H essentially (or X is an essentially spanning set for H)). 
(iv) H is spanned by X if 2y<-x <x>=H. (In this case, we also say that X 
spans H or X is a spanning set for H.) 


From the preceding definitions, the following is clear. 
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Note 5.2.13 


(i) Uhoea Spans H = {1,},<, spans H essentially. The converse is not 
true. 
(ii) X spans H => X spans H essentially. The converse is not true. 
(iii) If the N-group G is a module, then the two concepts: “{I,},<, spans H” 
in modules and “{I,}.<, spans H” in N-groups (see Definition 5.2.12) 
are equivalent. 


Consider the following examples. 


Example 5.2.14 


Let N = Z be the near ring of integers, and G = Z be the additive group of 
integers. Now G is an N-group. 


(i) Consider I = 2Z. Clearly, the ideal I is essential in G. Therefore, I 
spans G essentially. Since I # G, it follows that I does not span G. 

(ii) Write X = {2}. Clearly, L,-<x <x>= 2Z= I is essential in G. So, X spans 
G essentially. Since X-x <x> # G, we have that X does not span G. 


Definition 5.2.15 


(i) An ideal H of G with a finite spanning set X is said to be a finitely 
spanned ideal. 
(ii) An ideal H of G with a finite essential spanning set X is said to be 
finitely essentially spanned. 
(iii) If X= {x} and X essentially spans H, then we say that H is an essentially 
cyclic ideal. 


Note 5.2.16 


(i) If Uis a uniform ideal, then U is an essentially cyclic ideal. 
(ii) Ifn=dim G, then there exist essentially cyclic ideals U;, 1 <i<nsuch 
that the sum 2'L,U; is direct and essential in G. 
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Remark 5.2.17 


Every essentially cyclic ideal need not be uniform. 

For example, write N = Z, the near ring of integers; and G = Z,, the group 
of integers modulo 6. Now G is an N-group. Since G = <1>, G is essentially 
cyclic. Since {0, 2, 4} and {0, 3} are two ideals whose intersection is zero, it fol- 
lows that G cannot be uniform. 


Result 5.2.18 (Result 1.13 of Satyanarayana and Prasad, 2005) 


Suppose G is a semisimple N-group with FGD. Then 


(i) Let I be an ideal of G. Then “I is N-simple = I is simple = I is 
uniform.” 

(ii) There exist simple ideals H,, H,, ...,H,, such that H, ® H, ® ... ® H,,=G. 

(iii) There exist uniform ideals U,,1<i<nsuchthatG=U,®U,@®... @ U,,. 


(Note that an ideal K of G is said to be an N-simple ideal if K contains no 
nonzero proper N-subgroups; an N-group G is said to be semisimple if it isa 
sum of simple ideals; equivalently, G is equal to the direct sum of a collection 
of simple ideals of G.) 


Proof 


(i) This is clear from the definitions of simple, N-simple, uniform 

ideals. 

(ii) Let us suppose that G cannot be expressed as a sum of a finite num- 
ber of simple ideals. Let H, be a simple ideal. Clearly, H, # G. So, there 
exists a simple ideal H, such that H, # H,. Now H, A H, = (0), and so 
H, +H, is a direct sum. 

Since H, + H, # G, there exists a simple ideal H, of G such that H, + H, + H;# 
Hy +b. 

If H; > (H, + H,) # (0), then H; c H, + H, (since H; is simple) 

= H, + H,+H,=H, + H,, which is a contradiction. 

Therefore, H, 7 (H, + H,) = (0), and so the sum H, + H, + H, is direct. Now 
H, + H, + H;#G. If we continue this process up to infinite steps, we get an 
infinite chain H, + H, ® H,+ H, ® H, ® H;+... such that for each m, H, ® 
H, ®... ® H,, is not essential in H, ® H, @... © H,, ® H,,,,;, which is a con- 
tradiction, since G has FGD. Hence, there exists n such that G = H, ® H, ® 
... ®H,,. 

(iii) Follows from (i) and (ii). | 
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Definition 5.2.19 


A subset X of G is said to be a u-linearly independent (u.l.i.) set if every ele- 
ment of X is au-element and X is an 1.i. set. Leta;e Gforl<i<n.a,1<i<n 
are said to be l.i.u-elements (or u.l.i. elements) if {a,/1 <i <n} is a u.Li. set. 


Result 5.2.20 (Result 2.2 of Satyanarayana and Prasad, 2005) 


Suppose 1 = dim Gand a;,1<i<n are li. elements. Then 
(i) a, 1<i<nareliu-elements. 
(ii) {a,/1 <i<n} forms an essential basis for G. 
(iii) The conditions (i) and (ii) are equivalent. 
Proof 
(i) Follows from Result 5.2.7 (iii). 


(ii) Follows from (i) and Definition 5.2.8. 
(iii) Straightforward. a 


Definition 5.2.21 


A uli. set X is said to be a maximal u.Li. set if X U {b} is a u-l.d. set for each 
0#be G\X. 


Result 5.2.22 (Result 2.3 of Satyanarayana and Prasad, 2005) 


Suppose G has FGD. Then 


(i) If b, 1 <i<k are li. elements, then there exist u-elements a; € <b>, 
1<I<ksuch that a, 1<i<k are Li-u-elements. 

(ii) If His anonzero ideal of G, then there exists a u.Li. set X = {a; | 1<si<k} 
such that <X> = D4, <a;> <, H. Moreover, dim H =k. 


Proof 
(i) By Remark 5.2.6, there exist u-elements 0 #4; € <b>,1<i<k. 


Since <b,>+<b,>+...+<b,>is direct, it follows that <a,>+<a,>+...+ 
<a,> is direct. Hence, a, 1 <i<k are Li-u-elements. 
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(ii) Since Ghas FGDand Hisa nonzero ideal of G, by Theorem 5.1.2, H has 
FGD. Suppose dim H =k. Then there exist uniform ideals U,, 1 <i<k 
whose sum is direct and essential in H. Take 0 #4; € U;. Now each 
a; is a u-element and <a;> <, U;. So by Corollary 3.4.5, it follows that 


k k 
> <aj> Se > U:. 
i= 


i=1 


Since <a,> +... +<a,> is direct, the set X = {a,/1 <i <k} isa uli. set. 
Also, < X>= Dk <aj><e DE Uj <. H. The proof is complete. | 


Theorem 5.2.23 (Lemma 1.7 of Satyanarayana and Prasad, 2005) 


Let f: G— G! be an N-group isomorphism. Then x1, Xz, ...,x,, are Liu-elements 
in G if and only if f(x,), f(x), ..., f(x,) are Licu-elements in G!. 


Proof 


Combination of Lemmas 5.2.10 and 5.2.11. |_| 


Theorem 5.2.24 


If G has FGD and n = dim G, then G contains 1.i.u-elements 1, U, ..., u,, such 
that {u, Us, ..., U,} spans G essentially. 


Proof 


Suppose dim G =n. Then by Theorem 5.1.2, there exist uniform ideals U,, U,, 
..., U,, in G whose sum is direct and essential in G. 

Let 0 #u,;¢€ U; for 1 <i<n. Now (0) 4#<u;> Cc U; and U; is uniform, and by 
Remark 5.2.6, it follows that <u;> is uniform, and so u; is a u-element. 
Since U; is uniform, it follows that <u> <, U;. By Corollary 3.4.5, <u,>+ 
..t<u,> S U, +...+U,. So the sum <u,>+...+ <u,> is direct and essen- 
tial in G. This shows that u,, uz, ..., u, are liu-elements that span G 
essentially. a 
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5.3 Primary Decomposition in Near Rings 
Lemma 5.3.1 (Lemma 5.1.1 of Satyanarayana, 1984) 


(i) Iflisacompletely semiprime ideal of anear ring N, then foranya,be N, 
abe I=bael. 
(ii) Ifae N and lis a semiprime ideal of N, then (a) = {x € N | xae I} is 
an ideal of N. 


Proof 


(i) Suppose a, b € N such that ab € I. Then (ba)? = (ba)(ba) = b(ab)a € I. 
Since I is completely semiprime and (ba) € I, we have ba é I. 
(ii) It is obvious that (La) is a left ideal. We now show that (Ia) is a right ideal 
of N. Let x € (a) andn é€ N. Since x € (I:a), xa € I. By (i), ax € I. Since Lis 
a left ideal, nax € I, and by (i), xna € I. Thus (I:a) is a right ideal. Hence 
(I:a) is an ideal of N. a 


Theorem 5.3.2 (Theorem 5.1.2 of Satyanarayana, 1984) 


(a) If S isa semiprime ideal of N, then the following are equivalent: 
(i) Ifxe S, then <x>*c S. 
(ii) Sis completely semiprime. 
(iii) Ifxye S, then <x><y> CS. 
(b) An ideal P of N is prime and completely semiprime if and only if it 
is completely prime. 


Proof 


(a) 
(i) = (ii) is obvious. 
(ii) = (iii): Let x, ye N such that xy € S. By Lemma 5.3.1 (ii), (ty) is an 
ideal. So <x> c (Ly), which implies 
<x>y ¢ I. By Lemma 5.3.1 (i), y<x> c I. Again, using the same 
lemma we get <y><x> Cc I, and hence we have <x><y> CI. 
(iii) > (i) is clear. 
(b) follows from (a). Oo 
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Notation 5.3.3 


We recall the following 

P-rad(N) = The prime radical of N (i.e., the intersection of all prime ideals 
of N). 

C-rad(N) = The completely prime radical of N (i.e., the intersection of all 
completely prime ideals of N). 

L= The set of all nilpotent elements of N. 

sn(N) = The sum of all nilpotent ideals of N. 


Remark 5.3.4 


(i) P-rad(N) c C-rad(N). 

(ii) sn(N) CL CS, for any completely semiprime ideal S of N. 
Before proving the main theorem of this section, we need the 
following three lemmas. 


Lemma 5.3.5 (Lemma 5.1.5 of Satyanarayana, 1984) 


If Mis an m-system and I is a completely semiprime ideal of N such that Mm 
I=9q, then the subsemigroup of (N) generated by M is contained in 


N\I={ne N | né I}. 


Proof 


It suffices to show that if a), a, ...,a,€ M, then a,a,a,... a,€ N\I. Let a, a, ..., 
a, € M. Since a,, a, € M and M is an m-system, there exist a,' € <a,> anda,’ € 
<a> such that a,!a,"¢ M. Since a,'a,,¢ M and a,eé M, there exist a,!€ <a,'a,>, 
a; € <ad3> such that a,'a, ¢ M. 

If we continue this up to k steps, we have elements 

Ay', Ast, ..., A), Ay, Az, ..., a, in N such that ala; ¢ M for 2<iskandaje¢ 
<a!,_,@'; >, a; € <a;>. 

If aa... a, ¢ (N\IJ), then a,a, ... a, € I. Now 
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Ayo ...0% € 1 => ay'ana3... a, EI (by Lemma 5.3.1 (ii)) 
=> Any... Akay’ € I (by Lemma 5.3.1 (i)) 
=> Ay Ay... ay’ EI 
= Nien Og EL 


=> s'ay... Ay el. 


If we continue this process up to k steps, we get a,'a,' € I. Hence, a;,!a," € 
M aI1=@q, which is a contradiction. 

Therefore, a1, ay, ...,4, € NV\I. 
Recall that an ideal P is called a minimal prime (minimal completely prime) 
ideal of I if it is minimal in the set of all prime (completely prime) ideals 
containing I. a 


Lemma 5.3.6 (Lemma 5.1.6 of Satyanarayana, 1984) 


If P is a minimal prime ideal of I, then N\P is an m-system maximal relative 
to the property that (V\P) AN I=. 


Proof 


If M = N\P is not a maximal m-system relative to the property Mn I= ©, 
then by Theorem 4.2.10, there exists an M-system M" maximal relative to 
the properties M c M’ and M' I= ©. Again by Theorem 4.2.10, N\M' is a 
minimal prime ideal of [in N. Now N\P = M cM’, and hence P = (N\M) 3 
(N\M’). Since (N\M’) is a minimal prime ideal of I, we have P = N\M". Now 
it follows that M = M". This completes the proof of the lemma. Oo 


Lemma 5.3.7 (Lemma 5.1.7 of Satyanarayana, 1984) 


Every minimal prime ideal P of a completely semiprime ideal I is completely 
prime. Moreover, P is a minimal completely prime ideal of I. 
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Proof 


Suppose P # N. Then N\P is an m-system such that M 7 I = ©. By Lemma 
5.3.5, the multiplicative subsemigroup S generated by M is contained 
in N\I. Since P is a minimal prime ideal of I, by Lemma 5.3.6, M is a max- 
imal m-system relative to having an empty intersection with I. Since 
S is a subsemigroup, it is an m-system and hence M = S. Since S = (N\P) 
is a subsemigroup of N, it follows that P is a completely prime ideal 
containing I. a 


Theorem 5.3.8 (Theorem 5.1.8 of Satyanarayana, 1984) 


Let I be a completely semiprime ideal of N. Then I is the intersection of all 
minimal completely prime ideals of I. 


Proof 


If I is a completely semiprime ideal of N, then I is a semiprime ideal. By 
Theorem 4.2.10, I is the intersection of all minimal prime ideals of I. Since 
Tis completely semiprime, by Lemma 5.3.7, every minimal prime ideal of 
Tis a minimal completely prime ideal of I, and hence I is the intersection 
of some collection of minimal completely prime ideals of I. Therefore, I is 
the intersection of all minimal completely prime ideals of I. The proof is 
complete. | 


Theorem 5.3.9 (Theorem 5.1.9 of Satyanarayana, 1984) 


If P is a prime ideal and I is a completely semiprime ideal, then P is a mini- 
mal prime of I if and only if P is a minimal completely prime of I. 


Proof 


Suppose P is a minimal completely prime ideal of I. If P is not a minimal 
prime ideal of I, then there exists a prime ideal P! containing I and P # P!. 
Now 

g ={J | Jis a prime ideal such that P 5 J > I} is nonempty, and by Zorn’s 
lemma 9 contains a minimal element, say P’. Now P” is a minimal prime 
of I. Now by Lemma 5.3.7, P’ is a completely prime of I. Since P > P* > I and 
P is a minimal completely prime of I, we have P = P’, and so P is a minimal 
prime, which is a contradiction. The rest follows from Lemma 5.3.7. |_| 
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TABLE 5.1 

Multiplication Table 
: 0 a b c 
0 0 0 0 0 
a a a a a 
b 0 a b c 
c a 0 a b 


Corollary 5.3.10 


If is a completely semiprime ideal of N, then J is the intersection of all com- 
pletely prime ideals of N containing I. 

The following example shows that Theorem 5.3.8 fails if N is not a zero- 
symmetric near ring. 


Example 5.3.11 


Let (G, +) be the Klein four group and G = {0, a, b, c}. Define multiplication on 
G as follows (Table 5.1): 

Now (G, +, .) isa near ring that is not zero-symmetric since a0 =a #0. In this 
near ring {0, a} is only the nontrivial ideal, and also it is completely prime. 
(0) is completely semiprime, but not completely prime (since c - a = 0 and 
a#0#c). Hence, the completely semiprime ideal (0) cannot be written as the 
intersection of its minimal completely prime ideals. 

The following example shows that even in rings P-rad(N), C-rad(N), and L 
are not equal. 


Example 5.3.12 


Let N be the set of all 3 x 3 matrices over the ring of integers. If 


0 O 0 1 1 
x=|1 0 O|,y=|0 0O- 1], thenxand y are nilpotent elements of N 
1 1 0 0 O O 


0 1 1 2 1 1 
since x!= y'=0). Consider xt+y=|1 0 1],(x+yP=|1 2 1). 
y 
1 1 O 1 1 
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(x + y)* is not nilpotent. Hence, L is not an ideal. So L # P-rad(N) and L # 
C-rad(N). 

By Corollary 4.2.18, P-rad(N) c L. Since C-rad(N) is completely semiprime, 
every nilpotent element belongs to C-rad(N), and hence L ¢ C-rad(N). Thus, 
we have 

P-rad(N) + L + C-rad(N). 


Theorem 5.3.13 (Lemma 5.1.14 of Satyanarayana, 1984) 


If N is anear ring such that P-rad(N) is completely semiprime, then P-rad(N) = 
L=C-rad(N). 


Proof 


Since P-rad(N) is completely semiprime, by Theorem 5.3.8, P-rad(N) = - P, P 
ranges over all completely semiprime ideals containing P-rad(N), and hence 
P-rad(N) 2 C-rad(N). Already we have P-rad(N) ¢ L, D c C-rad(N). 

Thus, P-rad(N) = L = C-rad(N). | 


Theorem 5.3.14 (Theorem 5.1.15 of Satyanarayana, 1984) 


If N has DCC on N-subgroups of N, then P-rad(N) is completely semiprime if 
and only if L is an ideal. In this case, P-rad(N) = L = C-rad(N). 


Proof 


If L is an ideal, then by Theorem 4.2.10, L is nilpotent and since P-rad(N) is 
semiprime, we have L c P-rad(N). Since L is the set of all nilpotent elements, 
Lis completely semiprime. By Theorem 5.3.8, L = C-rad(N). So, L = P-rad(N) = 
C-rad(N), which shows that P-rad(N) is a completely semiprime ideal. The con- 
verse follows from Theorem 5.3.13. Oo 

In the following, we obtain “prime-essential decomposition” for ideals of 
near rings. 


Lemma 5.3.15 (Lemma 5.2.1 of Satyanarayana, 1984) 


If N is a semiprime near ring, then every complement ideal is semiprime. 
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Proof 


Let K be a complement of a nonzero ideal B of N. Let us suppose that K 
is not a semiprime ideal. Then there exists an ideal A of N such that A? c 
KandA CK. Since A ¢ K, (K+ A) 0B # (0). Let0 #a € (K+ A) 1 B. Now 
<a>* Cc (K+ AY c (A? + K) CK, and since ae B, <a>? B. So <a>? Cc (KM B) = (0). 
Since N is a semiprime near ring, a4 = 0, which is a contradiction. Hence, K 
is a semiprime ideal. Oo 


Lemma 5.3.16 (Lemma 5.2.2 of Satyanarayana, 1984) 


If N is asemiprime near ring, then every proper ideal I of N is essential in its 
prime radical P-rad({). 


Proof 


By Result 5.1.11, there exist two ideals K and K’ such that K is a complement 
of I, K is a complement of K containing I, and I © K, K © K are essential 
ideals. Now, by Theorem 3.4.11, I is essential in K’. By Lemma 5.3.15, K’ is a 
semiprime ideal and so I c (P-rad(I)) c K’, which shows that I is essential in 
P-rad(I). | 


Theorem 5.3.17 (Theorem 5.2.3 of Satyanarayana, 1984) 


Let I be a proper ideal of a semiprime near ring N. Then there exists an essen- 
tial ideal J of N such that I = J - (P-rad(I)). 


Proof 


If Tis essential in N, then I =I - (P-rad(J)). Suppose I is not an essential ideal. 
Let K be a complement of I. 
Now J =! © K is essential in N and by modular law, 


(P-rad(I)) 0 J = (K 0 (P-rad(1))) + 1. 


Now K ¢- (P-rad(I)) is an ideal of N contained in P-rad(I), and In (K a 
(P-rad(I)) = (0). Since I is essential in P-rad(I), by Lemma 5.3.16, it follows that 
Ko (P-rad(I)) = (0). 

From this, it follows that I = J > (P-rad(I)). a 
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Definition 5.3.18 


A decomposition I = J > (P-rad(J)) of an ideal I, where J is an essential ideal is 
said to be reduced if I = J, 7 (P-rad(J)), J, is an essential ideal such that J, ¢ J, 
then J, = J. 


Theorem 5.3.19 (Theorem 5.2.5 of Satyanarayana, 1984) 


Let N be anear ring with DCC on ideals. Then every ideal I of N has a reduced 
decomposition. 


Proof 
By Theorem 5.3.17, there exists an essential ideal J such that I = J 7 (P-rad{()). 
Write Q = {J' is an ideal of N/I = J' - (P-rad(1)) and J! is essential}. 


Since N has DCC on ideals, Q contains a minimal element, say J". Now I = 
J 7 (P-rad (J) is a reduced decomposition. | 


Theorem 5.3.20 (Theorem 5.2.6 of Satyanarayana, 1984) 


If I=], 0 (P-rad(1)) = J, 7 (P-rad(I)) are two reduced decompositions, then J; = J, 
and hence the reduced decomposition is unique. 


Proof 


Follows from the definition of the reduced decomposition. Oo 


Definition 5.3.21 


A decomposition I =] AP; ... 0 Py, where J is an essential ideal and P; (1 < 
i<k) are distinct minimal primes of I, is said to be reduced if I = J 7 (P-rad(I)) 
is reduced and P-rad(I) = P; NP)... A Py. 


Theorem 5.3.22 (Theorem 5.2.8 of Satyanarayana, 1984) 


Let N be a semiprime near ring having DCC on ideals and I an ideal of N. 
Then there exists an essential ideal J and distinct minimal prime ideals P,, 
P,, ..., P, of I such that the decomposition I = J, AP; A... A P, is reduced. 
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Moreover, if there exists an essential ideal J, and distinct minimal prime ide- 
als P,', P,', ..., P,,! of [such that the decomposition 
T=], NP} APIO... 0P,,! is reduced, then J; = J,,k=m and 
{P,, Py, ..., Pd = {Py}, P,}, ..., P,, 1}. 


m 
Proof 


By Theorem 5.3.19, there exists an essential ideal J, such that the decomposi- 
tion I = J, 7 (P-rad(J)) is reduced. Since N is Artinian (DCC on ideals), the set 


t 
Q= au | P, (1 Sit) are minimal prime of | 


i=1 


contains a minimal element, say _.P.. We may assume that none of the P;’s 
can be deleted from (\_, P;. Now it can be easily verified that every minimal 
prime ideal of J contains Mk,B,, and hence P-rad(I) = (fab; 


Hence, the decomposition I = J, 0 P; A... A P, is reduced. 

Suppose there exist an essential ideal J, and minimal prime ideals P,', P,', 

._ P, of [such that the decomposition I = J, 1 PO... A P,,! is reduced. By 
Theorem 5.3.20, J; = J>. Since 

P-rad(I) = PEA Py... A Py = Py OA Po A... A Py, we have 

PPh Sl Ore Oat lRP al, Cr, for leysme 

Fix j (1 <j <m). Then P,P)... P, <P; implies that P; c P,’ for some 1 <i <k. 

Since P;'is a minimal prime of I, P;= P;’. Thus {P,, P, ..., Pi,'} S {Py Po, ..-, Pid. 

Therefore, m <k. 

Similarly, we can show that {P,, P,, ..., Pj C {Py, Pot, ..., P|} and k < m. 


Hence, we have that m =k and {P,}, P,1, ..., P,,/} = {P1, Ps, ..., P;}. | 


m 


Definition 5.3.23 


An ideal Q of a near ring N is said to be primary if for any two ideals I, J of N, 
TJ <Q, which implies that I ¢ Q or J c (P-rad(Q)). 


Theorem 5.3.24 (Theorem 5.3.1 of Satyanarayana, 1984) 


For an ideal Q of N, the following conditions are equivalent: 


(i) Qis primary. 
(ii) <a><b> CC Q,a,be N>=ae€ Qorbe P-rad(Q). 
(iii) a,be N,a¢ Q,b¢ P-rad(Q) > <a><b> ZQ. 
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(iv) I, J are ideals of N, such that I ¢ Q. 
J] & (P-rad(Q)), which implies IJ Z¢ Q. 
The proof is straightforward. 


Theorem 5.3.25 (Theorem 5.3.2 of Satyanarayana, 1984) 


Let Q, and Q, be primary ideals such that C = P-rad(Q,) = P-rad(Q,). 
Then Q,; 1 Q; is primary with P-rad(Q; M Q,) =C. 


Proof 

P-rad(Q; AM Q,) = P-rad(Q,) M P-rad(Q;) = C. To show that Q; 1 Q, is primary, 
let I, J be two ideals of N such that IJ c (Q; A Q,) and I ¢ (Q; A Q,). Then, 
either Zz Q, or! ¢ Q,. If ¢ Q,, then 


J c(P-rad(Q;)) = C. If I € Qs, then 
J c (P-rad(Q;)) = C. Hence, if I ¢ (Q; NQ2), then 
J c(P-rad(Q; 4 Q,)). The proof is complete. = 


By induction, we have the following. 


Corollary 5.3.26 


Let Q;, 1 <isn, be primary ideals with radical C. 

Then Q,1Q,0...0Q,, is primary with the same radical C. 

In the rest of this section, we assume that N is a near ring with ACC on 
ideals. 


Theorem 5.3.27 (Theorem 5.3.4 of Satyanarayana, 1984) 


Any ideal of N contains the product of a finite number of its minimal primes. 
Proof 


Let us suppose that N contains an ideal that does not contain the product 
of a finite number of its minimal primes. Since N has ACC on ideal, the set 
of all ideals not meeting the stated condition contains a maximal element, 
say I. Then J is not prime itself, and hence there exist ideals B and C properly 
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containing I such that BC c I. Then each B and C must satisfy the stated 
condition, and hence | contains a product of a finite number of prime ideals 
containing I. Since every prime ideal containing J contains a minimal prime 
ideal of I, it follows that there exists a finite number or minimal prime ideals 
of I whose product is contained in I, which is a contradiction. This completes 
the proof. a 


Corollary 5.3.28 


Any ideal I of N has only a finite number of minimal prime ideals. 
Proof 


Let P,, P,, ..., P,, be minimal prime ideals of I such that P,, P,,..., P,, c I. Let P 


be a minimal prime ideal of I. Then P,P,,..., P,, cI ¢ P. Since P is prime, Pic 
P for some i, 1 <i<n, and since P is minimal prime, we have P; = P. a 


Corollary 5.3.29 


If Tis an ideal of N, then (P-rad(J))" c I for some integer n. 
Proof 
Suppose P,P,, ..., P,, cI for some minimal prime ideals P,, P,, ..., P,, of I. Since 


each P; contains P-rad(I), we have (P-rad(I))" € P;P,,...,P,, cL Oo 


Theorem 5.3.30 (Theorem 5.3.7 of Satyanarayana, 1984) 
If Q is primary, then P-rad(Q) = P is a prime ideal. 
Proof 


Suppose B, C are ideals such that BC c P. Also suppose that B ¢ P. Then for 
some 1 (by Corollary 5.3.29), P” c Q. Thus (BC)" < Q. Let k be the least positive 
integer such that (BC) c Q. Now (BC)*'B c (Q:C), and hence <(BC)'B>C CQ. 
Since Q is primary, either <(BC)*'B> c Q or Cc P. If (BC)'B c Q, then since 
(BC) ¢ Q, we have B c P, which is a contradiction. Thus, C c P, and hence 
P = P-rad(Q) is a prime ideal. a 
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Corollary 5.3.31 


If Q is a primary ideal, then Q has a unique minimal prime ideal P = 
P-rad(Q). 


Theorem 5.3.32 (Theorem 5.3.9 of Satyanarayana, 1984) 
For any ideal Q of N, the following conditions are equivalent: 


(i) Qis primary. 
(ii) A, B are ideals of N such that AB c Q implies that A c Q or B" c Q for 
some integer n. 
(iii) a,b € Nand <a><b> Cc Q imply <a> Cc Q or <b>" Q for some integer n. 


Proof 


(i) => (ii): Follows from Corollary 5.3.29. 

(ii) > (iii) is clear. 

(iii) = @): By Theorem 5.3.24, it suffices to prove that <a><b> ¢€ Q, which 
implies that a € Q or b € P-rad(Q). Suppose <a><b> ¢ Q. By (iii), a € Q or 
<b>" Q. If <b>" <Q, then <b>" c (P-rad(Q)). Since P-rad(Q) is semiprime, we 
have b € (P-rad(Q)). a 


Definition 5.3.33 


Let Q be an ideal of N. Then Q is called P-primary if Q is primary and P = 
P-rad(Q). 


Theorem 5.3.34 (Theorem 5.3.11 of Satyanarayana, 1984) 


Let Q and P be ideals of N. Then Q is P-primary if and only if the following 
conditions hold: 


(i) Qc Pc (P-rad(Q)). 
(ii) If A and B are ideals such that ABC Qand A ¢ Q, then B cP. 


Proof 


If Q is P-primary, then clearly (i) and (ii) hold. To prove the converse, we 
first show that P is a semiprime ideal. Let A be an ideal of N such that 
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A’ c P. By Corollary 5.3.29, there exists an integer such that (A?)" cP" c 
(P-rad(Q))" < Q. Let k be the least positive integer such that A‘ c Q. Since 
<AM5A c Q and A*' ¢ Q, by condition (ii), A Cc P. Thus, P is a semiprime 
ideal, and since Q Cc P, we have (P-rad(Q)) c P. Hence, P = P-rad(Q) and by 
condition (ii), Q is -primary. a 


Theorem 5.3.35 (Theorem 5.3.12 of Satyanarayana, 1984) 
An ideal Q of N is prime if and only if it is semiprime and primary. 


Proof 


Suppose Q is semiprime and primary. Since Q is semiprime, by Theorem 
4.2.10, Q = P-rad(Q). Let A, B be two ideals of N such that AB c€ Q. Since Q is 
primary, either A c Q or B c (P-rad(Q)). Thus, either A c Q or B € Q, which 
shows that Q is a prime ideal. The rest is clear. a 

Now we prove the existence theorem of primary decomposition for ideals 
in a class of near rings. 


Theorem 5.3.36 (Theorem 2.1 of Satyanarayana, 1984) 


Let N be a near ring satisfying 


(i) N has ACC on ideals. 
(ii) ae Naforallae N. 
(iii) Every left N-subgroup of N is an ideal. 
Then every ideal of N has a primary decomposition. 


Proof 


Suppose there exists an ideal that has no primary decomposition. Then 
there exists a maximal element 0 in the set of all ideals that have no primary 
decomposition. Clearly, Q is not primary. So there exist elements a, b in N 
such that <a><b> c Qanda¢ Q,b¢ P-rad(Q). Since b ¢ P-rad(Q), by Theorem 
4.2.19, there exists a sequence {bo, b,, ...} of elements from N such that by = b, 
and forn=1,b, =b,_,b',, for some 


b* 4 € <b,_,> and b,, ¢ Q. Write B, = {xe N | xb, € Q}. 


For each n, B,, is a left ideal and hence it is ideal by (iii). Since 
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B, cB, CB; C..., by (i), there exists a least positive integer k such that B, = 
B; for alli >k. Write B* = {x € N/xb, € Q} and D=Nb,+ Q. B’ and D are ideals 
by (iii). By (ii) we have b, € Nb,, and hence D contains Q properly. 

Since ab,” € a<b,> C a<b> C Q, we have a € B’ and hence B* contains Q 
properly. 

To show Q=B' 1D, letze B’AD. Thenz=mb,+q for some me N,qeé Q, 
and zb,’€ Q. 

Now mb,b," + qb, = zb, € Q 


= mby.1 = mbyb, € Q (since qh, €Q) 
>me Brat = B, 
=> mb, €Q>Zz€EQ. 


Hence, we have Q = B’ nN D. Since B" and D are ideals properly containing 
Q, D and B" have primary representation, then DM B’ = Q has primary rep- 
resentation, which is a contradiction. The proof is complete. a 


Definition 5.3.37 (Santha Kumari, 1982) 


A near ring N is called a Q-near ring if N contains a multiplicatively closed 
subset Q satisfying the following properties: 


(i) a€ Qimplies Na is a left ideal of N. 
(ii) aN=Na for allainQ. 


(iii) For all ideals A, B of N such that A c B (properly), B contains an 
element of Q that is not in A. 


Corollary 5.3.38 (Corollary 0.5.4 of Satyanarayana, 1984) 
Let N be a near ring with identity satisfying ACC on ideals. Suppose N is 


a Q-near ring with N = Q. Then every ideal of N can be represented as the 
intersection of a finite number of primary ideals. 


Remark 5.3.39 (Remark 2.2 of Satyanarayana, 1984) 


The class of all near rings N satisfy the following: 


(i) ae Naforallae Nand 
(ii) Every left N-subgroup of N is an ideal contains 
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(a) The class of all Boolean near rings (i.e., every element of N is an 
idempotent). 
(b) The class of all strongly regular near rings (ie., for every a € N, 
there exists x € N such that a = xa’). 
(iii) The class of all left duo rings with left identity (ie, rings in which 
every one-sided ideal is two-sided). 


Theorem 5.3.40 (Krull Intersection Theorem) (Theorem 2.3 of 
Satyanarayana, 1984) 


Let N be a near ring satisfying conditions (i)—(iii) of Theorem 5.3.36. Let I be 
an ideal of N. 


If B= (\si'>, then B = <BB. 


n=1 
Proof 


If <BI>=N, then N=<BI> cB, and so B= N =<BI>. So, assume that <BI># N. 
We now show that B c <BI>. By Theorem 5.3.36, <BI> has a primary decom- 
position <BI> = Q,; NQ, 0... 0 Q,,, where P;= P-rad(Q)), 1 <i < m. Let us fix 
some j (1 <j <m). If 1c P,, then Ikc P§c Q for some integer k (by Corollary 
5.3.29). So, 


B=()<I">c<I'>cQ. 
n=1 


Ifl¢ P, then since BI c Q F and Q; is P-primary, we have 
Be Qi. Hence, in either case B c Q,. 
Thus, BC Q,;NQ,0...0Q,,=<BP. | 


5.4 Tertiary Decomposition in N-Groups 


In this section, in analogy with the “tertiary decomposition” for modules 
over rings, we present the tertiary decomposition for Noetherian (ACC on 
ideals) N-groups. 

Throughout this section, K stands for an ideal of G. We start this section 
with the following definitions. 
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Definition 5.4.1 


(i) Anelementa é N is said to be an annihilating element for G if aK = {0} 
for some nonzero ideal K of G. 
(ii) Anelement ae N is said to be an annihilating element for K if there 
exists a nonzero ideal K! of G such that K! c K and aK! = {0}. 


Definition 5.4.2 


The tertiary radical of K, written as t-rad(K), is the set of all elements of N that 
are annihilating elements for all nonzero ideals of G/K. 


Theorem 5.4.3 (Theorem 4.1.3 of Satyanarayana, 1984) 


If G is completely reducible, then for any ideal K of G, t-rad(K) = (0:(G/K)). 
(Here, an N-group G is completely reducible if G is a sum of simple ideals; 
equivalently, G is equal to the direct sum of a collection of simple ideals of G.) 


Proof 


Let x € (0:(G/K)). Then for all g € G, x<g> Cc K implies x € t-rad(K). Therefore, 
t-rad(K) D> (0(G/K)). To show (0:(G/K)) D t-rad(K), let a € t-rad(K). Since G is 
completely reducible, G=,.,H; (direct sum), where each H; is a simple 
ideal. If H, c K, then aH; c aK c K. Now suppose H; ¢ K. 

Then H; 7 K = (0), and hence (H; ® K)/K is a nonzero ideal. Since a € 
t-rad(K), a is an annihilating element for (H; ® K)/K. Since (H; ® K)/K is 
simple, it follows that a(H; ® K)/K = {0}, and so aH, c K. Thus, in either case 
we have aH; Cc K. Now by Theorem 3.2.26, aG = a(2H,) c (aH) c K, and so 
a # (0:(G/k)). | 


Theorem 5.4.4 (Theorem 4.1.4 of Satyanarayana, 1984) 


If G is completely reducible and satisfies the condition 0 #a¢ N,0#g¢€G 
implies that ag # 0, then for any ideal K of G, we have t-rad(K) = (0). 


Proof 
If a € t-rad(K), then a is an annihilating element for G/K. So there exists a 


nonzero ideal K'/K of G/K such that a € (0:(K'/K)). Let K’ be an ideal of G such 
that K @ K’ = K'(K). Now K' (0). Since (K'/K) = K’, we have (0:(K'/K)) = (0:K’). 
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Hence, a € (0:K’). Since K’ # (0), by hypothesis, a = 0. a 
Now we present an interesting characterization of t-rad(K). 


Lemma 5.4.5 (Lemma 1.3 of Satyanarayana, 1982) 


t-rad(K) ={ae N | a¢ K>>there exists B € <a> such that B ¢ Kanda<B> Cc K}. 
Proof 


Write X= {ae N | a¢ K= there exists a € <a>such that B ¢ Kanda<B>c K}. 
Let x € trad(K) and a ¢ K. Then «a> + K)/K is a nonzero ideal of G/K, and 
hence x is an annihilating element for («<a> + K)/K. Therefore, there exists a non- 
zero ideal K'/K of G/K such that (K'/K) c (ka>+ K)/K) and x(K'/K) = {0}, which 
implies xK'c K. Let ye K' such that y ¢ K. Then y+ K=£+K for some B € <a>. 

Now 8 ¢ Kand Be K". Therefore, x<B> Cc xK' C K, which implies that xe X. 

Conversely, let x ¢ X,and K!/K be a nonzero ideal of G/K. Then there exists 
oe K' such that a ¢ K. Since x € X, there exists B € <a> such that B ¢ K and 
x<B>cK. 

Therefore, x(«B> + K)/K) = (0). Hence, x € t-rad(K). a 


Lemma 5.4.6 (Lemma 1.4 of Satyanarayana, 1982) 


Let 41, a, ..., 4, € t-rad(K) and « ¢ K; then there is an element B € <a> such 
that B ¢ K anda <B> cC K forl <i<n. 


Proof 
Since a, € t-rad(K), by Lemma 5.4.5, there exists 
B, € <a> such that B, ¢ K and a,<B,> c K. After choosing 
By, By, ..., B, 1 such that B,.1 € <B>, Buié K, and 
Ayyy<Byyy> C K for 1 <k <n — 2, choose B,, such that B,, € < B,_.> 8, ¢ K, and 


an<B,> c K, 
Write B =8,,. Show a<B> Cc a<B> Cc K for 1 <i<n. | 


Corollary 5.4.7 (Corollary 1.5 of Satyanarayana, 1982) 


t-rad(K) is a two-sided ideal of N. 
Proof 


Let a, a, € t-rad(K) and a¢ K. Then by Lemma 5.4.6, there exists B € <a> such 
that B ¢ K and a,<B> C K, a,<B> C K. 
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Now (a, - a>) <B> C a, <B> -a,<B> C K. 

Therefore, a, — a, € t-rad(K). 

Let n € N. Since a,<B> Cc K, we have (n+ a, — n) <B> Cc {nx +a,x-—nx | xe 
<B>} cK. 

Hence (1 + 4, — n) € t-rad(K). Let n,,n, € N. 

Then (1,(n, + 4,) — yn») <B> C {n,(M.x + a,x) — nn x/x € <B>}, and hence 

(n(n, + a,) — Nn») <B> C K. Thus, t-rad(K) is a left ideal. 

Also (a,n)<B> C a,(n<B>) C a,<B>c K. 
Hence, t-rad(K) is an ideal of N. | 


Corollary 5.4.8 (Corollary 1.6 of Satyanarayana, 1982) 


If N satisfies ACC on ideals and I = t-rad(K), then for any o ¢ K, there exists a 
B € <a> such that! <B>c Kand B¢ K. 


Proof 
N has ACC on ideals, which implies that I = <a,> + <a,>+ ... + <a,> for 
some a;€ N,1<is<n. Since a ¢ K, by Lemma 5.4.6, there exists B € <a> 


such that B ¢ K anda;<B> CK for 1 <i<n. Then <a,><B>c K for1l<i<n. 
Hence, 1 <B> Cc K. oO 


Notation 5.4.9 


For any a € N, we write 
X,={g € G/a<g> Cc K}. 


We note that K c X,. With this notation, we have the following. 


Proposition 5.4.10 (Proposition 4.1.10 of Satyanarayana, 1984) 


If a € t-rad(K), then X, 7 A # (0) for every nonzero ideal A of G. 
Proof 


If A Cc K, then aA c aK CK, and hence A c X,. Suppose A ¢ K; then there 
exists @ € A such that a ¢ K. By Lemma 5.4.5, there exists B € <a> such that 
B¢ Kanda<B>c K. Now0#fh€ An X,. So, in either case we get that X, 7 
A#(0). | 
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Corollary 5.4.11 (Corollary 4.1.11 of Satyanarayana, 1984) 


If a € t-rad(K), then the ideal generated by X, is essential in G. 


Proposition 5.4.12 (Proposition 4.1.12 of Satyanarayana, 1984) 

(X, 0 A)\K # © for all ideals A of G with A ¢ K if and only if a € t-rad(K). 
Proof 

If a € trad(K) and A ¢ K, then there exists @ € A\K. By Lemma 5.4.5, there 
exists § ¢ <a>\K such that a<B> Cc K, that is, Be X,. Moreover, Be Aand BP ¢ K. 
Hence, B € (X, 7 A)\K. 

Converse 


Suppose (X, 7 A)\K # © for all ideals A of G not contained in K. Let a ¢ K. 
Then <a> ¢ K, and so (X, 0 <a>)\\K # ©. Let B € (X, A <a>)\K. 

Now Bf € <a>\K and a <B> C K, since B € X,. Hence, by Lemma 5.4.5, a € 
t-rad(K). Oo 


Corollary 5.4.13 (Corollary 4.1.13 of Satyanarayana, 1982) 
If a € t-rad(K), then <X,/K> is essential in G/K. 


Proof 


Let A be an ideal of G containing K properly. Then A ¢ K, and by Proposition 
5.4.12, (X, 1 A\K#@. If Be (x, 7 A)\K, then 


(0) # (KB>+ K)/K) c («x,/K> A (A/K)). 


Hence, <X,/K> is essential in G/K. Oo 


Proposition 5.4.14 (Proposition 4.1.14 of Satyanarayana, 1982) 


If there exists an ideal K! of G such that K c K'c X, and K'/K is essential in 
G/K, then a € t-rad(K). 
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Proof 


Since K'/K is essential in G/K, for any ideal A of G such that A ¢ K, we have 
((A + K)/K) 7 (K*/K) # (0). 
So (An K!) g Kand (X, 0 A) cK. Therefore (X, 0 A)\K # © for all ideals A 
of G not contained in K. Hence, by Proposition 5.4.12, a € t-rad(K). Oo 
Combining Proposition 5.4.14 and Corollary 5.4.13 yields the following. 


Corollary 5.4.15 (Corollary 4.1.15 of Satyanarayana, 1984) 


Let ae Nand suppose X, is an ideal of G. Thena ¢€ t-rad(K) © x,/K is an ideal 
of G/K. 

Now we present the primary radical of a given ideal K and prove that for a 
class of N-groups, the primary radical of a given ideal K contains the tertiary 
radicals of K. 


Definition 5.4.16 


The primary radical of K, written Pri-rad(K), is the intersection of all prime 
ideals of N that contain (0:(G/K)), that is, Pri-rad(K) = P-rad(0:(G/K)). 


Lemma 5.4.17 (Lemma 2.2 of Satyanarayana, 1982) 


If N satisfies ACC on ideals and if G satisfies the property that Ia is an ideal of 
G, for any ideal I of N and ae G, then t-rad(K) is a semiprime ideal. 


Proof 


By Remark 4.2.4, it suffices to show that a<a> Cc t-rad(K) and a € N, which 
implies that a € t-rad(K). Suppose a<a> c t-rad(K) and a ¢ K. By Corollary 
5.4.8, there exists B € <a> such that B ¢ K and a<a><B> Cc K. If a<B> g K, 
then there exists B°e <B> such that aB* ¢ K. Since <a>" is an ideal of G, we 
have <aB’> c <a>". Now a<aB'> Cc a(ka>B’) C a<a><B> C K. Hence, given a ¢ 
K, B or aB" is in <a>, not in K such that 

a<B> Cc K ora <aB’> Cc K. By Lemma 5.4.5, we have a € t-rad(K). | 


Theorem 5.4.18 (Theorem 2.3 of Satyanarayana, 1982) 


Suppose N and G are as in Lemma 5.4.17. Then Pri-rad(K) ¢ t-rad(K). 
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Proof 


Since (0:(G/K)) c t-rad(K) and by Lemma 5.4.17, t-rad(K) is a semiprime ideal, 
we have Pri-rad(K) = P-rad(0:(G/K)) € t-rad(k). | 


Definition 5.4.19 


An ideal K of G is said to be a tertiary ideal of G if the annihilating elements 
for G/K are all in t-rad(K). 
If K is a tertiary ideal, then t-rad(K) has the following characterization. 


Lemma 5.4.20 (Lemma 3.2 of Satyanarayana, 1982) 


K is a tertiary ideal of G if and only if t-rad(K) = {x e N | x <B> cK for some 
B ¢ K}. 


Proof 


Write X = {x € N/x <B> c K for some B ¢ K}. Suppose K is tertiary. 

Let x € t-rad(K) and a ¢ K. Then there exists B € <a> such that B ¢ K and 
a<B> Cc K, which implies that x € X. To show X c t-rad(k), let y € X. Then 
there exists B € G such that B ¢ K and y <B> Cc K. y<B> C K, which implies 
that y((<B> + K)/K) = (0), and so y is an annihilating element for G/K. Since K 
is tertiary, by definition, y € t-rad(K). 


Converse 


Suppose that t-rad(K) = X. To show K is tertiary, let z be an annihilating ele- 
ment for G/K. Then there exists an ideal K' of G properly containing K such 
that z(K'/K) = {0}, and so zK'c K. Since K' contains K properly, there exists an 
element u € K! such that u ¢ K. Now z<u>c zK'c Kand u ¢ K, which imply 
that ze X =t-rad(K). The proof is complete. Oo 


Theorem 5.4.21 (Theorem 3.3 of Satyanarayana, 1982) 


Suppose N has ACC on ideals and G has the property that Ia is an ideal of G, 
for any ideal I of N and ae G. If K isa tertiary ideal of G, then P = t-rad(K) is 
a prime ideal of N. 


Proof 


By Remark 4.2.4, it suffices to show that a<b> c P.a,b € N implies either ae P 
or b € P. Suppose a<b>c P and a ¢ K. Then by Corollary 5.4.8, there exists 
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B € <a> such that B ¢ K and a<b><f> c K. If b<B> Cc K, then by Lemma 5.4.20, 
be t-rad(K) = P. If not, there exists an element 8° € <B> such that bB’ ¢ K. Now 
a<bB’ > c a<b>B" Cc a<b><f> c K. 
Since a<bB> c K, bB’ ¢ K, and K is tertiary, by Lemma 5.4.20, we have a € 
P=t-rad(k). a 
Now we prove the existence and uniqueness of the tertiary decomposition 
of ideals in N-groups. 


Lemma 5.4.22 (Lemma 3.5 of Satyanarayana, 1982) 


Every meet-irreducible ideal of G is tertiary. 
Proof 


Let K be an irreducible ideal. Suppose K is not tertiary. Then there exists a € 
Nand ae Gasuch thata ¢ t-rad(K), a ¢ K, and a<xa> C K. Since a ¢ t-rad(K), 
by Lemma 5.4.5, there exists B ¢ K with a<B'> c K and Be <B>, which implies 
that B! e K. Write K' = (K + <a>) MN (K+ <B>). 

Clearly, K > K. Ifxe K, thenx=y,+0,=y,+, for some y,, y,€ Kanda, € 
<a>, B, € <B>. Therefore, B, =—-y, + y, +a, and hence <B,> C (K-y, + y,> +<,>). 

To show a4 <B,> CK, let 8’ € <B,>. Then 8’ = y’ + of for some y" € <-y, + y> 
and or € <a>. By Proposition 3.2.28, we have 

aB’= ay" + ac’ mod(K AN <a>), which implies 

ap'=a(y’ + a’) = ay’ +a’ mod(K M <a>), which implies 

aB'= ay’ + ao’ mod(K). Since y* € K and aoe K, af’ € K. Thus,a <B,> CK. 

Hence, B,;¢ K, which implies that x = y, + B, € K. 

Therefore, K= K' and Kisnotameet-irreducibleideal, whichis acontradiction. 
The proof is complete. a 


Definition 5.4.23 


The decomposition K = K, 1 K, 0... 0K, of K by tertiary ideal K; (1 <I <1) is 
called irredundant if no K; can be omitted. 


Lemma 5.4.24 (Lemma 3.7 of Satyanarayana, 1982) 


If K=K, 1K, qQ... 0K, is anirredundant decomposition by tertiary ideals K; 
(1<I<n), then trad(K) =P; 0 P,0... 0 P,, where P; = t-rad(K)). 
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Proof 


Letae P} AN P2O...0P,and a¢ K. Then there exists i such that a ¢ K;, say 
o ¢ K,. Then there exists B, € <a> such that a <B,> Cc K, and B, ¢ K;,. If B, € 
K,, write B, = B,. If not, there exists B° € <B,> such that B’ ¢ K,anda<f’>ckK,. 
Write B, = 8°. After choosing §,, B,, ..., 8, with the properties a<B> Cc K, and 
B,e <B,;,> for 2<i<r-1, choose B, as follows. If B,_,¢ K,, then write B, = B,_, 
and if B,_, ¢ K,, then there exists B,” € <B,_,> such that a<B,'> Cc K, and B," ¢ K,. 
Then write B,=B,. Now we get a <B> ca<B> CK, for1 <israndB,¢ K. This 
implies that a<B,> c K and B, € K. 
Hence, a € t-rad(K). 


Converse 


Let a € t-rad(K). Fix some i (1 <i <1). Since K = K, NK, 0... OK, is irredun- 
dant, there exists @ € G such that a € K; for every j#ianda¢ K;. a¢ K 
implies that there exists B € <a> such that B ¢ K and a<B> c K. Since B € 
<a> Cc K; for j #i and B ¢ K, we have f ¢ K;. Since K c K;, we have a<B> c K;. 
By Lemma 5.4.20, we get a € t-rad(K)). | 


Lemma 5.4.25 (Lemma 3.8 of Satyanarayana, 1982) 


If K, and K, are tertiary ideals of G such that t-rad(K,) = t-rad(K,), then K, 7 K, 
is tertiary and t-rad(K, 7 K,) = t-rad(K,) = t-rad(K,). 


Proof 


Write K= K, 0 K,. By Lemma 5.4.24, t-rad(K) = (t-rad(K,) N t-rad(K,)) = t-rad(K,) = 
t-rad(K,). To show that K is tertiary, leta ¢ N and B € G\K such that a<B> CK. 
Since B ¢ K= K, 0 K,, we have B ¢ K, or B¢ K,. If B é K,, thena € t-rad(K;,) = 
t-rad(K). If B ¢ K,, then a € t-rad(K,) = t-rad(k). 

Hence, by Lemma 5.4.20, we have that K is a tertiary ideal of G. | 


Definition 5.4.26 


A decomposition K = K, 0 K, 1... 0 K, of an ideal K by tertiary ideals K; is 
called reduced if it is irredundant and the ideals t-rad(K,)s are distinct. 


258 Near Rings, Fuzzy Ideals, and Graph Theory 


Theorem 5.4.27 (Theorem 3.10 of Satyanarayana, 1982) 


If G has ACC on ideals, then every ideal of G has a reduced decomposition 
by tertiary ideals. 


Proof 


Let & be the set of all ideals of G that do not have a reduced decomposition. 
If R # © (since G has ACC on ideals), then R contains a maximal element K! 
(say). Since K! is maximal in K, we have K' is meet-irreducible (if not K' is an 
intersection of two ideals with reduced decomposition, and hence K' has a 
decomposition by tertiary ideals. By Lemma 5.4.25, K' has a reduced decom- 
position, which is a contradiction since K! € &). Since K' is meet-irreducible, 
by Lemma 5.4.22, we have K! is tertiary, which is a contradiction. Hence, 
R=. | 

To prove the uniqueness theorem of tertiary decomposition, we need the 
following lemma. 


Lemma 5.4.28 (Lemma 3.11 of Satyanarayana, 1982) 


Let A, B, A’, B' be ideals of G such that A, A! are tertiary, t-rad(A) # t-rad(A), 
and K=AMB=A!B!. Then K=B=B1. 


Proof 


Let ae BO B'. Since t-rad(A) # t-rad(A}), there is an element in one but not in 
the other, say a € t-rad(A) such that a ¢ t-rad(A!). Suppose a ¢ K. 

Since o, € B, it follows that a ¢ A. By Lemma 5.4.5, there exists B € <a> such 
that a <B> Cc A and B ¢ A. Also, a<B> C axa> C <a> C B. Therefore, a<B> Cc 
KcA'. Since B ¢ A, we have B é Kand hence B ¢ A!. Since A'is a tertiary ideal, 
by Lemma 5.4.20, a € t-rad(A?). This is a contradiction. Hence, B 1 B'CK. & 


Theorem 5.4.29 (Theorem 3.12 of Satyanarayana, 1982) 


If the ideal K of G has two reduced decompositions K = K, 0 K, 0... 0 K,= 
Ki nk,'a... Kj, then r=s, and the set of ideals t-rad(K;) (1 <i<1r) coincides 
with the set of ideals t-rad(K;’) (1 <j <5). 


Proof 
Suppose t-rad(K,) # trad(K;') for all 1 <j <s. Since K=K, VK,0... 1 K,=K)'9 


KA... 0 K,!, by Lemma 5.4.28, we have 
K=K,NK30... VK, AK)! 0K! 0... 0 Ky. 
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Now K has two decompositions, K = K, 0 K, 0... 0K, and 

K=K, 0K... 0 K,A KOK! 0... 0 K,!. Since t-rad(K,) and t-rad(K,!) 
are distinct, we have K= K, 1 K,30... 0K, K3'0... AK. 

If we continue up to s steps, finally we get K= K, 1 K,;0... 0K, whichis a 
contradiction (since K = K, 0 K, 0... 0 K, is a reduced decomposition). 

Hence, t-rad(K,) = t-rad(K;') for some j (1 <j < s). In the same way, given i 
(1 <i <7), there exists j (1 <j <s) such that t-rad(K}) = t-rad(K;'), which implies 
thatr<s. 

A similar argument shows that s <r. 
Hence, s = r, and the set of ideals t-rad(K,), 1 < i < r coincides with the set of 
ideals t-rad(K;'), 1 <j <s. Oo 
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6 


Matrix Near Rings 


6.1 Preliminary Results 


In this chapter, we present investigations related to the relationship of two- 
sided ideals of a near ring N to those of a matrix near ring M,,(N). 

We recall the notation for a Cartesian product of n copies of a set: if L is 
a subset of N, then L” denotes the Cartesian product of n copies of L (n is a 
positive integer). 


Result 6.1.1 


(i) (Proposition 4.1 of Meldrum and Van der Walt, 1986): If L is a left 
ideal of N, then L” is an ideal of the M,(N)-group N". 

(ii) (Corollary 4.2 of Meldrum and Van der Walt, 1986): If L is a left 
ideal of N, then (L": N") ={A € M,(N) | Ap € L” for all p € N"} is a two- 
sided ideal of M,N). 


Proof 


(i) First, we have to show that L” is anormal subgroup of N". 
Let a=(4,,...,4,), B=(b,...,0,) € L". 
Now a-f8=(@,-0,,...,4,—0,) € L" (since L is a left ideal of N). 
Let r=(r,,...,7,) € N". Nowr+Q-r=(\+4,-1,...,%+4,—-1;) € L". 
Therefore, r+oa-—re L" forallae L"andre N". Thus, L” is anormal 
subgroup of N". 
Suppose & = (a, ...,4,) € L" and r=(r,...,17,) € N". Now we have 
to show that for any matrix A € M,(N), there is o! € L" such that 
Ar + a) = Ar + co. We will show this by induction on w(A), the 
weight of A. 
Let w(A) = 1 and A = f;. 
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Now A(r+a)= fa(r+o) 

=(0,..., 8(1;+4;), ...,0) 

= (0,..., 87; 57; + 5(7; + a;)—57; +57;,...,0) 

=(0,..., 8% +4}, ..., 0) (where ai €L) 

(Ong Ohy cing) HG) ate 8) 

= (fi)(n, ve Tn) +o (where ale L") 

= Ar+a' 
Suppose the preceding statement is true for all the matrices with 
weight < m (m 2 2). 


Let wim) =m and A =B+C or A= BC, where w(B), w(C) < m. 
Now A(r+ a) =(B+C)(r +a) 


= Bir+a)+C(r+a) 
= B(r+a')+C(r+a"), where a', a! € L" 
=Br+Cr—Cr+o'+Cr+aure L” 


=(B+C)r+o', where a! =-Crt+1+Cr+ale L" 


= Artal. 
Let A = BC. 
Then A(r+ a) = (BC)(r+ a) 
= BIC(r+a)] 


= B[Cr+a''] (where a" € L") 
= B(Cr)+a'"' (where a!" € L") 
=(BC)r+a'" (where a" € L") 


= Art+a'" (where a! €L"). 

Let Ae M,,(N),r EN", and wae L". 
Now A(r + a) — Ar =Ar+a!—Are L" (since ao! € L"and Are N"). 
Therefore, L” is an ideal of the M,,(N)-group N". The proof is complete. 
Let A, B € (L": N") and p e N". Now 

(A — B)p = (A + (-B))p = Ap + (-B)p = Ap — Bp € L". 
This means that (A — B) € (L": N"). Therefore (L" : N”) is a subgroup 
of M,,(N). 
Take Ae (L": N")andCe M,(N). Then (C+A-C)p=Cp+Ap—Cpe L" 
(since Ap € L” and L" is anormal subgroup of N"). Therefore (L" : N”) 
is anormal subgroup of M,(N). For A € (L": N") and Ce M,(N), we 
have (AC)p = A(Cp) € L”. Therefore, L" is a right ideal of N”. Finally, 
for A € (L": N"),C, Cle M,(N), we have 


(C(C! + A) — CC})p = (C(C! + A))p — CC'p = C(C'p + Ap) — CC'p € L”. 
Hence (L" : N") is a two-sided ideal of M,,(N). 


Gi 


we 
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Proposition 6.1.2 (Proposition 4.3 of Meldrum and Van der Walt, 1986) 
Suppose I, and I, are two-sided ideals of N. Then I, # I, if and only if 
(Ii :N") # (I3:N"). 

Proof 

Suppose I, # I,. Take a € I,\I,. Since I, is a right ideal, we have f/, € (Iz: N") 


Further, since (1, 0, ..., 0) ¢ I, we have that f{; ¢ (Ii : N"). Thus, we proved 
that (I? :N")#(I7:N"). 


Converse 


Suppose that (I}': N") # (Iz: N"). Take A € (I: N") # (Iz: N"). Let p € N" such 
that Ap ¢ Iz. Suppose that Ap = (a, a, ..., 4,) with a, € I,. Then 


Eu ACftt +...+ fit CL, 0, ...,0) = (ax, 0, ...,0). 
By Corollary 2.4.22, it follows that the matrix on the left is equal to f/f. 


Now, since E,, is zero-symmetric, we have fif €(/7:N"). But fff ¢ (I7:N"). 
Therefore, a, € I,\I,. The proof is complete. | 


Definition 6.1.3 


(i) Let I be an ideal of M,N); then I, = {x € N | xe im(z; A) for some 
Ae landj,1<j<n}. 
(ii) If lis an ideal of N, then the related ideal I* in M,N) is defined as 


I'={Ae M,(N) | Ape I" forall p € N*}. 


Result 6.1.4 (Lemma 4.4 of Meldrum and Van der Walt, 1986) 


If lis a two-sided ideal of M,(N), then a I,, if and only if fii € 1. 
Proof 


Suppose a é I[,. This implies that there exist A ¢ Jandp € N"andje {1,2,...,n} 
such that 1,(Ap) =a. 
Since A € [and [is a right ideal, there exists B € I such that Ap = Be,. 
Now, Be, = B( fii a far sax fnyer 


= ( tet fort... + fit Jer (by Theorem 2.4.21) 
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Therefore, a= 1 ;(Ap) = 1;(Be;) 
= n,(fit east wt Je 
= ti; (a, athery an) 
= aj. 
Now EyB( fit fart... + fr )(O,---1 On) = Eaj( fil + fab +... + fat (Ota, «2, On) 
= Eyj(a,0, A201, «++, 4,011) 
= (aj0,0, rey 0) 
= (ac,,0, Seay 0). 


Since fii(O1,..-, On) =(a01,0,..., 0), we have 
EyB( fit fut suet fin) (Ou, Jap ig = Fil Oty xing Ola) 


Therefore, EyB( fit + fa Asante fu = fi el. 


Converse 
Suppose that f{, eI. Take A= fii. 


7,A(1,0, wee 0)=1,(4,0, . O=a 


Therefore, a € I. r 


Result 6.1.5 (Corollary 4.5 of Meldrum and Van der Walt, 1986) 


If lis a two-sided ideal of M,(N), thena eé I. if and only if fj €¢ [for alll <i<n, 
1<js<n. 


Proof 


Suppose a € I.. Now, by Result 6.1.4, we have fii € I. 
= fifi; el (since I is an ideal of M,(N) and E;; is zero symmetric) 
>ffel sfaffel => ffel. 

Converse 


Suppose that fj €I for alll <i, j<n. This implies that fi, €1,andsoael.. ™ 


Theorem 6.1.6 (Proposition 4.6 of Meldrum and Van der Walt, 1986) 


If lis a two-sided ideal in M,N), then I. is a two-sided ideal in N. 
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Proof 


Suppose I is a two-sided ideal in M,,(N). We will show that I. is a two-sided 
ideal in N. 
Let a,b € L. This implies ft, fi eI. 
Now Ficl = fi- fh é 1. This implies a—be I.. 
Letae I.andre N. Now fi*" = fii+ fii— fir € I. This implies r+a—re Is. 
Also fi = fii fire I. This implies ar € I. For any 1,71 € N, and ae I, 


a = fir fil = fi [fi + fii |- AP el. 


Therefore, rr! +a) -rrle I. 

Hence, I. is a two-sided ideal of N. 

Now we state certain results from Meldrum and Van der Walt (1985) with- 
out proofs. | 


Proposition 6.1.7 (Proposition 4.7 of Meldrum and Van der Walt, 1986) 


For two-sided ideals I’ in M,(N) and I in N, we have 


(i) (I) 2Iand (ii) (I’), =1 


Proposition 6.1.8 (Proposition 4.8 of Meldrum and Van der Walt, 1986) 


There is a bijection between the set of ideals of N and the set of full ideals of 
M,(N) given by I > I’ and I > I. such that (I). = I and (I.) = I for an ideal I of 
Nand a full ideal I of M,,(N). Moreover, 0 and M,(N) are full ideals of M,,(N). 


Definitions 6.1.9 


(i) Anelement A € M,,(N) is said to be nilpotent if there exists a positive 
integer k such that A‘ = 0. 
(ii) The matrix near ring M,(N) is said to be reduced if M,(N) has no 
nonzero nilpotent elements. 


Theorem 6.1.10 (Theorem 1.3 of Satyanarayana, Syam Prasad, and 
Pradeep Kumar, 2004) 


Consider M,,(N) as an M,(N)-group. 


(i) If N?=0, then M,(N) =0. 
(ii) If M,(N) has insertion of factors property (IFP), then N* = 0, and 
hence, N‘ = 0 for all k > 4. 
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(iii) 
(iv) 
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If N‘ #0 for some k > 4, then M,,(N) has no IFP. 
If N is a near ring with identity 1 and N* #0, then M,,(N) has no IFP. 


Proof 


(i) 


Suppose N is a near ring such that N? =0. 
Let a € N and consider fj. For any (x1, Xz, ...,X,) € N", we have 


fii 1, X24-++, Xn) = (0,..., ax;, 0,..., 0) = (0, 0,..., 0) = 0 (since ax; € N? = 0). 


(ii) 


Now { f? |a¢ N} = {0}. Therefore, M,(N) = (0). 
Let us suppose that N*# 0. 
Then there exist a, b, c,d € N such that abcd 4 0. Now 


fia fsa(%X1, X2, X3, X4, X5, seers Xn) om fi2(0, 0, CX4, 0, sees 0) 


(iii 


(iv) 


eS 


= (a0, 0,..., 0) 
=(0,0,..., 0) (since N is zero-symmetric). 


Therefore, f12 f34 = O (here O = (0, 0, ..., 0)). 
Since M, iN) ) has IFP, we get as fo A f= =O forallA e M,(N). 
Take A= fe Then fi3 fe fia = 
Now (0, 0, coer 0) = fo fs a X2,%X3, d, 0, coos 0) 
= fib fxs(0, 0, cd,0,...) 
= f'(0, bed, 0,0,..., 0) 
= (abcd, 0,..., 0). 
Therefore, abcd = 0, which is a contradiction. 
Thus, we have proved that if M,,(N) has IFP, then N*= 0. 
Follows from (ii). 
Since N?2 + 0, there exist a, b € N such that ab 40. 
Let us suppose M,,(N) has IFP. Now 


fia fralX1, X2, X3, Xa, X5, sees Xn) = fi2(0, 0, X4, 0, seer 0) =(0, 0, sees 0). 


Since M,,(N) has IFP, we have that fj A fs, =O for any A € M,,(N). 
Therefore, fis fx faa =O 
Now (0,...,0) = id fas faa (1,1,..., 1) 
= fis fs (0,0,1,0,...,0) 
= fi (0,b,...,0) 
= (ab,0,...,0). 
Therefore, ab = 0, which is a contradiction. Hence, M,(N) has no IFP. 
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Proposition 6.1.11 (Proposition 1.1 of Syam Prasad 
and Satyanarayana, 1999) 


If M,(N) is reduced, then N has IFP. 
Proof 


Suppose M,,(N) is reduced. 
Let a, b, n € N such that ab = 0. Since N is zero-symmetric, we have that 
a =O. 
Consider ( ae 
Now (it) = fate = fit! (by Lemma 2.4.14) 
= fie (since ab = 0) 
=f7=0 (since N is zero-symmetric) 
Therefore ( ‘ci y =O. Since M,,(N) is reduced, we have that 7 = = 
Now, fi’ =O =(fir)(L,1,...,1)=(0,...,0) 
=> (ba,...,0)=(0,0,..., 0) 
=> ba=0. 
Consider ( a”) : 
Now (fi) = fit fiat = fir’ (by Lemma 2.4.14) 
= ot il (since ba = 0) 
= fi’ =O (since N is zero-symmetric). 


Therefore ( fi” y =O. Since M,,(N) is reduced, we have that f{7” =O. 
So (fil )(1, 1, ..., 1) = O. This means that (anb, 0, ..., 0) = (0, 0, ..., 0). 
Therefore, ab 0. Hence, N has IFP. | 


Proposition 6.1.12 (Proposition 1.2 of Syam Prasad and 
Satyanarayana, 1999) 


Let I be an ideal of M,,(N). If I has IFP, then I, has IFP in N. 
Proof 


Suppose I has IFP. Let a, b,c € N such that ab é€ I.. 

It is enough to show that acb € L. 

Since a e L, by Result 6.1.5, fi’eI. So, by Lemma 2.4.14, we have 
fii fi= fe’ € I. Since I has IFP, we have that fiafy el forallAe M,(N). Put 


= = fi. 


Then fi” = fi fir fj €1. Therefore, ach € I. a 
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Proposition 6.1.13 (Proposition 4.9 of Meldrum and Van der Walt, 1986) 

N is simple if and only if M,(N) is simple. 

Proof 

Suppose N is simple and let I be any nonzero ideal of M,,(N). Since I. is a non- 
zero ideal and N is simple, it follows that I. = N. Now by Result 6.1.4, we have 


that E;,€ I for all 1 <i, j <n. This means that I= M,,(N). Hence, M,,(N) is simple. 


The other part follows from Proposition 6.1.2. Oo 


6.2 Prime Ideals in Matrix Near Rings 


We begin this section with the following result. 


Proposition 6.2.1 (Proposition 4.11 of Meldrum and Van der Walt, 1986) 


If an ideal I of N is a prime (semiprime, respectively) ideal, then I* is a prime 
ideal (semiprime, respectively) in M,N). 


Proof 


Let I be a prime ideal in N. To show I*is prime in M,N), suppose Aand Bare 
two ideals of M,(N) such that AB cI’. We have to show that Acrkor8clI. 
Let us suppose that AZ I* and BZ I’. Then there exist Ae Aand Be Bsuch 
that A, B ¢ I*. This means there exist p, o € N" such that Ap ¢ I” and Boe I". 
Now write Ap = (@,, az, ...,4,). Since A € <A> and <A> isa right ideal of M,(N), 
we have C € <A> such that Ap = Ce,. This implies that 


EuC{ fit fnt...+ fn | (04).-./0n) = Exx[ it for te... | Chigca Ge) 
= fk (A1041,...,AnOln) = (40, 0,...,0) 


= fit (Oy) << ha): 


This means fi{ €<A>. 

So, fii € <A>\I*. Therefore, there exists a = a,¢ I such that fii « <A>\I’. 
Similarly, since Bo ¢ I", we have that there exists b ¢ I such that fi, € <B>\I’. 
Since a ¢ I,b € I, we have <a> Z I and <b> € I. Again, since <a><b> € I, there 
exist ce <a> andde <b> such that cd ¢ I. 
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This implies 


fel. 6.1) 


Now ce <a>. Write X = {a}, using <a> = U9 X;. To prove fii €<fii>, we use 
induction on m, where c € X,,. 

Suppose ce X,,and m=0. Thence X)=X = {a}. In this case, fii = fii € < fil>. 
Suppose m= 1. Then c € X; = Xp U Xp U Xp U XH. 

Ifc e Xo, thenc=n+a—-n. Then fii= fir" = fiit fi — fire <fai>. If ce xt. 
then c=a—a=0. Now fii = = fi=0 e<fi>. fc € X$, thenc=n(n! +a) — nn!. Now 
fa= Fe +a) mnt = fi(fi tse fi e<fi>. Ifc € X4, then c =an for some 
ne N.Now fi = fifi €< fir>. Therefore, c € <a>. Thus, fire < fii> for m=1. 

Induction Hypothesis: Suppose fi €<fii> for allc € X,_;. 


Suppose ce X,= Xp U Xf U Xf U Xe Ife Xpu, thenc=n+x-n 
for some x € X,,. Now fa = fil" = flit fii - fl €<fi>.Ifce Xp4, thenc= 
x—y for some x,y € X,4. Now fi=fa" = fi-fie<fi>. 

Ina similar way, we can prove that if ce X{_1 orc € Xi4, then ffi e< fii>. 

Therefore, c € <a> implies fiie<fir> C<A>. Similarly, d € <b> implies 
fa € <fi> <B>. Thus, ia = fafa € <A><B> CAB cI. 

Therefore, 


fi ef. (6.2) 


Thus, from Equations 6.1 and 6.2, we have a contradiction. 

So, either A cI or B cI’. Hence, I’ is a prime ideal in M,(N). The proof is 
complete. | 

The other part of the proof is similar. 

A straightforward verification provides the following note. 


Note 6.2.2 


(I,) & (1,)' for any two ideals I, and I, of N with I, ¢ I). 


Definition 6.2.3 (Booth and Groenewald, 1991) 


(i) Anear ring N is said to be equiprime if for all0 #ae Nand x,ye N, 
arx =ary for all re N implies x = y. 
(ii) An ideal P of N is called an equiprime ideal of N if N/P is an equi- 
prime near ring. 
(iii) A near ring N is called strongly equiprime if for all 0 #4 € N, there 
exists a finite subset F of N such that x, y € N, afx =afy for all y € F 
implies x = y. 
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Definition 6.2.4 


An ideal P of N is said to be a 3-prime ideal if a,b ¢ N,aNb c Pimplies ae P 
or be P. If (0) is a 3-prime ideal in N, then N is called a 3-prime near ring. 


Definition 6.2.5 


Anelement A € M,,(N) is called a diagonal matrix if A = f{] + fos +... + fr 
where r;¢ N for 1 <i<n. 


Now we present the following notions: 


(i) “A is jth row equivalent to B” for two elements A, B € M,,(N) 
(ii) jth row strictly equiprime near ring 
(iii) jth column scalar r-matrix 


We prove that (i) for any A, B « M,(N), A = B if and only if A is jth row 
equivalent to B for all 1 <j <n; and (ii) every equiprime ideal is a 3-prime 
ideal. 


Definition 6.2.6 


(i) Let A, B € M,(N). Then we say that A and B are jth row equivalent 
matrices (or A is jth row equivalent to B) if (fj +...+ fiJA=(fip t+... + 
fnj)B. 

(ii) Take j such that 1 <j <n. Then M,N) is said to be jth row strictly 
equiprime, if for any 0 # A € M,(N) there exist @ € M,(N) such that 
AogU=A QV, implying U and V are jth row equivalent. 

(iii) N is said to be strictly equiprime, if for any 0 #4 € N there corre- 
sponds an element x,€ N such that u,v € N and ax,u =a x,v0 > u=v. 


The following note is straightforward. 


Note 6.2.7 


(i) jth row equivalence is an equivalence relation. 
(ii) Every strictly equiprime near ring is strongly equiprime. 


Definition 6.2.8 


Let1<j<nandAe M,,(N). Then 
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(i) Ais said to be a jth column matrix if there exists r,¢ N,1<i<nsuch 
that A=(fip+ ... + fa). 

(ii) A is said to be a jth column scalar matrix if there exists re N such 
that A = (fi/ + ...+ fn). This matrix is also called a jth column scalar 
r-matrix. 


Note 6.2.9 


Let U, Ve M,,(N). Then (fi;+ ... + fil = (fi +... + fiV 


= [fp +... + fi UMS, «27 Sn) = (fj +--+ fig VV (St, «7 Sn) 

for all (51,...,5,) EN". 
= (fi; te. + fr U (St, 0-7 Su) = (fj +. + fig )V(S1, «27 Sn) 

for all (s,,...,5,)€N". 
= [U(61,.../8,)]),-+-, [U(S1,.+<7 80); = [WV St, <0) Sa djy eee [WSay 7 Se] 

for all (s1,...,5,)é€N". 
= [U(s1,..., $:)]; =[V(S1, ..., $2]; for all (S1,...,5,) EN”. 
A straightforward verification results in the following Remark 6.2.10 


and Proposition 6.2.11. An immediate consequence of Proposition 6.2.11 is 
Corollary 6.2.12. 


Remark 6.2.10 (Remark 2.5 of Satyanarayana, 
Rao, and Syam Prasad, 1996) 


A =B if and only if A and B are jth row equivalent for all j with 1 <j <n. 
Proof 


Suppose that A and B are jth row equivalent for all j (1 <j < n). Let 
(11, ...,1,) € N". We have to show that A(r, ...,17,) = B(r,, ...,17,). Let us suppose 
that A(7,, ..., 7,) # BQ, ..., 7,). Then [A(1, ..., 7,)];# [By .-., 7,)]; for some j. 
This implies that (fi; +...+ mn )A# (fii tet ni) B (by Note 6.2.9). This 
implies that A and B are not jth row equivalent, which is a contradiction. 
Hence A = B. 
The converse part is clear. | 


Proposition 6.2.11 (Proposition 2.6 of Satyanarayana, 
Rao, and Syam Prasad, 1996) 


In a zero-symmetric near ring N, every equiprime ideal is a 3-prime ideal. 
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Proof 


Suppose P is an equiprime ideal of N. To show P is a3-prime ideal, take a,be N 
such that aNb c P. We have to show that either a € P or b € P.Supposea ¢ P. 
Thena+P#0+Pand (a+ P)N(b+ P)=0+P. 
This implies a+ P#0+ Pand @+P)(n+ P)(b+P)=(0+ P) forallne N. 
Since N is zero-symmetric, for all n € N, we have that a + P #0 + P and 
(a+ P)\(n+ P\b+ P)=(a+P)(n+P)O+ P) forallne N. 
This implies b+ P=0+P=> be P. 
Hence, P is a 3-prime ideal. a 


Corollary 6.2.12 (Corollary 2.7 of Satyanarayana, 
Rao, and Syam Prasad, 1996) 


Let N be a zero-symmetric near ring. If N is equiprime, then N is 3-prime. 
Proof 


Suppose N is an equiprime near ring. Then by definition, <0> is an equi- 
prime ideal. By Proposition 6.2.11, <0> is a 3-prime ideal. This implies that N 
is a 3-prime near ring. 

Now we consider near rings N with 1. a 


Proposition 6.2.13 (Proposition 3.1 of Satyanarayana, 
Rao, and Syam Prasad, 1996) 


Let N be a strictly equiprime near ring with 1. Then M,,(N) is jth row strictly 
equiprime for 1 <j <n. More precisely, if A ¢ M,(N) such that 


() A#0 with [A(‘, 1, ..., 7,)]; #0, then there exists a diagonal matrix B, 
and 

(ii) for each j (1 <j <n), there is a jth column scalar r,-matrix C; such that 
u, Ve M,(N) and A(BC)U = A(BC)V = U is the jth row equivalent 
to V, forl <j<n. 


Proof 


Given that A € M,N) such that (i) A 4 0 with [A(", 1, ..., 7,)], #0. Since N is 
strictly equiprime, there exists x,€ N such that ax,u = ax,v => u =v. Consider 


the diagonal matrix B= fi + foi +...+ fin and jth column scalar r-matrices 
Cj = fii +...+ fi} for 1 <j <n, where r= x,. Write D = BCje M,,(N). 
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(ii) Now suppose that ADU = ADV (that is, ABC|U = ABC,V). Now we have 
to show that U is jth row equivalent to V. 
Let us suppose that U is not jth row equivalent to V. This means 
(fipt...+ fil # (fy t...+ fay V 
=> (fj +...+ 1 UM(s1, eas Sn) Fx (fj +...+ iV] (51, Lay Sn) 
for some (51,..., 8,) € N" 
= [(U(s1,..., 8u)]j) #1V (81, -- 6, Sn]; (by Note 6.2.9) 
=a x {U(s1,..., $n)]j #4 XV (S1,.--, Sn) i 
= [A(n, t2,..-, Me): XalU(S1,..., 8n)]; ALAC, 12, +--7 Mm) Xa[V (81, «-1 Sn); 
=> [A(n, Wap seey Tr) I [x.(U(s1, aad Sn) # [A(n, Wap wees T)] [x.(V(s1, eit 2 Sn) ;] 
=> Al(fii + fot +...+ frm) fi? + fof +...+ fa?) U(S1,.--, Sn)] 
# ALi + fas tu fan) Cay + fof +e fi) Vir Sa] 
= Al(fil + fas +...+ fin) (Ali + fai +--+ fj) U(S1, --- Sn] 
# ALS + fad +...+ fan) (Aj + fj +--+ fas) V(S1,..- 8n)] (Since 7 = x4) 
= ABC,U # ABC,V, a contradiction to our supposition. 


Hence, U and V are jth row equivalent for 1 <j <n. Oo 


Corollary 6.2.14 (Satyanarayana, Rao, and Syam Prasad, 1996) 


Suppose N is a near ring with 1. If N is a strictly equiprime near ring, then 
M,(N) is strongly equiprime. 


Proof 


Suppose N is a strictly equiprime near ring. Let0#A € M,,(N). Since M,,(N) is 
a strictly equiprime near ring for each 1 <j <n, there exists Dj ¢ M,(N) such 
that AD|U = AD,V = U and V are jth row equivalent. 

Now, write F = {D;/1 <j < n}. Suppose AfU = AfV for all fe F > ADU = 
AD\V for allj (1 $j $n) > Uand V are jth row equivalent for allj (1<j <n) => 
U = V (by Remark 6.2.10). | 


Note 6.2.15 


If RCM,(N) is right invariant, then RN" = Re, (a subset I of N is called right 
invariant in N if IN cI). 


Verification 
Suppose & is right invariant in M,,(N). 
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Then 
RM,(N) CR (6.3) 
Let Aa € RN", where Ac Rand ae N". Since a € N", there exists B € 
M,N) such that o = Be, So Aa = A(Be,) = (AB)e,€ Re, (by Condition 6.3). 
Therefore, Aa € Re,. This implies that RN" c Ke,. Also, clearly, Re, c RN". 
Hence, RN"= Re). 


Theorem 6.2.16 (Theorem 3.3 of Satyanarayana, 
Rao, and Syam Prasad, 1996) 


If lis a prime left ideal of N, then I* is a prime left ideal in M,,(N). 
Proof 


Suppose I is a prime left ideal in N. Since I is a left ideal in N, by Result 6.1.1 
(ii), we have that I* is an ideal in M,,(N). 

Now we have to show that I* is a prime left ideal. Let us suppose that I" is 
not a prime left ideal. Then there exist two left ideals L,, L, in M,,(N) such that 
L,,L,cI,L, ¢I L, cI’. Then there exist A € L,\I*, B € L,\I* which imply that 
there exist p, gq € Nn such that Ap ¢ I" and Bq ¢ I". Write Ap = (a4, a, ..., Ay) 
and Bq = (cy, Cs, ..., Cy). 

Since Ap ¢ I" and Bq ¢ I", there exist k, s such that a, ¢ Iand C,¢ I. AL, Cc 
L,L, cI", and I* is an ideal. By Theorem 4.1.19, we get <A>L, c I* 


=> <A><B>, ¢<A>L, CI'(since BC L,) 


=><A><B>,cI. => <A><B>,M,(N) CI (sinceI’ is anideal). (6.4) 


Since <A> is right invariant, by Note 6.2.15, <A>N" = <A> e,, where e, = 
(1, 0, ..., 0). 

Now Ap € <A>N"= <A> e, => there exists C € <A> such that Ap = Ce,. 

Since Ap = (@,, do, ..., a,), we have 


(a, Ag, -.+, A,) = Ap = Ce, 


=C[(firt fot...+ frndler 
= [fil+ fB +...+ fle, (by Theorem 2.4.21) 
=(b,, bo,..., by) > a; = 0; for alll <i<n. 


Cl(fiit fot...+ fimdler =[fitl + fag +... + a) al ii lt foo +...+ fin J. 


Now consider ExCLfii + far +... + fim)] (O41, 02, ..+, On) 


= Ex l fit lt foo +...+ nn )] (O41, Qo, .-, On) = fit (04, Oo, +, 0.,,)- 
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Therefore, E,,C[( fi + fo +...+ fol= fit => fie <A> (since Ce <A> and Ey, 
is zero-symmetric). 
Therefore, fit € <A>\I' (since a, ¢ I, fit ¢ I’). Suppose q = (x1, Xy, ..., X,). By 


Theorem 2.4.21, there exists y, 1<i<ninN ae that 


Bhfitit for +... + fatl=(fti + far +... + fal): 
Consider (1, C2,..., Cn) = Bq = BEfil+ foe +...+ fot] (L, 0,..., 0) 
=[firl+ far +...+ fat] (1, 0,..., 0) 


=(1, Y2, toes Yn) 
aaa forlsis<n. 


Now B[ fii l+ foe +...+ fat = Lf 1+ fe +...+ fit =U 14 foo +...4+ fa. 
Consider E,,B[ fii 1+ foe +...+ fit (01, O2,..., a 
_ E.slLfil+ fot +. + fit (O41, Oo, .-, On) = fri(Qu, Oo, .e, Ol). 


Therefore, fri = E,,BLfiti + for +... + far] © <B>.M,,(N). 

Hence, fif € <A> and fy} € <B>,M,(N). This implies that 

fit = fil fri € <A><B>,M,,(N) c I (by Condition 6.4) 

=> a,c,€ I, which is a contradiction. 

Hence, I* is a prime left ideal of M,,(N). Oo 


Proposition 6.2.17 (Syam Prasad, 2000) 


If I is a completely prime ideal in M,,(N), then I. is a completely prime ideal 
in N. 


Proof 


Suppose I is a completely prime ideal in M,(N). By Theorem 6.1.6, I. is an 
ideal of N. Let a, b € N such that ab € I.. Now ab ¢€ I.. By Result 6.1.4, we have 
fa eI. Again, by Result 2.2.14, we have fii ft € I. Since I is completely prime, 
we get that fi eI or fi el. 

Thus, by Result 6.1.4, we have a € I. or b € I.. Therefore, I. is a cs a 
prime ideal in N. 


6.3 Finite Goldie Dimension in M,(N)-Group N" 


In this section, we present some results on linearly independent elements 
(Li-elements) and linearly independent uniform elements (1.iu-elements) in 
N-groups N, and M,(N)-group N", and finally we present the result that the 
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Goldie dimension of an N-group N is equal to that of an M,,(N)-group N”. We 
use the notation N" to denote the M,,(N)-group N". 

We first present some important results on finite dimension in N-groups, 
which are useful for proving dimension results related to the M,,(N)-group 
N". We start with the following theorem. 


Theorem 6.3.1 (Theorem 2.5 of Satyanarayana and Syam Prasad, 2005) 


If G has finite Goldie dimension (FGD), then K is a complement ideal of G if 
and only if there exist licu-elements u, + K, u, + K, ..., U;, + K in G/K, which 
span G/K essentially with m = dim G — dim K. 


Proof 


Suppose that K is a complement ideal of G. Since K is a complement, by 
Corollary 5.1.31, we have that dim (G/K) = dim G — dim K. So, dim (G/K) = m. 
Hence, by Theorem 5.1.2, G/K contains m uniform ideals whose sum is direct 
and essential in G/K. We select one and only one nonzero element from each 
of these uniform ideals. Suppose these elements are u;+ K,1<i<m. 

Since u; + Kis anonzero element of a uniform ideal, we have that u;+ Kis a 
u-element in G/K. Now u;+ K,1<i< mare Li. and <u,+ K>@®... ® <u,,+K> 
is essential in G/K. 


Converse 


Suppose that there exist Li.u-elements u, + K, ..., u,, + K in G/K, which span 
G/K essentially. Then <u, + K> ©... ® <u,,+ K> <, G/K. This shows that dim 
(G/K) = m. Therefore, dim (G/K) = m = dim G — dim K. Now, by Corollary 
5.1.31, we have that K is a complement ideal of G. | 


Theorem 6.3.2 (Theorem 2.6 of Satyanarayana and Syam Prasad, 2005) 


Suppose G has FGD, dim G=n,k < n. If uy, us, ..., uy, are Liu-elements of G, 
then there exist u;,, ..., u,, in G such that Wy, Uy, ..., Up Ups, -.-, U, are elements 
of G that span G essentially. 


Proof 


Given that u,, 1 <i<k are l.icu-elements. Write H = <u,> © ... ® <u,>. Now, 
dim H=k. Since dim H=k <n=dim G, by Corollary 5.1.4, we have that H is 
not essential in G. Since H is not essential in G, there exists a nonzero ideal 
H! of G such that H M H!= (0). By Zorn’s lemma, 


B= {I/Tis a nonzero ideal of G such that H 7 I = (0)} 
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contains a maximal element, say J. By Result 5.1.11, we have that H © J is an 
essential ideal in G. Now n=dim G=dim (H 9 J)=dim H+ dim J=k+dim J. 

This implies that dim J =n — k. Since dim J = n — k, there exist Li.u-elements v,, 
Vy ..-, UV, in J such that the sum of <v;>, 1 <i<n-—k is direct and essential in J. 

Since H A J = (0), <u,> ®... ® <u,> =H, <v\> ©... ® <v,,_,> is essential in J, 
by Corollary 3.4.5, we have that <u,;> ® ... ® <u,> ® <u> ® ... ® <v,_,> is 
essential in H © J. 

Since H @ J is essential in G, we have that <u,>@... ® <u> @<vy>@...@ 
<v,,4> is essential in G. 

This shows that uy, Uy, ..., Uy Vy, ..-, 0,4, are Licu-elements that span G 
essentially. a 


Theorem 6.3.3 (Theorem 2.7 of Satyanarayana and Syam Prasad, 2005) 


If G has FGD, then the following are equivalent: 


(i) dimG=n 
(ii) there exist n uniform ideals U;, 1 < i < n whose sum is direct and 
essential in G 
(iii) the maximum number of 1.i.u-elements in G is 
(iv) n is maximum with respect to the property that for any given {x,, x, 
..., Xf Of Licu-elements with k < n, there exist x,,;, ..., X, such that 
{X1, Xy, ..., X,} are Liu-elements 
(v) the maximum number of 1.i-elements that can span G essentially is n 
and 
(vi) the minimum number of L.i-u-elements that can span G essentially is n 


Proof 


(i) & (ii): Follows from Theorem 5.1.2. 

(i) > (iii): Follows from Result 5.2.7. 

(iii) > (ii): From (iii), there exist l.icu-elements u,, 1 <i<n. This means <u;>, 
1 <i <n are uniform ideals and their sum is direct. If <u> ® ... ® 
<u,,> is not essential in G, then G contains a nonzero ideal H such 
that the sum of <u> ® ... ® <u,,> and H is direct. Since H is nonzero, 
by Remark 5.2.6 (ii), there exists a u-element u € H. Now uy, Uy, ..., Uy 
u are 1.i.u-elements, and they are n + 1 in number, which is a contra- 
diction. Thus, <u,;>@ ... ® <u,><, G. 

(i) => (iv): Follows from Theorem 6.3.1 and Result 5.2.7. 

(iv) = (iii): Straightforward. 

(i) © (v): Follows from Result 5.2.7. 

(i) = (vi): Let us suppose that there exist Li.u-elements u, 1 <i < k, 
and k < n such that u, 1 <i <k span G essentially. This means 
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<u,> ® ... ® <u,> S, G. By Theorem 6.3.1, there exist Li.u-elements 
Ups ---, U, Such that uy, Uy, ..., u,, are Li-u-elements 


=> (ku,> @... B <u>) A (KUj,;>) = (0). Since <u,;> ©... ® <u> <,G, we 
have that <1,,,> = (0) > u,,; = 0, which is a contradiction. 


(vi) = (ii): Suppose there exist Liu-elements u;, 1 <i <n in G that span G 
essentially. This means <ui>, 1 <i<n are uniform ideals whose sum 
is direct and essential in G. | 


We now present the notation relating to ideals of M,(N)-group N". 


Notation 6.3.4 


For any ideal I of N", we write 
Iw = {x ¢ N/x =1,A for some A € 1,1 <j <n}, 


where 7;is the jth projection map from N’ to N. 


Lemma 6.3.5 (Lemma 1.2 of Satyanarayana and Syam Prasad, 2005) 


Let I be an ideal of N”. Then 
I. = {x € N/(x, 0, ...,0) € I}. 


Proof 


Let x e RHS > (x, 0, ..., O)el 
=>1(x, 0, ..., J=xel. 


Take x € I. = x= 1A for some A = (x1, ..., X,) € I= x =x;. Since fi € M,(R) 
and A é€ I, by Theorem 3.2.16, we have that (x; 0... OS fi i A € I, which 
implies x;¢ RHS. The proof is complete. a 


Lemma 6.3.6 (Lemma 1.3 of Satyanarayana and Syam Prasad, 2005) 


I. is a left ideal of N. 
Proof 
Let n € Nand x é¢ I... Consider (1+ x — 1,0, ..., 0). Now (n+ x -1, 0, ..., 0) = 


(n, 0, ..., 0) + (x, 0, ..., 0) — (u, 0, ..., 0) € I (since I is an ideal of N"). Therefore, 
n+x-—ne I... This shows that I.. is anormal subgroup of N. 
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For 1,,1,€ N and x € I, we have 


(n(n, + x) — nny, 0, ...,0) = fiz, 0, ..., 0) + (x, 0, ..., 0) — fit, 0, ..., 0) € I, 


which implies that n,(n, + x) — nyn,€ I. Hence, I. is a left ideal of N. Oo 


Proposition 6.3.7 (Theorem 1.4 (i) of Satyanarayana 
and Syam Prasad, 2005) 


Suppose L is a subset of N. Then L is an ideal of N if and only if L” is an ideal 
of N". 


Proof 
Suppose L” is an ideal of N". Now 
XeLe(x, 0, ..., DEL" 
exe(L’),, (by Lemma 6.3.5). 


Therefore, L = (L")... By Lemma 6.3.6, we have that L = (L”).. is an ideal of N. 
The converse follows from Result 6.1.1. 


Lemma 6.3.8 (Lemma 1.5 (i) of Satyanarayana and Syam Prasad, 2005) 


If Tis an ideal of N", then (I..)" =I. 
Proof 


Let (1, Xo, -.+, X,) € (Ies)" 
=>x,e€ I.forl<isn 
=> (x, 0, ...,0) € I (by Lemma 6.3.5) 
=> fii(x;, 0, ...,0) € I (since I is an ideal of N") 
=> (0,..., pe .., O)€ Iforl <i<n. 
Therefore (X;, X5, ...,X,) = Di(O, ..., Xj, ..., 0) € I Hence (Is)"C I. 
The other part is clear from Notation 6.3.4. a 


Remark 6.3.9 (Remark 1.6 of Satyanarayana and Syam Prasad, 2005) 


Suppose I, J are ideals of N. Then 


ji) Ias=Foj and 
ii) IAJ=Oedasy"=O0) eloy'=(0). 


280 Near Rings, Fuzzy Ideals, and Graph Theory 


Proof 


(i) Clearly, INJ CLINT c].Sodaf/)"cl, La}"c]". 
Therefore (In J)" I' a J". Now 
(Xy Xo 0 X,) E PA]? 
=> (x, ...,x,) € I" and (x, ...,x,) € J” 
=>x,E€1x,;€ Jforlsi<n. 
>x,EIO]forlsisn 
=> (X1, Xo, .- X,) E IJ)". 
Therefore, I" q J'c (In J)". Hence (0 Jy" =I" J". 
(ii) IA J=() = Ca J)" = (0), and the rest follows from (i). | 


Note 6.3.10 


(i) If wis an element of N, then <(0,..., 1, ...,0)>=<(u,0,...,0)>. 
(ii) If U is an ideal of N and I is an ideal of N" such that I c U", then 
lee u. 
(iii) If A<, N, then A"<,N". 


Verification 


(i) Suppose u is an element of N. 
Then (u, 0, ...,0) € N". Now 


pat Os Oe 0 sin te 


Therefore, <(u, 0, . OPE, 41,0 4,0 
Consider (0, ..., hy ---, 0). Now 


0, ..., 4, ...,0) = fa (u, 0, ...,0) € <(u, 0, ..., 0)>. 


Therefore, <(0,..., 4, ...,0)>€ is 0, ..., 0)>. 
Thus, we verified that <(0, ..., 4, ... 0> <(u, 0, ..., 0)>. 
(ii) Suppose U is an ideal of N and Tis an ideal of N" such that Ic U". 
Now x € I.. = (x, 0, 0, ...,0) € I (by Lemma 6.3.5) 
=> (x, 0,0, ...,0) € U" (since Ic U") 
=> xe U. Therefore, I. c U. 
Suppose A" I = (0) and Tis an ideal of N". Now 
I= (L.)" (by Lemma 6.3.8). So, AA (I)" = (0). 
A" A (Ix) = (0) => (A 7 Is)"= (0) (by Remark 6.3.9) 
= AQ I1.= (0) (by Remark 6.3.9) 
=> I= (0) (Since A <, N) 
=> I=(0). 


(iii 


Se 


Matrix Near Rings 281 


Lemma 6.3.11 (Lemma 1.8 of Satyanarayana and Syam Prasad, 2005) 


If x, u are elements of N and x € <u>, then (x, 0, ..., 0) € <(u, 0, ..., 0)>. 
Proof 


Following the notation, we have <u> = J3_,Aj., where A,,, =A; U A?U At 
with A, = {u}. Here 
Aj ={m+y-m|meN, ye Aj}; 
Av ={a—b|a, be A;}; and 
Aj* ={m(n2+a)—mn2|m, no €N and ae Aj}. 
Since x € <u>, we have x € A, for some k. Now we show (by induction on k) 
that x € A,=> (x,0,...,0) € <(u, 0, ..., 0)>. 
Suppose k=0. Then x € Ay=A,= {uJ > x= u. 
Therefore, (x, 0, ...,0) =(u, 0, ...,0) € <(u, 0, ...,0)>. This shows that the state- 


ment is true for k =0. 
Suppose the induction hypothesis for k = i, that is, 


xe A;=> (x, 0,...,0) € <(u, 0, ..., 0)>. 


Let x € Aj, =AfUAPU AF. 
Case (i): Suppose x € A;. 
Xe Aj>x=m+y-—m forsomeme N,y€ A;. Now 


ye A;=> y, 0, ...,0) € <u, 0, ..., 0)>, 
and so 


(x, 0, ..., 0) = (m, 0, ..., 0) + (y, 0, ..., 0) — (m, 0, ..., 0) € <(u, 0, ..., 0)>. 


Case (ii): Suppose x € A}. 
xe AP=>x=a-—bforsomea,be A; Nowa, be A; 
=> (a, 0, ..., 0), (b, 0, ..., 0) € <(u, 0, ..., 0)>, and so 


(x, 0, ...,0)=(a—-b,0,...,0)=@ 0, ...,0) — (0,0, ..., 0) € <(u, 0, ..., 0)> 


(by the induction hypothesis). 
Case (iii): Suppose x € A;*. 
xe Ats>x=n,(n, +4) —n,n, for some n,,n,€ N,andae A;. Now 


(x, 0, ...,0) = fit! (Mz, 0, ..., 0) + G@, 0, ..., 0) — fit! (Mz, 0, ..., 0) € <u, 0, ..., 0)>. 
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Therefore, (x, 0, ...,0) € <(u, 0, ..., 0)>. 
Thus, by mathematical induction, we have that (x, 0, ...,0) € <(u, 0, ...,0)> 
for any x € <u>. The proof is complete. Oo 


Theorem 6.3.12 (Theorem 1.9 of Satyanarayana and Syam Prasad, 2005) 


If u is an element of N, then <u>" = <(u, 0, ..., 0)>. 
Proof 
Since (u, 0, ..., 0) € <u>", we have <(u, 0, ..., O)> C <u>". 
Take (x1, X5, ..., X,,) € <u>" 
=>x,€ <u> forlsi<n. 


By Lemma 6.3.11, we have that (x, 0, ..., 0) € <(u, 0, ..., 0)> for all 7. Now 


ip Rap x1 hy) = Op ag OD) Fay 0 0) Dn + fon Gp Oo) <0, Oe 


(by Theorem 3.2.16). Therefore, <u>" <(u, 0, ...,0)>. The proof is complete. ™ 


Lemma 6.3.13 (Lemma 2.1 of Satyanarayana and Syam Prasad, 2005) 


For any 1, X, ..., X,,€ N, we have 
(Kx]> + <Xy> +... + <X, >)" = <p>" + <KQ>" + + <>". 
Proof 


Since <xj> C <x)>+... + <x,>, we have 
<xj>"C (Kxy>+....+<x,>)" for 1 <isn. 
Therefore, <x,>"+... + <x,>"C (<xy>+...+<x,>)" 
Let (4, a, ...,4,) © (<Xy> +... + <x,>)" 
> 0,E<Xy>+...+<x,>forlsisn 
= 4,=4;,+... +4; Where a; € <x> for 1<is<n,1sj<n.Now 


(Ay, Az, 0.6, An) = (Ay +... FA, Alay Fee + Ody y vey Any Hee. + On, ) 


= (Ay, Alay peep Any) + (ty y Ady yee ey Any) H+ (Ay, 1 Fay pee Any) 


€ <Xp>"+ <x" + 0+ <x,>", 
Therefore (<x > + <Xxj> +... + <X,>)"C <xp>" + <xQ>" +... 4+. <K, >", 
The proof is complete. a 
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Theorem 6.3.14 (Theorem 2.2 of Satyanarayana and Syam Prasad, 2005) 


X4,Xp,...,X, are linearly independent in N if and only if (x1, 0, ..., 0), (%2, 0, ..., 0), 
.. (x,, 0, ..., 0) are linearly independent in N". 


Proof 


XX ...,X, are linearly independent in N 
= the sum <x,>+...+<x,> is direct 
2 <X> A (KX]> +... + <Xi > + <Xyy> +... + <x,>) =O for 1 sisn. 
© [Kx> A (Kxy> +... $< 4> + <X> +... + <x,>)"=0 for l sisn 


(by Remark 6.3.9) 
2 <x>"-O [Kx > +... + <> t+ <> t+...+<x,>)"=0forlsi<n 
(by Remark 6.3.9) 
<x" 0 [Kx>" + 1 E<K G>T + <HY>" +... + <x,>"] =0 for l sisn 
(by Lemma 6.3.13) 


& <Xp>" + <XQ>" +... +<x,>"is direct 
& <(x1, 0, ..., I> + <(%, 0, ..., I> +... + <(x,, 0, ..., 0)> is direct 

(by Lemma 6.3.13) 
& (x1, 0, ..., 0), (Xz, 0, ..., 0), ..., (X,, 0, ..., 0) are linearly independent in N". 


The proof is complete. a 


Lemma 6.3.15 (Lemma 3.2 of Satyanarayana and Syam Prasad, 2005) 


Let u € N. Then u is a uniform element in N if and only if (u, 0, ..., 0) is a 
uniform element in N". 


Proof 


Suppose uv is a uniform element in N. 

Let us suppose (u, 0, ...,0) isnot a uniform element in N”. Then, <(u, 0, ...,0)> 
is not a uniform ideal in N". So, there exist two nonzero ideals I and J of N", 
which are contained in <(u, 0, ..., 0)> such that Iq J = (0). 

Since I, J are ideals of N", by Lemma 6.3.8, we have that I = (I..)” and J = (J+)". 
Now IA J= (0) > (le)" 0 Js)" = (0) 

=> (In A Jus)" = (0) (by Remark 6.3.9) 

=> Toe A Jue = (0). 

Also, by Note 6.3.10 (ii), we have I. € <u> and J.C <u>. So, we have that I. 
and J. are two nonzero ideals of N whose intersection is zero and they are 
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contained in <u>. This is a contradiction to the fact that <u> is a uniform 
ideal of N. 


Converse 
Suppose (u, 0, ..., 0) is uniform in N". 

This means <(u, 0, ..., 0)> is a uniform ideal of N” 

= <u>" is a uniform ideal of N" (by Theorem 6.3.12). 

If <u> is not uniform, then there exist two nonzero ideals A and B of N, 
contained in <u> such that A ~ B = (0). Now A" and B" are nonzero ideals of 
N", which are contained in <u>". Since A 7 B = (0), we have (A M B)" = (0), and 
by Remark 6.3.9, A" B"= (0), a contradiction to the fact that <u>" is uniform. 
The proof is complete. a 


Theorem 6.3.16 (Lemma 3.3 of Satyanarayana and Syam Prasad, 2005) 


Suppose X1, X, ...,X, € N. Then x1, Xp, ...,X,, are Liu-elements in N if and only 
if (x, 0, ..., 0), ..., (X,,, 0, ..., 0) are li.u-elements in N". 


Proof 


By using Theorem 6.3.14 and Lemma 6.3.15, we get the following: 


X4, Xo, ..., X, are Licu-elements 

© X14, Xp, ...,X, are Li. and each x; is uniform 

& (x1, 0, ..., 0), (%5, 0, ..., O), «.., (X,, 0, ..., 0) are Li. and each (x;, 0, ..., 0) is 
uniform, 1 <i<n. 

& (x1, 0, ..., 0), (Xy, 0, ..., 0), ..., (X,, 0, ..., 0) are Liu-elements in N". 


The proof is complete. a 


We now present a theorem relating to the dimension of an N-group N and 
that of an M,(N)-group N". 


Theorem 6.3.17 (Theorem 3.4 of Satyanarayana and Syam Prasad, 2005) 


dim N = dim N". 
Proof 
Suppose dim N = n. By Theorem 5.2.24, there exist Li.u-elements x1, X2, ..., X 


in N, which span N essentially 
=> X1,Xp,...,X, are Liu-elements and <x,)>+ <x,>+...+<x,>S,N 


n 
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=> (x, 0, ..., 0), (Xo, 0, ..., 0), «.., (Xj, 0, ..., 0) are Licu-elements in N" and 
(<x,> 4+ <x)>+...+<x,,>)"S.N" (by Theorem 6.3.16 and Note 6.3.10 (iii)) 

=> (x, 0, ..., 0), (Xo, 0, ..., 0), ..., (X,, 0, ..., 0) are Licu-elements in N" and 
<Xp>" + <XQ>" +... + <x,>7S,N" (by Lemma 6.3.13) 

=> (x, 0, ..., 0), (Xo, 0, ..., 0), «.., (Xj, 0, ..., 0) are Licu-elements in N" and 
<(x1, 0, ..., O)> + <(Xz, 0, ..., > +... + <(x,, 0, ..., O)> SN" (by Theorem 
6.3.12) 

= dim N" =n (by Theorem 5.1.2). This shows that dim N = dim N". | 
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Gamma Near Rings 


The concept of “gamma near rings” (defined by Satyanarayana in 1984) 
is a generalization of both the concepts “gamma ring” and “near ring.” 
Subsequently, several mathematicians, for example, Booth, Babu Prasad, 
Cho, Jun, Kim, Ozturk, Kown, Park, Sapanci, Sreenadh, Eswaraiahsettey, 
George, Groenewald, Godloza, Nagaraju, Pradeep Kumar, Satyanarayana, 
Selvaraj, Subba Rao, Syam Prasad, Venkatachalam, and Vijayakumari, stud- 
ied different concepts in gamma near rings, including ideals, prime ideals, 
semiprime ideals, fuzzy ideals, and fuzzy prime ideals. 


7.1 Definition and Examples 


In this section, we introduce the notion a I-near ring. We present basic defi- 
nitions and results. Before going for a formal definition of a gamma near 
ring, let us consider a natural example. 

Let (G, +) be a group and X a nonempty set. Let M be the set of all map- 
pings of X into G. Then M is a group under pointwise addition. If G is 
non-Abelian, then (M, +) is also non-Abelian. To see this, let a, b € G such 
thata +b #b+a. Now define f,, f, from X to G by f(x) = 4, f,(x) = b for all 
xe X.Thenf, f,¢ Mand f,+f,#f, +f, Thus, if G is non-Abelian, then M is 
also non-Abelian. 

Let Ibe the set of all mappings of G into X. If f,, f, ¢ Mand g € [, then obvi- 
ously, f,¢f, € M. For all f,, fi, f,¢ Mand g,, 9, € I, it is clear that 


@) Asifdsefs=fisi r82f3) and 
Gi) At+fisifs=fsits thaihs 


But f,2,(f. + fs) need not be equal to f,9,f. + figifs. To see this, fix0#zeG 
and ue X. Define g,: G > X by g,(x) =u for allx € Gand f,: X — Gby f(x) =z 
for all x e X. Now for any two elements f,, f; ¢ M, consider f,¢,(f, + fz) and 
L8ufr +f,8ufs- 

For all x € X, f.gulfr + A) = FSA) + fa) =f.) =z, and (f.g.f2 + 
FS ufs)(X) =f.8u fx) + f.Sufs(X) = f,{u) + f,(u) H=Z+Z. 

Since z #0,z#z+z, and hence f,2,(f. + fs) #LSufo th gules 
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Now we have the following: 

If (G, +) is a non-Abelian group and X is a nonempty set, then M = {f | f: 
X — G} is anon-Abelian group under pointwise addition and there exists a 
mapping M x l x M > M, where T = {g | g: G > X} satisfies the following 
conditions: 


@) Asifdsefs=fisi fr82f3) and 
Gi) (GitAlsih=fsih thas 


for all f,, fx, fs¢ M and for all 91, 9,€ FT. 
Keeping these axioms in mind, we define the concept of a “gamma near 
ring.” 


Definition 7.1.1 


Let (M, +) be a group (not necessarily Abelian) and T be a nonempty set. Then 
Mis said to be a I-near ring if there exists a mapping M xT x M > M (denote 
the image of (1m, 04, Mz) by m,0,m, for m,, m,¢€ M and a, € T) satisfying the 
following conditions: 


(i) (m, + m,)o4m, = m,0,m, + m,0,m, and 
(ii) (m,o,m,)a,m, = m,0,(m,0,m,) 


for all m,, m,,m,¢€ M and for all am, HET. 
Furthermore, M is said to be a zero-symmetric I-near ring if mo0 = 0 for 
allm e M, ae T (where “0” is an additive identity in M). 


Remark 7.1.2 


If M is a I-near ring, then for o € I, define a binary operation *o, on M by 
m,*OUNy = m,0.M, for all m,,m,¢ M. Then (M, +, *) is anear ring. Conversely, if 
(M, +) is a group and I is a set of binary operations on M such that 


(i) (M, +,*) is a near ring for all *e T and 
(ii) (m, *, mM) *, m3 =m, *, (M,*, ms) for all *,,*,¢€ T, and for all m,,m,,m,€ M, 
then M is a I-near ring. 


Example 7.1.3 


Let M = Z,. Take T = {o, B}, where o, B are given by scheme 1: (0, 1, 0, 0, 0, 0) 
and scheme 2: (0, 0, 1, 0, 0, 0) (Tables 7.1 and 7.2) (refer to page 409 of Pliz, 1983). 
Then M is a I-near ring. 
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TABLE 7.1 
Operation Table with a 


a 0 1 2 3 4 3) 
0 0 0 0 0 0 
1 0 1 0 0 0 0 
2 0 2 0 0 0 0 
3 0 3 0 0 0 0 
4 0 4 0 0 0 0 
5 0 5 0 0 0 0 
TABLE 7.2 
Operation Table with B 
B oOo 1 2 3 4° °5 
0 0 0 0 0 0 
1 0 0 1 0 0 0 
2 0 0 2 0 0 0 
3 0 0 3 0 0 0 
4 0 0 4 0 0 0 
5 0 0 5 0 0 0 


7.2 Ideals of Gamma Near Rings 


In this section, we present the definitions of substructures of gamma near 
rings like ideals. 


Definition 7.2.1 (Definition 6.1.3 of Satyanarayana, 1984) 


Let M be a I-near ring. Then a normal subgroup (I, +) of (M, +) is called 


(i) aleft (respectively right) ideal if m,a(m, +7) — m,om,e I (respectively 
iom,€ 1) for all m,,m,¢ M,ae VT, andie I 
(ii) an ideal if it is both a left and a right ideal 


Remark 7.2.2 (Remark 6.1.4 of Satyanarayana, 1984) 


(i) If [is an ideal of a zero-symmetric I-near ring M, then moi € I for all 
meM,ae Tiel. 
(ii) A subset J of a I-near ring M is an ideal if and only if I is an ideal of 
the near ring (M, +, *a) for every ae F. 
(iii) If M is aT-near ring, then M is aI-near ring for every O4I'c LE. 
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(iv) If is anideal of aI-near ring M, then is an ideal of a I’-near ring M, 
for every nonempty subset I of 1. 


Example 7.2.3 (Example 6.1.5 of Satyanarayana, 1984) 


Consider Z, = {0, 1, 2, 3, ..., 7}, the group of integers modulo 8, and a set X = {a, D}. 
Write M = {f | fi X > Z, and f@ = 0}. 
Then M = {fo, fi, fo, -»-- fr}, where f; is defined by f(a) =0 and f(b) =i for 0 <i<7. 
Define two mappings 8», 3: Zs> X by setting g)(i) =a for allie Z, and 
gif) =aifié {3,7}, 9,0) =bifie {3, 7}. Write T= (go, gi}, 1" = {go} 
Then M is a I-near ring and a I'’-near ring. Now Y = {fo, fo, fa fol is an ideal 
of the I’’-near ring M, but not an ideal of the I-near ring M (since f,¢ Y and 


Ash +f) —fasif) =f€ Y)- 
Let I be a subgroup of M and define a congruence relation on M by a= b 
(mod I) if and only if a—b eé I. Then the following holds. 


Proposition 7.2.4 (Proposition 6.1.6 of Satyanarayana, 1984) 


Let M be a I-near ring and (J, +) a subgroup (M, +). Then the following two 
conditions are equivalent. 


(i) Tis an ideal of M and 
(ii) m,=m,! (mod I) and m,=™m,' (mod I) 
=> m,+m,=m,! + m,' (mod I) and m,m,= m,'m,! (mod I) are equiva- 
lent for all m,, m,!, m,,m,'e M,ae T 
Verification 


(i) = (ii): Suppose that is an ideal of M. 

Also suppose that m,= m,! (mod I) and m,= m,! (mod I) > m,—- me |, 
m,—m,'e I. 

Now we have to show that m, + m,= m,! + m,! (mod I) and m,m,=m,'m,! 
(mod I). 


Now (1m, + my) — (m+ mz) = my + (My — mz) — my = My, + (My — Mz) +m, — mM, — Mm} 
= [m,+(m- my) + m,|—-(m- m) el 
[since my — mz €I and I is anormal subgroup of M] 
=> (m, +m) = (m+ mz) (mod I). 


Now 
M,OUNz — M{OUNg = M,O(My — Mz + Mz) — Myoung + moun; — mou; 
= ma[(m, —mz)+ mz] — mom + (m, — mm) om; EI +1 = 1. 


The proof of (i) = (ii) is complete. | 
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(ii) = (i): Suppose that m, =m} (mod I) and m,= my; (mod I). 
Now we show that I is an ideal of M. 

Letme Mande I. 

We know that m =m (mod I) and i=0 (mod I) 
=>m+i=m-+0 (mod!) 

=>m+i=m (mod I) 

=>mt+i-me l. 

This shows that I is a normal subgroup of M. 

Now we show that I is a right ideal. 

Letie Jandme M. 

We know 7 =0 (mod I) and m =m (mod I) 

= io0m =O0am (mod I) (by the assumption (ii)) 

=> iom =0 (mod I) 

>iom-Oel 

=> iome I. 

This is true for allie Iandme M. 

To show that J is a left ideal, take m, m'e M andie I. 
We know m =m (mod I), and m!+i=m!' (mod J) 

=> ma(m' + i) = mom! (mod I) (by the assumption (ii)) 
=> moa(m' + i)-—mam'e I. 

So, Lis a left ideal of M and hence I is an ideal of M. 
The proof is complete. Oo 


Definition 7.2.5 


Let M, and M, be I-near rings. A group homomorphism 80 of (M,, +) into 
(M,, +) is said to be a I-homomorphism if 0(xay) = (Ox)a(6y) for all x, ye M, 
a € I: We say that 0 is a I-isomorphism (or simply isomorphism) if 8 is one— 
one and onto. 

For an ideal I of a I-near ring, we define the quotient I-near ring M/I, 
similar to the quotient near ring N/I, where I is an ideal of the near ring N 
(refer to Remark 2.2.11). 


Theorem 7.2.6 (Theorem 6.1.8 of Satyanarayana, 1984) 


Let I be an ideal of M and @ the canonical group epimorphism of M onto 
M/I. Then 8 is a T-homomorphism of M onto M/I with kernel I. Conversely, 
if 8 is a T-homomorphism of M, onto M, and I is the kernel of 8, then M,/I is 
isomorphic to M,. 


Proof 


Define the canonical mapping m: M — M/I by n(m) = m + I. We show that 7 is 
an epimorphism. Take m,, m,¢ M. 
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Now 1(m, + M) = (m, + mp.) + I= (m, + 1D + (m+ 1) = 1(m,) + 1m). 

And 1(m,00m,) = (m,om,) + I= (m, + Da(m, + 2D) = n(m,)an(m,). 
Therefore, m is a T-near ring homomorphism. 

Let x € M/I. Then there exists some m,€ M such that x =m, + I. 

Now n(m,) =m, +1=x, and so 7 is onto. Therefore, t: M — M/Tis anear ring 
epimorphism. Hence, M/I is a homomorphic image of M. 

(ii) Suppose h: M > M! is an epimorphism. 


Part 1: Now we show that ker /: is an ideal of M, and M/ker h = M'. 

First we show that ker h is a normal subgroup of M. 

Clearly, 0 € ker h and so ker h # ©. 

Let me Mand xe kerh. 

Now h(m+x—m) = h(m)+ h(x)—h(m) (since h is ahomomorphism) 
= h(m)+0-h(m) (since h(x) = 0) 
= h(m)—h(m)=0. 

This shows that m+x-— me ker h. 


Part 2: We show that ker his a right ideal of M. 
Letme M,xe kerh,andae I. 
Now, hi(xaum) = h(x)o(m) = Oah(m) = 0. Therefore, xom € ker h. 


Part 3: In this part, we show that ker / is a left ideal of M. 
Let m, me Mandxe kerh. 
Now, h(mo(m' + x)—mom') = h(m)oh(m' + x)—h(m)oh(m') 
= h(m)a(h(m!')+ h(x)) —h(m)oh(m') 
= h(m)oa(h(m')+ 0) —h(m)ah(m') 
= h(m)ah(m')—h(m)oh(m') = 0. 


Therefore, mom! + x) — mam'e ker h. Hence, ker his an ideal of M. 


Part 4: Define @: M/ker h > M! as o(m + ker h) = h(m) for all m+ ker h e M/ 
ker h. 

We show that @ is a near ring isomorphism. Take m, + ker h, m, + ker he 
M/ker h. 

Now, (1, + ker h) = o(m, + ker h) 

if and only if h@m,) = h(n) 

if and only if h@m,) — h(m,) = 0 

if and only if h@m, — m,) =0 

if and only if (m,—m,) € kerh 

if and only if m, + ker h =m, + ker h. 

Therefore, @ is one-one and well-defined. 

Let m'e M'. Since h is onto, there exists m € M such that h(m) = m'. 

Now, 9( + ker h) = h(m) = m', and so @ is onto. 
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Part 5: Let m, + ker h, m, + ker he M/ker h. 
Now 9((m, + ker h) + (m2 + ker h)) = (1m, + mz) + ker h) 
= h(m, +m) 
= h(m,)+ (mp) (since h is epimorphism) 
= o(m, + kerh)+ @(mz + ker h). 
Also, @((7 + ker h)oa(my + ker h)) = @((moumn2)+ ker h) 
= h(mamz) 
= h(m )oh(mz) 
= 0(m, + ker h)ag(m + ker h). 
Therefore, @ is a near ring homomorphism. Hence, 9: M/ker h —M! is a 
T-near ring isomorphism. a 
The proofs of the following theorems are analogous to the proofs provided 
for near rings (refer to Theorems 2.3.2 and 2.3.5), and hence omitted. 


Theorem 7.2.7 (Theorem 6.1.9 of Satyanarayana, 1984) 


Let 6 be a I-homomorphism of M, onto M, with kernel I and J'a nonempty 
subset of M,. Then J‘ is an ideal of M, if and only if (J!) =] is an ideal of M, con- 
taining I. In this case, we have that M,/J, M,/J!, and (M,/J)/(J/D are T-isomorphic. 


Theorem 7.2.8 (Theorem 6.1.10 of Satyanarayana, 1984) 


Let I and J be two ideals of a I-near ring M. Then (I + J)/J is isomorphic to 
ILO J). 


Notation 7.2.9 


The ideal generated by a subset A of M will be denoted by <A>, and the ideal 
generated by an element a € M will be denoted by <a>. If A;, Az, ..., Ay are 
subsets of M, then we write 

AVASAD ... TAWA g.1 = {40,40 ... 4,044, | ae A, Oe T fort <i<k+1 
and 1 <j <kj. 

If A,=A for1sisk+1,then AJ AJ ... T A,,, is denoted by A™. 


Example 7.2.10 


Let G be a nontrivial group and X a nonempty set. If M is the set of all 
mappings from X into G and the set of all mappings from G into X, then M 
is a I-near ring. Let y be a nonzero fixed element of G. Define 9: X > G by 
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(x) = y for every x € X. Then 0 #@ € M, where “0” is an additive identity 
in M and 9g0 = 9 £0 for any g € I. Therefore, M is a I-near ring that is not a 
zero-symmetric I-near ring. 

Henceforth, we consider zero-symmetric I-near rings only. Throughout, 
M stands for a I-near ring. 


7.3 Prime Ideals and Nilpotent Ideals in Gamma Near Rings 


In this section, we present definitions of prime ideals, m-system, f-prime and 
f-s-prime ideals, and nilpotent ideals of gamma near rings. 

Suppose fis a mapping from M into the set of all ideals of M, satisfying the 
following conditions: 


(i) ae f@ and 
(ii) x € fa) +A, Ais an ideal > f(x) Cf +A 


Such a mapping is called an “ideal mapping.” 
Now we provide a natural example for this. 


Example 7.3.1 


Let M be a I-near ring and Q a subset of M. For each a € M, define f(a) = 
<({a} U Q)>, the ideal generated by {a} U Q; then f(a) satisfies the two previous 
conditions. 


Remark 7.3.2 


The following are equivalent 


(i 
(ii 
(iii 
(iv 


for any element a € M, f(a) = <a> 

f(0) = <0> 

for any ideal A of M,xe A> f(x) CA 

for any element a € M,x € <a> = f(x) C <a> 


Veo ao a 


Definition 7.3.3 (Definition 2.1 of Satyanarayana, 1999) 


A subset H of M is said to be 


(i) a multiplicative set if for any h,, h, in H, there corresponds an 
element o € I’ such that h,oh,¢ H 

(ii) an m-system if for every h,, h,¢ H, there exists h,!€ <h,>, he <h,> 
o € Tsuch that h,'oh,!e H 
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(iii) an s-system if H contains a multiplicative set H’ called a kernel of H, 
such that for every h € H, <h> 0 H'# © 
(iv) an f-system if H contains an m-system H’ called a kernel of H, such 
that for every h € H, f(h) \H'# © 
(v) an f-s-system if H contains a multiplicative set H" called a kernel 
of H, such that for every h € H, f(t) 0H'# © 


Definition 7.3.4 (Definition 2.2 of Satyanarayana, 1999) 


An ideal A of M is said to be 


(i) prime if BTC c A, B, and C are ideals of M, implying either B c A or 
CcA 

completely prime if afb c A,a,be M, implying eithera¢ Aorbe A 
s-prime if M\A is an s-system 

f-prime if M\A is an f-system 

f-s-prime if M\A is an f-s-system 


Here, we write H(H’) for either s-system, f-system, or f-s-system H with 
kernel H’. 


Theorem 7.3.5 (Note 2.3 of Satyanarayana, 1999) 


For an ideal P of M, the following hold: 


) 
) 
(iii) P is s-prime => P is prime = P is f-prime. 
) 
) 


Proof 


It is a straightforward verification similar to some earlier results (refer to 
Theorems 4.1.32 and 4.1.44). | 


Example 7.3.6 (Example 2.4 of Satyanarayana, 1999) 


Suppose N is a zero-symmetric near ring such that N contains a direct sum 
of nonzero ideals I, I,, 1, of itself. Take M = N and T = {0}. Then M is a I-near 
ring. Let0 #x € I. Define for any ae M, f(a) =<{a, x}>, and write S* = {x, x”, x°, 
...}. Now S* is an m-system and S‘c I. 
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Now M\XI, contains S’, and M\I, is an f-system with kernel S*. Therefore, I, 
is an f-prime ideal. But I, is not a prime ideal, since I, ZI, 1; € I, and [,1;, cL. 
Hence, in general, an f-prime ideal need not be a prime. 


Definition 7.3.7 (Definition 2.5 of Satyanarayana, 1999) 


(i) An element a € M is said to be nilpotent if there exists an integer 
k > 2 such that {a}‘ = {0} (refer to Notation 7.2.9). 
(ii) A subset H of M is said to be nil if every element of H is nilpotent; H 
is said to be nilpotent if there exists an integer n = 2 such that H" = {0}. 
(iii) Anelementae M is said to be f-nilpotent (f-nil) if f(@) is nilpotent (nil). 
(iv) A subset H of M is said to be f-nil if every element of H is f-nilpotent. 
His said to be f-nilpotent if there exists an integer k 2 2 such that 


fafa ... Ta )Uf@) = {0} for all a, ay, ...,4,€ H. 


With these definitions, we have the following. 


Remark 7.3.8 (Remark 2.6 of Satyanarayana, 1999) 


Letae MandHcM. 


(i) ais f nilpotent = a is f-nil = a is nilpotent. 
(ii) His f nilpotent > H is f-nil => H is nil. 
iii) His f-nilpotent => H is nilpotent => H is nil. 
Pp Pp 


Examples 7.3.9 


Let N be a near ring. If we write M = N and I = {0}, then M is a I-near ring. 
Now we have the following: 


(i) Suppose x and y are two elements of N such that x is nilpotent and y is 
not nilpotent. Define f(a) = <{a, y}> for alla « M. Now y € fa) and f@) 
is not nil. Hence, x is not f-nil, but it is evident that x is nilpotent. 

(ii) Suppose Q is an ideal of N that is nil, but not nilpotent. Define f(a) = 
<({a} U Q)> for alla e M. Now for any g é Q, f(q) = Q, and hence g 
is f-nil, but not f-nilpotent. Further, Q is f-nil, but not f-nilpotent. 

(iii) Suppose K is a nonzero nilpotent ideal of N. Write for all ae M, f(a) = 
<({a} U K)>. 


Then x € K, f(x) = K, and every element of K is f-nilpotent. Hence, K is 
f-nilpotent. 
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Lemma 7.3.10 (Lemma 3.1 of Satyanarayana, 1999) 


Let P be an ideal of M. Then for any two subsets A and B of M, we have 
(A+ P)T(B + P) c ATB + P. 


Proof 


Letae A,be B,p,,p,€ P,and ae I: Consider 


(a+ p,)O(b+ po) = an (b+ pr) + pia(b + pr) 
= aob — anh + aa(b + po)+ pia(b+ pr). 


Since aab € ATB and p,a(b + py), -aab + aa(b + ps) € P, we have (a + p,) 
o(b + ps) € ATB + P. The proof is complete. | 


Lemma 7.3.11 (Lemma 3.2 of Satyanarayana, 1999) 


Let S(S’) be an f-system in M and let A be an ideal in M that does not meet S. 
Then A is contained in a maximal ideal P that does not meet S. The ideal P is 
necessarily an f-prime ideal. 


Proof 


Suppose S is nonempty. Then the existence of P follows from Zorn’s lemma. 
We now show that M\P is an f-system with kernel S* + P. For any element a 
in M\P, by the maximality of P, P + f(a) contains an element s of S, and we 
can choose an element s’ € f(s) 7 S*. Since f(s) < f(a) + P, we have s* =a! + P for 
some a'e f(a) and pe P. 
Now a! =s*—pe f(a) 7 (S' + P). Now, it remains to be shown that S* + P is 
an m-system. 
Let x,y € S°+P. Thenx=s,+ py, ¥ =S, + Pp for some $,, 8,€ S*", py, p»€ P, and 
51 =X — Pr, 829 = Y — Po- 
So, <> <s>C <x-pp>T <y-po> 
Cc (<x>+P)T(<y>+P) 
c<x>[<y>+P. 


Since s,,S,€ Sand S" is an m-system, there exists s,€ <s,>,5,'€ <s.>,a¢e T 
such that s,‘as,€ S*. Now s,s, = x,By, + p3 for some x, € <x>, y,€ <y> Pe TL 
p3€ P,and hence s, as, — p; = x,By,€ <x>T<y> 2 (S* + P). 

Hence, S*+ P is an m-system contained in M\P. Hence, M\P is an f-system 
with kernel S*+ P. If S=@, then P= M. a 
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Definition 7.3.12 


The f-radical of an ideal A (denoted by f-rad(A)) will be defined to be the set 
of all elements a of M with the property that every f-system that contains a, 
contains an element of A. 


Theorem 7.3.13 (Theorem 3.4 of Satyanarayana, 1999) 


The f-radical of an ideal A is the intersection of all the f-prime ideals con- 
taining A. 


Proof 


Suppose f-rad(A) ¢ P, for some f-prime ideal P that contains A. Let x € 
f-rad(A)\P. Since M\P is an f-system, by the definition of f-rad(A), (M\P) a 
A # ©. But this contradicts the fact that P contains A. So f-rad(A) ¢ P for all 
f-prime ideals P containing A. 

Let a ¢ f-rad(A). Then there exists an f-system S(S*) such thata € S and Sn 
A = ©. By Lemma 7.3.11, there exists an f-prime ideal P' containing A such 
that P! ~ S = ©. Therefore, a ¢ P'. Hence, f-rad(A) = the intersection of all 
f-prime ideals containing A. | 


Definition 7.3.14 


Let A be an ideal of M. Then we define the prime radical of A, denoted by 
P-rad(A), as the set of all elements x of M for which every m-system that con- 
tains x must contain an element of A. 

It is evident that if we define f by f(a) = <a>, then the notions f-rad(A) and 
f-prime coincide with P-rad(A) and prime, respectively. Hence, Theorem 
7.3.13, yields the following. 


Corollary 7.3.15 


For any ideal A of M, P-rad(A) = the intersection of all prime ideals containing A. 


Definition 7.3.16 


Let A be an ideal of M. An f-prime ideal P is said to be a minimal f-prime 
ideal of A if P contains A, and there exists a kernel S* for the f-system M\P 
such that S* is a maximal m-system that does not meet A. 
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We now try for the existence of a minimal f-prime ideal of a given ideal A. 
For this, we start with the following. 

Let S(S’) be an fsystem in M and let A be an ideal not meeting S. Since S" is 
an m-system such that AM S*= ©, by Zorn’s lemma, the set 


{K | Kis an m-system such that K 1 A= and K3 S'} 


contains a maximal element, say S;. Now write S, = {x € M/f(x) 0S, # Qo 
(M\A). 

Then S, is an f-system with kernel Si. Again, by Zorn’s lemma, the set {J | J 
is an ideal, J] > A and J \ S,= ©} contains a maximal element, say J", and by 
Lemma 7.3.11, J’ is an f-prime ideal. Since M\J" is an f-system with kernel Sit T 
(for this, see the proof of Lemma 7.3.11), we have S; = S, + J’, and so M\ J = S,. 
Thus, J’ is a minimal fprime ideal of A. Hence, we have the following. 


Lemma 7.3.17 (Lemma 6.4.2 of Satyanarayana, 1984) 


Let S(S*) be an f-system and A be an ideal that does not meet S. Then there 
exists an f-system S, containing S with kernel Si, and S; is maximal with 
respect to the properties S; 7 A = ©, S; D> S*. Moreover, M\S is a minimal 
f-prime ideal of A. 

It is easy to verify the following. 


Corollary 7.3.18 


Every f-prime ideal P of an ideal A contains a minimal f-prime ideal of A. 


Theorem 7.3.19 (6.4.4 of Satyanarayana, 1984) 


Let A be an ideal of M. Then 
f-rad(A) = the intersection of all minimal f-prime ideals of A. 


Proof 


Let Y be the intersection of all minimal f-prime ideals of A. Clearly, Y contains 
the intersection of all fprime ideals that contain A, and hence by Theorem 
7.3.13, Y contains f-rad(A). 

On the other hand, if P is an f-prime ideal containing A, then by Corollary 
7.3.18, there exists a minimal f-prime P” that is contained in P. Now P D> P*D 
Y, and hence (1, js joel’ ay. 


Thus, f-rad(A) = Y. | 
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Definitions 7.3.20 


Let A be an ideal of M. An element a in M is said to be strongly nilpotent 
modulo A, if for every sequence Xj, Xz, ..., of elements of M satisfying the 
conditions x, =a and x; = Xa Ot; Xj-1 for some o,_,€ TF and Kia, Ki € <Xj4>, 
there exists an integer k such that x,¢ A for all s 2k. 

An element a eé M is said to be strongly nilpotent if it is strongly nilpotent 
modulo (0) (the zero ideal of M). 

An element x € M is said to be f-strongly nilpotent modulo A if every 
element of f(x) is strongly nilpotent modulo A. An element x is said to be 
f-strongly nilpotent if every element of f(x) is strongly nilpotent. 

Since x € f(x), every f-strongly nilpotent element is strongly nilpotent. 

The following example establishes that the converse is not true. 


Example 7.3.21 


Let N be a near ring such that (0) # P-rad(N) and P-rad(N) #N. 

Let x € N\(P-rad(N)). We can consider N as a I-near ring, where T= {0}. 

In this case, the definition of strong nilpotency coincides with the corre- 
sponding Definition 7.3.20. Write f(a) = <{a, x}> for every element a € N. Since 
x is not strongly nilpotent, we have that a is not f-strongly nilpotent for every 
aeé N.So, N contains no f-strongly nilpotent elements, while all elements of 
P-rad(N) are strongly nilpotent. 


Definition 7.3.22 


We define f-rad(0) to be the f-prime radical of M, and it is also often denoted 
by f-rad(M). 

Now we characterize the f-prime radical of M in terms of f-strongly nilpo- 
tent elements. 


Lemma 7.3.23 (Lemma 4.3 of Satyanarayana, 1999) 


+ 
Let a, a>, ..., be a sequence of elements of M with a,, where a;= A_10t; _4;-1 for 
some O,_,€ T and aj_1, aj1€ <aj_,>. Then {a; |i = 1} is an m-sequence. 


Proof 
Let y1, Yr€ {a; | 12 1}. Then y,=4,,, Y> = 4., for some integers $1, S21. 


Suppose s;<s,. Since a;€ <a,;_,> for all i, we have <a,> D <a,> D <a3>D.... 
Now <4,>D <dx>D ...,and So as, = As, Os, ie for some ffs As, € <As> C <g>. 
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Therefore, a3,€ <0.,,>, 5,¢ TF such that a}, 0, as,€ {a; | i> 1}. 
The proof is complete. Oo 


Theorem 7.3.24 (Theorem 4.4 of Satyanarayana, 1999) 


f-rad (M) = {x € M | x is f-strongly nilpotent} U {0}. 
Proof 


Let 04x € frad (M). If x is not f-strongly nilpotent, then there exists x, € 
f(x) such that x, is not strongly nilpotent. Therefore, there exists a sequence 
Ay, Ary Ay, ..., such that a, =x, and a;= aj. ,., a for some o,_, € Ty dui, a1 € 
<a;.> and a; # 0 for all i. By Lemma 7.3.23, we have that S = {a,| i= 1} U {x} is 
an f-system with kernel S* = S\{x}. Since SM {0} = ©, by Lemma 7.3.11, there 
exists an f-prime ideal P such that P 1S = ©. 

Now x ¢ P, and so x € f-rad(M), which is a contradiction. 

Thus, x is f-strongly nilpotent. 


Converse 


Suppose that x is an f-strongly nilpotent element. If x ¢ f-rad (M), then 
there exists an f-prime ideal P such that x ¢ P. Suppose M\P is an f-sys- 
tem with kernel Q*. Then x « M\P, and hence there exists an element x, 
in f(x) MQ’. Since Q" is an m-system, there exists a sequence x), Xp, ... of 
elements from Q* such that x; = x1 0-4 x;_, for some o,-,€ T. xh4, x4 € 
<x;_,>. Since x is f-strongly nilpotent, there exists an integer f 2 1 such that 
x, =0 for alls >t. Thus, 0=x,e€ Q’, and this is a contradiction since Q* c 
(M\P) and 0 é P. 

The proof is complete. Oo 

In a similar approach, we can obtain the following theorem. 


Theorem 7.3.25 (Theorem 4.5 of Satyanarayana, 1999) 


If A is an ideal of M, then 
f-rad(A) = {xe M | xis f-strongly nilpotent modulo A} U A. 
Theorems 7.3.24 and 7.3.25 yield the following theorem. 


Theorem 7.3.26 (Theorem 6.5.7 of Satyanarayana, 1984) 


(i) P-rad (M) ={x € M | x is strongly nilpotent} 
(ii) For any ideal A of M, P-rad(A) = {x € M | x is strongly nilpotent 
modulo A}. 
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Theorem 7.3.27 (Theorem 6.5.8 of Satyanarayana, 1984) 


(a) If f() c P-rad (M), then 
(i) “0” is f-strongly nilpotent. 
(ii) frad(M) = {x € M/x is f-strongly nilpotent}. 
(iii) Let P be an f-prime ideal. Then P is prime if and only if f(x) c P for 
allxe P. 
(iv) An ideal P is prime if and only if P is f-prime and f(x) c P for all 
xe P. 
(b) f(0) c P-rad(M) if and only if f-rad(M) = the set of all f-strongly nilpo- 
tent elements of M. 


Proof 


(a) (i) Since f(0) c P-rad(M) and P-rad(M) is the set of all strongly nilpo- 
tent elements, we have that the element “0” is f-strongly nilpotent. 
(ii) Follows from (i) and Theorem 7.3.24. 
(iii) Let P be an f-prime ideal. Suppose P is prime. 


Let x € P,x € <x>C(f(0) + <x>), which imply f(x) c (f(0) + <x>) c (P-rad(M) + 
P)e'P. 


Converse 


Suppose that f(x) c P for all x € P. Let A, B be ideals of M such that ATB c P. 
If A¢ P and B ¢P, then there exist ae A\P,b € B\P. Now we have 


F(a)EF(b) < (f(0) + <a>)F(F(0)+ <b>) 
Cc (P+<a>)I (P+ <b>) 
c P+<a>T<b>cP+AIBcP. 


al 


Since P is f-prime, we have either f(a) c P or f(b) c P, which is a contradiction. 
Therefore, P is prime. 
(iv) Follows from (iii). 

(b) Suppose f(0) c P-rad (M). Then by (a) (i), “0” is f-strongly nilpotent. 


Now by Theorem 7.3.24, f-rad(M) = {x « M/x is f-strongly nilpotent}. 


Converse 

Suppose that frad(M) = {x e M/x is fstrongly nilpotent}. Then “0” is 
f-strongly nilpotent. So, f(0) is strongly nilpotent, and by Theorem 73.26 (i), 
f(0) c P-rad(M). | 
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Definitions 7.3.28 


A subset S of M is said to be an sp-system if a € S implies (a>I'<a>) 1S 4 ©. 
A nonempty subset K of M is called an f-sp-system if K contains an sp- 
system K* such that f(x) 7 K*# © for every x € K. In this case, K" is called a 
kernel of K. 
An ideal I of M is said to be f-semiprime if M\J is an f-sp-system. 


Remark 7.3.29 


Every m-system is an sp-system, and so every f-system is an f-sp-system. But, 
the converse may not be true. 


Example 7.3.30 


Consider M = Z, a ring of integers, as a I-near ring with T = Z. Let p, q be 
two distinct prime numbers. Define f by f(a) = <{a, pq}>. Now f(pq) = <pq> and 
M\<pq> is an sp-system. Thus, M\<pq> is an f-sp-system. 

Now f(p) AQ =<{p, pq}><tq, pq}> C <pq>, but p € <pq> and q ¢ <pq>. By Theorem 
7.3.9 (v), <pq> is not f-prime. Hence, <pq> is f-semiprime, but not fprime. 

Let K be a subset of M with the property that for any element a in K, there 
exists an sp-system S c K such that f(@) 1 S # ©. Let X be the union of all 
sp-systems that are contained in K. One can easily verify that K is an f-sp- 
system with kernel X. Hence, we have the following. 


Remark 7.3.31 


A subset K of M is an f-sp-system if and only if K satisfies the condition: 
ae K= there exists an sp-system S c K such that f(a) 1S # ©. 


Lemma 7.3.32 (Lemma 6.6.5 of Satyanarayana, 1984) 


If S is an sp-system and x € S, then there exists an m-system X such that x € 
XcS. 


Proof 


Let x € S and S be an sp-system. Then we can choose an element x, in 
(<x>I<x>) 1S. Again, since Sis an sp-system, we canchoose x, in (<x>T<x >) NS. 
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If we continue this process, we get a sequence {x;} of elements in S such that 
Xyp=xand x,€ (<x. >T<x>) 0 S fori 2 1. Now x;€ (Kx) 4>T<x,>) C <x;_,> for 
each i, so that <xj> D<x,>D<xX,>D.... 

Now it is easy to verify that X = {xo, x1, X2, ...} is an m-system and x = x)€ 
XcS. a 


Theorem 7.3.33 (Theorem 6.6.6 of Satyanarayana, 1984) 


Let A be an ideal of M. Then A is f-semiprime if and only if A = f-rad (A). 
Proof 


Suppose A is f-semiprime. Clearly, A c f-rad(A). To show f-rad(A) c A, let a € 
rad(A). Suppose that a ¢ A. Since M\A is an f-sp-system, there exists an ele- 
ment x and an sp-system K such that x € f(a) and x € K c (M\A). 

Now by Lemma 7.3.32, there exists an m-system K* such that x € K*c K. 
Write 


Q={ye M\A | fly) K*# 9}. 


Clearly, K°c Qc (M\A),ae Q, and Qis an f-system with kernel K*. By Lemma 
7.3.11, there exists an f-prime ideal P such that PX Q=@ and PDA. 
Now a ¢ P, and P BD f-rad(A), which is a contradiction. 


Converse 


Suppose that A = f-rad(A). To show A is semiprime, we have to show M\A 
is an f-sp-system. We now show that M\A is an f-sp-system with kernel 
(M\P-rad(A)). Since P-rad(A) is semiprime (because the intersection of 
any collection of prime ideals is a semiprime ideal), (M\P-rad(A)) is an 
sp-system. 

Let x e M\A. Now x ¢ A = f-rad(A), and so there is an f-system Y with 
kernel X such that xe Yand YX A=©@. Since x € Y and X is a kernel of 
Y, there exists an element z in f(x) A X. Now z € X, X is an m-system, and 
XNA=D. 

So, there is a prime ideal P containing A such that z ¢ P, and hence z ¢ 
P-rad(A). Since z ¢ P-rad(A) and z € f(x), f(x) A (M\(P-rad(A))) # ©. The proof 
is complete. | 


Corollary 7.3.34 (Corollary 6.6.7 of Satyanarayana, 1984) 


The intersection of any collection of fprime ideals of M is an fsemiprime ideal, 
and every f-semiprime ideal is the intersection of all {prime ideals containing it. 
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Corollary 7.3.35 (Corollary 6.6.8 of Satyanarayana, 1984) 


Let A be an ideal of M. Then A is semiprime if and only if A = P-rad(A). 


7.4 Modules over Gamma Near Rings 


In this section, we present the notion of a “module over a gamma near ring” 
and its substructures like MI-group, ideal (or MI-submodule). We also pres- 
ent some results related to these concepts. 


Definition 7.4.1 


Let M be a I-near ring. An additive group G is said to be a I-near ring- 
module (or MI-module) if there exists a mapping M x I x G > G (denote the 
image of (m, a, g) by mag for me M, ae I, ge G) satisfying the conditions 


(i) (my, + m)0,8 = 1,08 + 1,0,g and 
(ii) (M04 1M15)Ong = 11,04 (7120) 


for all m,,m,€ M, %, 0,€ T,and ge G. 
Throughout this section, G stands for an MI-module. 


Definition 7.4.2 


(i) Anadditive subgroup H of Gis said to bea MI-subgroup if mah € H 
for allm e M, ae I, andhe H. (Note that (0) and G are the trivial 
MI-subgroups.) 

(ii) A normal subgroup H of G is said to be a submodule (or ideal) of G 
if ma(g+h)- mage H forme M,ae Lge Gandhe H. 

(iii) For two MI-modules G, and G,, a group homomorphism 6: G,> G, is 
said to be a module homomorphism (or I-module homomorphism) 
if O(mag) = mo.(0g) forme M,ae T,and ge G. 


Remark 7.4.3 (Remark 1.3 of Satyanarayana, 2004) 


If H is a submodule of G, then the factor group G/H becomes an MI-module 
with respect to the operation ma(g + H) = mog + H, and the mapping g > 
(¢ +H) is a module epimorphism (say a natural epimorphism) of G onto G/H. 
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Definition 7.4.4 


By an irreducible (simple, respectively) MI-module G, we mean a non- 
zero MI-module G containing no nontrivial MT-subgroups (submodules, 
respectively) of G. A nonzero submodule of G is said to be irreduc- 
ible (simple, respectively) if it is an irreducible (simple, respectively) 
MI-module. 

Since we are considering zero-symmetric I-near rings, every submodule 
is an MI-subgroup, and hence every irreducible MI-module (submodule, 
respectively) is a simple MI-module (submodule, respectively). But, the con- 
verse may not be true. 


Example 7.4.5 


Consider G = Z, = {0, 1, 2, 3}, the ring of integers modulo 4, and X = {a, 5}. 
Write M = {g | g: X > G, g@) = 0} = (80, Si, Gx a}, Where g,(a) = 0, g(b) =i for 
O<is3. Letl = ({f;, fr, fs, fal, where each f; G > X defined by f,() =a (0 <i <3), 
fii) =a (0 S182) f,38) =) f,@ =4 fore {0, 2,3, /4() =b,A@ =a ifie {0, 2},and 
fi) = bifieé {0,2}. Forge M,fe I xe G, write gfx = 9(f(x)). Now G becomes 
a MI-module. 

Further, Y ={0, 2} is only the nontrivial subgroup and also the MI-subgroup, 
but not a submodule of G (since 3 ¢ Y and g3f, (1 + 2) — g3f,(1) = 3). Hence, G 
is simple, but not irreducible. 


Definition 7.4.6 


A proper submodule of G is said to be maximal (strictly maximal) if it is 
maximal in the set of all proper submodules (MI-subgroups) of G. 

If His a strictly maximal submodule of G, then it is maximal. The converse 
may not be true. 


Example 7.4.7 


Consider Z,, the ring of integers modulo 8 and X = {a, b}. 

Write M = {f | fi X > Zz, fla) = 0} = {fo fr, --- fr}, where f(a) = 0, f(b) =i for 
1<i<7, andT = {gy g}, where 9, 81: Zg—> X defined by g,(i) =a for all i and 
gift) =aifié {3,7} a : ifie {3,7}. Z, becomes an MI-module and all its 
proper subgroups (0), {0, 4}, {0, 2, 4, 6} are MI-subgroups, but Y = {0, 2, 4, 6} is 
not a submodule (since fg (1+ 2) — f,¢,(1) =5 € Y). Hence {0, 4} is maximal, 
but not strictly maximal. 
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Definition 7.4.8 (Definition 2.1 of Satyanarayana, 2004) 


Let.7denote the set of all strictly maximal submodules of G. We define the sub- 
module J(G) = [\g-3B to be the radical of G. It is understood that if ~ is empty, 
then G is its own radical, in which case, we say C is a radical MIT-module. 


Example 7.4.9 


(i) In Example 7.4.7, write I'={go}. Then Zs is an MI*-module and every 
subgroup of Zs is a submodule. So {0, 2, 4, 6} is only the strictly maxi- 
mal submodule and J(Z,) = {0, 2, 4, 6}, and hence Z, is not a radical 
MT"-module. 

(ii) In Example 7.4.7, Zs; contains no strictly maximal submodules, and 
hence it is a radical MI-module. 

(iii) In Example 7.4.5, write I" = {f,}. Then Z, is a MI'-module with its 
unique submodule {0, 2}. So, its radical is {0, 2} and hence it is not a 
radical MI“-module. 


we 


The proofs of Lemma 74.10 and Corollary 74.11 stated in the following are 
straightforward verifications. 


Lemma 7.4.10 (Note 2.3 (i) of Satyanarayana, 2004) 


A submodule B of G is maximal (strictly maximal) if and only if G/B is a 
simple (irreducible) MI-module. 


Corollary 7.4.11 (Note 2.3 (ii) of Satyanarayana, 2004) 


(i) If Gis a direct sum of irreducible submodules, then J(G) = (0), and 
hence G is not a radical module. 
(ii) J(G/J(G)) = (0). 
(iii) If H is a proper submodule and J(G/H) = (0), then J(G) c H. 


Definition 7.4.12 


A submodule H of G is said to be small (strictly small, respectively) if 
G = B for each submodule (MI-subgroup, respectively) B of G such that 
G=H+B. 
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Remark 7.4.13 (Remark 2.5 of Satyanarayana, 2004) 


(i 


eS 


Every strictly small submodule is small, but the converse may not be 
true. 

(ii) If A, B are small (strictly small), then so is A + B. 
(iii) Every small (strictly small) submodule is contained in every maxi- 
mal submodule (maximal MI-subgroup). If A is small, then A c J(G). 


eS 


Verification 


Let A be a small submodule and B be a maximal submodule of G. Now B c 
A+BcGand B is maximal; we have A+ B=B or A+B =G. This implies A c B 
or A+ B=G. Suppose A + B=G. Since A is small we have B=G.S0 A CB. Also, 
every small submodule is contained in any strictly maximal submodule. So, 
every small submodule is contained in J(G). 


(iv) J(G) contains the sum of all small submodules. 

(v) If J(G) is small, then J(G) = sum of all small submodules. 

(vi) J(G) contains the sum of all strictly small submodules (this follows 
since every strictly small submodule is a small submodule). Moreover, 
if J(G) is strictly small, then J(G) is equal to the sum of all strictly small 
submodules. 


Example 7.4.14 


Consider S3, the group of permutations on {1, 2, 3}. Write e = (1), o = (12), and 
B = (123). For any two elements x, y of S3, define x + y to be the composition 
of x and y. Then 


S,={e,a, 8, B+ 8B, a+, B+ a}. 


Write X = {a, b} and M = {f | fi X > S, such that f(a) =e}. Now M = {f/x € S35}, 
where f, is defined as the functions f,(@) =e and f,(b) =x. It is clear that Mis a 
group under the addition of mappings. Write = {g}, where g: S;—> X defined 
by g(x) =a for all x € S;. Now M is a I-near ring, and if we define fed = f(g) 
for allfe M,de S,, then S; becomes an MI-module. 

In S3, A = {e, B, B +B} is a unique nontrivial normal subgroup, and the 
other subgroups of G are not normal. From the construction, A is a sub- 
module of S3, and the other subgroups of G are only MI-subgroups. Write 
B = {e, ao}. Then A + B = G and B #G, which implies A is small, but not 
strictly small. 

Let (4, respectively) denote the collection of maximal submodules (max- 
imal MI-subgroups, respectively) of G. 
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Theorem 7.4.15 (Theorem 2.7 (i) of Satyanarayana, 2004) 


If J(G) is small (strictly small, respectively), then J(G) = NMserB(Maex,B, 
respectively). 


Proof 


Suppose that J(G) is small. Since every strictly maximal ideal is a maximal 
ideal, we have that M {B |B is a maximal ideal of G} Cc JG). 

Since J(G) is small, by Remark 7.4.13 (iii), we have that J(G) c B for any maxi- 
mal ideal B of G. Hence, J(G) = 7 {B | B is a maximal ideal of G}. 

The proof for the part related to “strictly small” is similar. 

The proof of the following corollary is trivial. a 


Corollary 7.4.16 


If J(G) is strictly small, then 


I@ =(perB € Net B). 


Theorem 7.4.17 (Theorem 2.7 (iii) of Satyanarayana, 2004) 


Suppose G has ascending chain condition (ACC) on its submodules. Then J(G) 
is small if and only if J(G) =(sexB. 


Proof 


Suppose J(G) = (ze, B. Let us suppose J(G) is not small. Since J(G) is not small, 
the set N= {A | Ais a proper submodule of G and J(G) + A = G} is nonempty. 
Since G has ACC, there exists a (proper) maximal submodule B of G such that 
G = |(G) + B. By Remark 7.4.13 (iii), we have J(G) c B. This shows that G = B, a 
contradiction. ] 
The rest follows from Theorem 7.4.15 and Corollary 7.4.16. 
By using a similar argument, we can obtain the following theorem. 


Theorem 7.4.18 (Theorem 6.4.18 of Satyanarayana, 1984) 


Suppose G has ACC on M-subgroups. Then J(G) is strictly small if and only 
if J(G) = perB. 
The proof of the following corollary is a straightforward verification. 
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Corollary 7.4.19 (Theorem 6.9.19 of Satyanarayana, 1984) 


(i) J(G) contains the sum of all small submodules. 
(ii) If J(G) is small (strictly small), then J(G) is the sum of all small (strictly 
small) submodules. 


Theorem 7.4.20 (Theorem 6.9.20 of Satyanarayana, 1984) 


J(G) is the sum of all small submodules if and only if every submodule B 
generated by a finite subset of J(G) is small. 


Proof 


A straightforward verification (use Remark 7.4.13 and Corollary 7.4.19). 
A similar argument shows us the following. | 


Theorem 7.4.21 (Theorem 6.9.21 of Satyanarayana, 1984) 


J(@ is the sum of all strictly small submodules if and only if every submodule 
B generated by a finite subset of J(G) is strictly small. 

Henceforth, we consider G to be an MT-module that satisfies descending 
chain condition (DCC) on submodules. By using Lemma 74.10, we obtain the 
following. 


Lemma 7.4.22 (Lemma 6.9.22 of Satyanarayana, 1984) 


If there exist finitely many strictly maximal submodules I, I, ..., I, such that 
(Mj =11;= ©), then G is a direct sum of finite number of irreducible submodules. 


Lemma 7.4.23 (Theorem 3.1 of Satyanarayana, 2004) 


If J(G) = (0), then there exists a finite number of strictly maximal submodules 
I, 1, ..., 1, of G such that (i; -1 1, = (0). 


Proof 


Let D be the collection of all strictly maximal submodules of G. 
Since G has DCC on submodules, the set 
C={M-Ji/J,¢ D,1<i<k has a minimal element, say M=11i. 
Now Je DSJO(Meil;) € C3 N11, C J. Hence, 7-11; c J(@ = (0). | 
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Now combining Lemmas 7.4.22 and 7.4.23 and Corollary 74.11 (i), we get 
the following. 


Theorem 7.4.24 (Theorem 6.9.24 of Satyanarayana, 1984) 


Suppose G has DCC on submodules. Then J(G) = (0) if and only if G can be 
expressible as a sum of a finite number of minimal submodules. 


Corollary 7.4.25 (Corollary 6.9.25 of Satyanarayana, 1984) 


If J(G) = (0) and A is a submodule of G, then there exists a submodule B of G 
such that G=A © B. 


Proof 


A straightforward verification. oO 


Lemma 7.4.26 (Note 3.2 of Satyanarayana, 2004) 


If J, Jo, .-., J, are finite numbers of submodules, m € M and oe I, then for all 


a;,€ J, we have 
n 
Ji} 
i=1 


Refer to Proposition 7.2.4 and use mathematical induction. | 


MOL(a, + dz +...+ Ay) = MOA, + MOA +...+ MOA, [moa 


Proof 


Theorem 7.4.27 (Theorem 6.9.27 of Satyanarayana, 1984) 


If J(G) = (0), then every simple submodule A is irreducible. 


Proof 


By Theorem 7.4.24, we have that G=I, ® 1, ® ... ® I, for some irreducible sub- 
modules I, I5, ..., 1, LetO #a € A. Thena=a,+a,+...+a, for some a;¢ I,1< 
i<n,and a,# 0 for some 1<k <n. Let f, be the map that carries each element 
of A into its component in I,. Then f, is a nonzero module homomorphism 
from A into I. Since I, is irreducible and A is simple, it follows that the image 
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of f, is I, and the kernel of f, is (0). Therefore, f, is a module isomorphism, and 
hence A is irreducible. | 


Theorem 7.4.28 (Theorem 3.3 of Satyanarayana, 2004) 


If J(G) = (0), then every maximal submodule is strictly maximal. 


Proof 


Let A be a maximal submodule. By Corollary 7.4.25, there exists a submodule 
B such that G=A © B. Now B is MI-isomorphic to G/A. By Lemma 7.4.10, we 
have that B is simple and by Theorem 7.4.27, we have that B is irreducible, and 
hence A is strictly maximal by Lemma 74.10. o 


Theorem 7.4.29 (Theorem 3.5 (i) of Satyanarayana, 2004) 


If A is a maximal submodule that contains J(G), then A is strictly maximal. 
The proof is a straightforward verification (use Corollary 74.11 and 
Theorem 7.4.28). 


Corollary 7.4.30 (Theorem 3.5 (ii) of Satyanarayana, 2004) 


If J(G) is small, then every maximal submodule is strictly maximal. 

Proof 

If J(G) is small, then J(G) c A for any maximal submodule and hence follows 
from the previous theorem. a 


Combining Theorem 74.17 and Corollary 74.30, we have the following 
theorem. 


Theorem 7.4.31 (Theorem 3.5 (iii) of Satyanarayana, 2004) 


If G has ACC and DCC on submodules, then J(G) is small if and only if every 
maximal submodule is strictly maximal. 


8 


Fuzzy Aspects in Near Rings 
and Gamma Near Rings 


8.1 Fuzzy Ideals and Prime Ideals in Gamma Near Rings 


In this chapter, M stands for a zero-symmetric gamma near ring. Proofs for 
some of the results of this chapter are either parallel or minor modifications 
of the proofs of the related results in ring theory or in near ring theory. For 
the sake of completeness, we provide the proofs in detail. We begin this sec- 
tion with the following definition. 


Definition 8.1.1 


Let 6 and t be two fuzzy subsets of M. Then the fuzzy subset oot (the com- 
position of o and 7) of M is defined by 
(Got)(x) = sup{min (o(y), T(z))} if x is expressible as a product x = yaz 
mye for some acl. 
= 0, otherwise, for all x, y,z € M. 


Definition 8.1.2 


Let uw: M > [0, 1]. Then u is said to be a fuzzy ideal of M if it satisfies the fol- 
lowing conditions: 


(i) W(x + y) 2 min {u(x), W(y)} 
(ii) W(x) = We) 
(iii) UX) = Wy +x—y) 
(iv) w(xoy) 2 W(x) and 
(v) W{(xa(y + z) — xoy} = u(z) for allx, y,ze Mandoe L 
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Proposition 8.1.3 (Theorem 3.5 of Jun, Sapanci, and Ozturk, 1998) 


Let pt be a fuzzy subset of M. Then the level subsets 
MW = {xe M| u(x) 2 tte Imp, 
are ideals of M if and only if ut is a fuzzy ideal of M. 


Proof 


Suppose tl is a fuzzy ideal of M. To show u, is an ideal of M, let x, y € U,. 
Then u(x) = t, Wy) = t. 
Consider p(x + y). Now 


u(x + y) = min {L(x), U(y)} (since 1 is a fuzzy ideal of M) 2 min {t, t} =f. 


Therefore, x + y € 

Since ul is a fuzzy ideal of M, u(—x) = u(x) 2 t. Therefore, —x € p,. Hence, ul, is 
a subgroup of M. 

Consider w(y + x — y), where x, y € U,. Now 


u(y +x — y) = U(x) (since tis a fuzzy ideal of M) = t (since x € i). 


Therefore, y + x — y € u,. Hence, tt, is anormal subgroup of M. 
Letie pw, x, ye M,and ave FL Consider pf{xa(y + 1) — xay}. Now 


u{xa(y + 1) — xo} 2 U() (since p is a fuzzy ideal of M) 2 t (since i € |). 


Therefore, u{xa(y + 7) — xay} € UW, Hence, p, is a left ideal of M. 
Consider (jax). Now 


(iow) = w(i) (since pt is a fuzzy ideal of M) = ¢ (since i € LL). 


Therefore, 10x € U,. 
Thus, we proved that 1, is a right ideal of M. Hence, p, is an ideal of M. 


Converse 


Suppose that u, is an ideal of M for all t € Im uw. Now we show that ul is a 
fuzzy ideal of M. 


(i) Let x, ye M. Without loss of generality, we may assume that L(x) < 
u(y), and p(x) = t. Now 
x, Ye W=>xt+ye HU, (Since pl, is a subgroup) 
= Wx + y) 2 f= min {ud), u(y}. 
Therefore, u(x + y) 2 min {u(x), U(y)}. 
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(ii) Suppose p(x) =f. Then 
xe [=> —-x € Uy, (since Ll, is a subgroup) > w(x) = t. 
(iii) Suppose p(x) = t. Then 


XE, > yt+x-y EU, (since pt; is anormal subgroup) 
= My +x—y)2t= (x) (8.1) 


In Equation 8.1, by taking —-y + x + y in place of x, we get 
wy-ytxty—y2uCy+x+y) 

= U(x) 2 uCy+x+y). 

Now take y in place of —y, to get 


W(x) = Wy +x—-y) (8.2) 


From Equations 8.1 and 8.2, we see that W(x) = W(y + x — y). 

(iv) Take x, ye M,ae TL Put u(x) =t. Then x € u,. Since py, is a right ideal, 
it follows that xay € p,. This implies that u(y) = t = W(X). 

(v) Letx,y,ze Mandae FP Put wz) =t. Then z € u,. Since pu, is a left 
ideal, it follows that xa(y + z) — xoy € BW, => Uf(xa(y + z) — xoy} 2 t= 
u(z). Therefore, 1 is a fuzzy left ideal of M. Thus, we proved that 1 is 
a fuzzy ideal of M. a 


Lemma 8.1.4 (Theorem 1.1 (i), (ii) of Prasad and Satyanarayana, 2005) 


(i) If wis a fuzzy ideal of M, then wx + y) = uH(y + x) for all x, ye M. 
(ii) If wis a fuzzy ideal of M, then (0) = w(x) for all x € M. 


Verification 
(i) Putz=x+y. Now 


u(xt y) = W(z) = W(-x +z +X) (since pt is a fuzzy ideal) 
=W(-x+x+y+x)=U(y +X). 


(ii) Clearly, 0 = Oax for allae DT and xe M. 
This implies (0) = 1(Oax). Consider [1(0). Now 


(0) =  {Oa(0 + x) — 0X0} = U(x) (Since LL is a fuzzy ideal of M). 


Therefore, L(0) = u(x) for allx e M. 
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Lemma 8.1.5 (Theorem 1.1 (iii) of Prasad and Satyanarayana, 2005) 
Let u be a fuzzy ideal of M. If w(x — y) = w(0), then u(x) = u(y) for all x, ye M. 


Proof 


Suppose I(x — y) = (0). Now 
u(y — x) = u(y — x) (since tis a fuzzy ideal of M) = u(x — y) = (0). Now 


w(x) = W(x — y + y) 2 min {u(x — y), U(y)} 
=min {H(0), u(y)} (since U(x — y) = WO) = L(y) (by Lemma 8.14 (ii)). 


Therefore, (x) = L(y). 
On the other hand, take u(y). Now 
u(y) = Wy — x + x) 2 min {u(y — x), L@)} (since is a fuzzy ideal) 
2 min {u(0), Ux)} (since U(y — x) = 0) 
= u(x) (by Lemma 8.1.4 (ii)). 
Therefore, L(y) 2 U(x). The proof is complete. | 


Proposition 8.1.6 (Theorem 3.3 of Jun, Sapanci, and Ozturk, 1998) 


Let I be an ideal of a gamma near ring M and t <s #0 in [0,1]. Then the fuzzy 
subset u defined by 


w(ry=d> ifxel is a fuzzy ideal of M. 
f otherwise 


Proof 


Let x, ye M. 


(i) Suppose L(x) = #, u(y) = t. Now 
u(x + y) 2 t (by the definition of u) = min {11(x), U(y)}. 
Suppose [U(x) = s, u(y) =s. Then x, ye I. So,x+ye I (since J is an ideal 
of M). Now u(x + y) =s = min {U(x), L(y)}. Therefore, 


w(x + y) 2 min {uU(x), U(y)}- 


Suppose (x) = #, Wy) =s. Then x ¢ Tandy € I. Now 
w(x + y) 2 f= min {t, s} = min {(x), w(y)}. 

(ii) Take x e M. Then u(x) = ¢ or u(x) = s. Suppose u(x) =¢t. Then x € I, 
and so —x ¢ I. Therefore, u(—x) = t. Suppose p(x) = s. Then x € I, and 
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so —x € I (since I is a subgroup of M). Therefore, ((—x) = s. Hence, 
L(x) = W(x). 

(iii) Take x, ye M. To show that (x) = u(y + x — y), suppose L(x) = s. Then 
x € I. Since Iis normal, we have y+x—ye€ I. Therefore, u(y + x — y) =s. 
So, W(x) = Wy + x — y). 
Suppose (x) =f. Thenx¢ L,andsoy+x—y¢ I. Therefore, u(y+x—y)=t. 
Hence, W(x) = u(y +. x- y). 

(iv) Take x, ye Mand a € I: Suppose u(x) = s. Then x € I. Since I is an 
ideal of M, it follows that xoy € I. Therefore, W(xay) = s = W(x). 
If u(x) =, then (xa) = t = u(x). Hence, in all cases, we have u(xay) = 
L(x). 

(v) Letx,y,ze M,aoe I If u@ =s, thenz € I. Since J is an ideal of M, it 
follows that 


xo(y +z) —xoy € I, and so u{xa(y + z) — xoy} =s = WZ). 


If (z) = t, then u{xo(y + z) — xo} = t = UZ). 
Hence, we conclude that 1 is a fuzzy ideal of M. | 


Lemma 8.1.7 (Lemma 7.1.9 of Prasad, 2000) 


Let M and M'be two I-near rings and f: M > M! be a gamma near ring 
homomorphism. If fis surjective and pt is a fuzzy ideal of M, then so is f(u). 
If o is a fuzzy ideal of M', then f-(6) is a fuzzy ideal of M. 


Proof 
Part (i): Assume that u is a fuzzy ideal of M. Let u,v € M!. 
i) f(Wyu+o)= sup E(x) 


f(x)=ut+o 
(since u+v € M'and fis onto, there exists x € M such that f(x) =u + v) 


=i sup Uy), bg wD U X; 

f(y=u ()=0 
= min {(f(4))(u), (f(U))(@)}. 

(i) (f(u))(-u) = Ba U(z) = bid w(—z) = (fF (u)(u)) 


(since f(z) =—u, ~~ = a = 0) — f(z) =0- (-u) =u, and wis a fuzzy 
ideal, it follows that w(z) = Wz). 

(fw) @+u-v)= sup plz) 

> u(y +x—-y) f(z)=v+u-v 


(iii 


eS 
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(since f is onto, there exist x, y € M such that f(x) = u, f(y) = v, and 
fly +x—y) =fy+fe) — fly) =0+u- 2). 
Hence (fu)o+u—2) 2 Sup Hx) = (FW). 


(iv) Take m,!, m,'eé M'. Since f is onto, there exist m,, m,¢€ M such that 
fm) = m1, fm) = m,'. Now 


(f(w))(m;'omm,!)= sup WZ) 
f(Z= moun! 
2 (cum) (since f(m,am,) = f(m,)of(m,) = m,'om,') 
2 L(m,) (since pt is a fuzzy ideal of M). 


Therefore (f(u))(m,'oun,') = sup w(7m) = (f(w)) (7,'). 
f(m) =m! 
(v) Let m,!, m,!,m,!e M! and ae I. Now 


(flu))(2y'001,' + m3") — m,'oum,!) = sup H(z) 
f(z)= (moma! +m!) = moun! ) 
2 W(m,0(m + M3) — m,0uM) 


[since m,!, m,', m,!€ M! and fis onto, there exist m,, m,,m,€ 4 such 
that f(m,) = m,!, fm) = m,!, f(m;) = m,!; and 


fmm, + mz) — mam) = fmm, + Ms) — f(m,om) 
= f(im,)a(f(m) + fms) — frm) afm) 
= (m,'a(m,' + m3!) — m,'om,') 
2 L(m,) (since pt is a fuzzy ideal of M). 


Therefore (f(u)(m,!o(m,! + m3!) — m,!om,!) > sup wm) = (f (W))(11'). 
Hence, f() is a fuzzy ideal of M'. f(m) =m! 


Part (ii): Suppose o is a fuzzy ideal of M'!. Now we show that f (0) is a fuzzy 
ideal of M. Take x, y € M. 


i) FtO)a+y =a(fxt+y) (by definition) 
= 0(f(x)) + a y)) (since 6 is a homomorphism) 
= min {o(f(x)), o(f(y))} (since o is a fuzzy ideal of M?) 
=min {f((x)), f(o(y)} (by the definition of f(0)). 

Gi) FO) = o(f() 


= o(-f(-x)) (since o is a fuzzy ideal) 
= = of) (since f is a homomorphism) 
~\(0))(). 


Gi) (OY) = 6/0) 
=o(f(y) + f(x) —fly)) (since o is a fuzzy ideal) 
= o(f(y + x) —fly)) (since f is a homomorphism) 
=o(f(y+x-y)) (since f is a homomorphism) 
=f"o)(y+x-—y) forallx, ye M. 
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(iv) FO) (xy) = o(fxoyy)) 
= o(f(x)af(y)) (since f is a homomorphism) 
= o(f(x)) (since o is a fuzzy ideal) 
=(f"©))(x) for allx, ye Mandae 

(v) Let m,,m,,m,€ Mand ae Tl. Now 


(fF) {mya(m, + ms) — moan} 
= 0(f(m,a(m2+ m3) — mam.) (by the definition of f”) 
= o(f(m,0.(m,+ m3)) — f(m,o0m))) (since f is a homomorphism) 


= ol(flm)of(m, + m,)) — fl oflm))] 


2 o(f(ms)) (since o is a fuzzy ideal) 


= (fF "(©)(m3). 
Hence, f(6) is a fuzzy ideal of M. o 


Proposition 8.1.8 (Proposition 7.1.10 of Prasad, 2000) 


Let M and M' be two gamma near rings, h: M — M! be a gamma epimor- 
phism and u, 6 be fuzzy ideals of M and M', respectively; then 


(i) hh@)=6 


Gi) h(n) Dw 
(iii) h-“(h(w)) = wif wis a constant on ker h. 


Proof 


(i) Let m,!e M* Since h is onto, there exists m,¢€ M such that h(m,) = m,}. 
Since m,'< M!, o(m,') € [0, 1]. Put t = o(m,!). 
Now, we show that h(h—'(o))(m,!) = t. 


h*(o)(m,) = o(h(m,)) 
=o(m,!) =t. 
Therefore, h“(o(m,)) = t for all t € h-“(m,)). 
Hence, h(i-(o))(m,})= sup (h(0))(m,) = sup {t}= 4. Thus, h(i) =o. 


m €h(m!) 


(ii) Consider h-(h())(x). Now 
h(A(w)) (x) = (aw) (h@) 
= (hwy) 
= sup [u(2) 
h(z)=y 


= L(x) (since h(x) = y) 
Therefore, h“(h(u)) D wu. 
(iii) Let x ¢ M. We have to show that h“(h(u)) (x) = u(x). Write u(x) = ft and 
h(x) = y. 
Let x, x,€ Wy) = h(x,) =h&,) > x, -— x, € ker h 
=> U(x, — x2) = (0) (since 0, x; — x. € ker h and pis constant on ker h) 
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Since x € h“(y), we have u(x,) = U(x) = U(x) = t. Therefore, 
h*(h(w))(x) = h(w)(h)) = hwy) = WP Wz) = sup {é} =f = (a). 
xe y 


Hence, h-1(h()) =p. = 


Definition 8.1.9 


A fuzzy ideal u of M is said to be a fuzzy prime ideal of M if u is not a con- 
stant function; and for any two fuzzy ideals o and t of M, oot Cu implies 
that eithero CUortTCu. 


Theorem 8.1.10 (Theorem 2.3 of Prasad and Satyanarayana, 2005) 


If wis a fuzzy prime ideal of M, then M, = {x « M | u(x) = (0)} is a prime ideal 
of M. 


Proof 


Put t = (0) in Proposition 8.1.3. Then we see that M, is an ideal of M (here 
M,,= Hy) is an ideal of M). 

Now to show that M, is a prime ideal of M, 

let A and B be two ideals of 1 such that AT'B c M,,. Define the fuzzy subsets 
6 and Tas 


_ JuO)ifxe A _ Ju(O) if xe B 
Ol) deeea 10, anes 


Now we show that o(x) is a fuzzy ideal of M. Let x,y « M. If x,y € A, then 
x+yeA. 

So, o(x + y) = (0) = min {(0), U(0)} = min {o(x), o(y)} (since x, y € A). 

o(-x)=u(0) (since x € A, we have -x € A) 

= 0(x). 
o(y + x — y) = WO) (since y+ x—ye€ I) =o(x). 
o(xay) = (0) (since x, ye A and A is an ideal of M, we have xay € A). 
= 0(x). 
Let ze A. o{xa(y + z) — xa} = (0) (since xa(y + z) — xay € A) 
= (2). 

Suppose x, y¢ A. Ifx+y¢ A, then o(x + y) =0= min {o(x), o(y)}. 

Ifx+ye A, then o(x + y) 20 = min {o(), o(y)}. 

Also, it can be easily verified that o(—x) = o(x), o(y + x — y) = o(x), o(xay) = 
o(x), and of{xa(y + z) — xay} = o(Z). 
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Hence, o is a fuzzy ideal of M. 

Similarly, we can verify that t is a fuzzy ideal of M. 

Next we show that ooT Cu. 

If (6 07)(x) =0 for all x € M, then there is nothing to prove (since (60 7)(x) = 
0 < u(x) for allx e M). 

Otherwise, (ooT)(x) = sup {min (G(y), T(z))}. So, we have to consider only the 
cases where min {o(y), a2) > 0. For all these cases, o(y) = T(z) = (0). Therefore, 
ye Aandze B.Sox=yoz « AIBC M, => u(x) = (0). Hence (G0 1)(x) < U(x) 
for all x. Thus, cot Cu. 

Since ul is fuzzy prime, it follows that o Cu or TCU. Suppose 6 CL. 

If A ¢ M,, then there exists a € A such thata¢ M,. 

This means i(a) # (0). 

Now 1(0) = (Oca) 

= u{0a(0 + a) — 000} 
> (a) (since p is an ideal). 

Therefore, (a) < (0). Hence, o(@) = (0) > @), which is a contradiction to 
the fact thato Cu. 

Thus, we proved that if o Cu, then A Cc M,. 

Similarly, if TC, we can show that B c M,, Hence, M, is a prime ideal of M. ™ 


Lemma 8.1.11 (Theorem 1.3 of Prasad and Satyanarayana, 2005) 
If is a fuzzy ideal of M, anda eé M, then u(x) 2 u@) for all x € <a>. 


Proof 


Let ae Mand x € <a>. We show that u(x) = u@). Clearly, <a> =U Hi. 
Here, 


Mia = Mae UO Hy U Wy By, 


where [, ={n+x-n | ne M,xe ud, 
we=ix-y | x ye Md, 
byt = {n,O(Ny + a) — NON, | 1, Ny, € M,ae wand ae T}, and 
uo = {xom | xe wb, ae me Mt. 


We prove that (uv) = u@) for all u € pL,,. To prove this, we use the principle 
of induction on m. The verification is clear in the case m = 0. Suppose the 
induction hypothesis for k. That is, u(x) 2 w@) for all x € Ly. Now let v € Ly = 
Uy U We U pt U ut. If ov © pw, or u,°, then the proof is clearly u(v) 2 pW(a). 
Suppose that v € u,*. Then v = 1,0(n, + x) — n,01n, for some n,, 1,€ M, x € by, 
and ae T. Now wv) = W(m,0(1, + x) — 1,01) 2 W(x) (since LL is a fuzzy ideal of 
M) 2 u@) (by induction hypothesis for k). 
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Suppose v € u,**. Then v = xom for some x € Ly, a€ T,andme M. 
Now iU(2) = W(xoum) = p(x) (since tis a fuzzy ideal of M) 
2 La) (by induction hypothesis for k). 

Thus, in all cases, we proved that u(v) = W(@) for all v € Ly,;. Hence by math- 
ematical induction, we have v € u,,, which implies that U(v) = (a) for every 
positive integer m. Thus, we conclude that u(x) 2 uw(@) for all x € <a>. The proof 
is complete. a 


Proposition 8.1.12 (Theorem 2.8 of Prasad and Satyanarayana, 2005) 


Let I be an ideal of M and a ¢ [0, 1). Let u be a fuzzy subset of M, defined by 


(x) 1 ifxel 
x)= . 
A s otherwise 


Then wu is a fuzzy prime ideal of M if lis a prime ideal of M. 


Proof 


Suppose I is a prime ideal of M. By Proposition 8.1.6, 1. is a nonconstant fuzzy 
ideal of M. 

Let o and t be two fuzzy ideals of M such that cot Cu, 6 Cu, tT Cu. Then 
there exist x, y ¢ M such that o(x) > u(x) and t(y) > L(y). 

U(x) = u(y) =s (by the definition of yu). 

So, x, y € I. Since I is a prime ideal, it follows that <x>I'<y> ¢ I. Therefore, 
there exists a € <x>I'<y> such that a ¢ I. So u(@) =s. 


Hence (6 07)(@) < ua) =s (8.3) 


Let a = cad, where c € <x>,d € <y>,and ae IT. Now 
Oot(a) = sup {min (o(p), T(9))} 
x= poy 
> min {o(c), t@)} 
2 min {o(x), t(y)} (by Lemma 8.1.11) 


2 min {H(x), W(y)} = s. 
Therefore, 00 (a) > s, which is a contradiction to Equation 8.3. 
Hence, is a fuzzy prime ideal of M. The proof is complete. a 


Corollary 8.1.13 (Corollary 2.10 of Prasad and Satyanarayana, 2005) 


Let I be an ideal of M. Then i, is a fuzzy prime ideal of M if and only if I is a 
prime ideal of M. 
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Proof 


By Proposition 8.1.6, I is an ideal of M if and only if A, is a fuzzy ideal of M. 
Suppose I is prime. By taking s = 0 in Proposition 8.1.12, we have 


1 ifxel 
0 otherwise 


m(ad={ 


is a fuzzy prime ideal of M. 


Converse 


Suppose that A, is a fuzzy prime ideal of M. We show that I is a prime ideal 
of M. Let A, B be two ideals of M such that ATB cI. Now we show that A cI 
or B CI. Consider (A,0A,)(x). Now 


(A,oA—(x) = SUP {min (A,(p), Ag(q)} for some a € 


x= pog 
(A,OAg)(x~) =1= a {min (A,(p), Ap(q)} for some a € T 

=> there exist p, q such that min {A,(p), A,(q)} = 1 
= Alp) = 12a =1> pe Age B 

=> page ATB CI > A(pag) = 1 > A(x) = 1. 


Therefore, 1,,0A,C i, Since A, is fuzzy prime, it follows that A, cA, or AgC A, 
Suppose A, CA, Thenxe ASA, (X)=1SA(X)sloxel 

Therefore, A cl. 

Similarly, if A, c A, then B cI. Thus, lis a prime ideal of M. | 


Lemma 8.1.14 (Lemma 2.6 of Prasad and Satyanarayana, 2005) 


If is a fuzzy prime ideal of M, then (0) = 1. 


Proof 


Suppose i is a fuzzy prime ideal of M. Clearly, u(0) >1. Suppose t(0) < 1. Since 
is nonconstant, there exists a € M such that (a) < (0). Define fuzzy subsets 
o and 8 of Mas 


\ if u(x) = (0) 
0(Xx) = 


0 otherwise 


and 0(x) = (0) for allx e M. 
By Proposition 8.1.6, it follows that o and 6 are fuzzy ideals. 
Since 6(0) = 1 > w(0) and 0(@) = u(0) > LW), it follows thato Zu,9 Zu. 
Now for any b € M, (o08)(b) = sup {min (6(x), O(y))} for some ae L. 


b=xay 
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Case (i): If o(x) = 0, then u(x) < (0). Now 
min {o(x), 0(y)} = min {0, 1(0)} < wary) = (0). 
Therefore, sup {min (o(x), O(y))} < WO). 


b=xoy 


Hence (6 0 €)(b) < u(b). This is true for allb e M. Thus, 000 Cu. 
Case (ii): Suppose 0(x) = 1. Then u(x) = (0). Now 


min{o(x), O(y)} = min {1(0), 1(0)} = 40) = Wa) < Wray) 
(since Ll is a fuzzy ideal of M) = u(b). 


Therefore, (60 6)(b) < u(b) for allb € M. 

Hence, 608 Cu. Since pt is fuzzy prime, it follows that o Cu or 8 Cu, which 
is a contradiction. 

Therefore, (0) = 1. a 


Proposition 8.1.15 (Theorem 2.7 of Prasad and Satyanarayana, 2005) 
If wis a fuzzy prime ideal of M, then |Im u| =2. 


Proof 


Suppose Ll is a fuzzy prime ideal of M. We show that Im pu contains exactly 
two values. Let a, b be elements of M such that ua) < 1 and u(b) < 1. It is 
enough to show that U(@) = W(). 

Part (i): Define fuzzy subsets 6 and 6 as follows: 


(x) 1 ifxe <a> 
0(x) = 
0 otherwise 


and 0(x) = (a) for all x e M. By Proposition 8.1.6, it follows that o and 6 are 
fuzzy ideals of M. Since a € <a>, it follows that o(@) = 1 > wW(q). 
Therefore, o ¢ u. Let z € M. Consider (G0 8)(z). 
Now (60 6)(z) = sup {min (6(x), O(y))} for some a € I. Suppose o(x) = 0. 
Then min {o(x), a(y)} = min {0, u@)} =0 < uray) = ul). 
This is true for all z € M such that z = xay for some ae I, x, ye M. 
Therefore, Sup {min (G(x), O(y))} < Ul). 


z= xoy 
Hence (6 0 8)(z) < u(z). Thus, co8 Cu. 
Suppose o(x) = 1. Then 


min {o(x), O(y)} = min {1, w@} 
= UW(a) S$ W(x) (Since x € <a>, by Lemma 8.1.11) 
< u(xay) (since pt is a fuzzy ideal of M) = u(Z). 
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Therefore, 000 C LL. Since u is fuzzy prime, it follows thato Cu or@ Cu. 
Since 6 ¢ U, it follows that 8 Cu. Now 


u(B) 2 (0) = Lea) (8.4) 


Part (ii): We construct fuzzy ideals t and 6 as follows: 


1 ifxe<b> 
Ux) = 
0 otherwise 


and 6(x) = u(b) for all xe M. 
By Proposition 8.1.6, t and 6 are fuzzy ideals of M. Now 1(b) = 1 > (0). 
Therefore, T ZL. 
Consider t0 6. 
Now (t06)(z) = sup {min (t(x), 5(y))}. If t(x) = 0, then clearly T06 Cu. 
z=xoy 
Suppose 1(x) = 1. Then x € <b>. 
Now u(xoy) 2 U(x) (since pt is a fuzzy ideal of M) 
> u(b) (since x € <b>) 
= 6(y) (by the definition of 5) 
= min {1, 6(y)} = min {t(x), d(y)}. 
This is true for all x, y such that z = xy. 
Therefore, (z) = U(xay) = sup {min (t(x), 5(y))} = (to 8)(z) for all ze M. 


Z=xay 


Hence, T06 Cu. Since tl is a fuzzy prime ideal of M, it follows that tC u 
ord Cu. Since tT ZH, it follows that 6 cu. Therefore, (a) => d(a) = w(b). Hence, 


u(a) = (0). 
Thus, from Parts (i) and (ii), we can conclude that u(@) = u(b). | 


Proposition 8.1.16 


If 1 is a fuzzy subset of M, then p is a fuzzy prime ideal of M, if and only if 
Im py = {1, a}, where a € (0, 1). 


Proof 


Suppose Im pu = {1, a}. Then by Proposition 8.1.12, u is a fuzzy prime ideal 
of M. 


Converse 


Suppose Ll is a fuzzy prime ideal of M. Then by Proposition 8.1.15, |Im | =2, 
that is, Im pW = {1, a}, where a € (0, 1). | 
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8.2 Fuzzy Cosets of Gamma Near Rings 


In this section, we define the concept of a fuzzy coset of a fuzzy ideal of a 
gamma near ring M. We present certain fundamental results. 


Definition 8.2.1 


Let pt be a fuzzy ideal of a gamma near ring M and m € M. Then, a fuzzy 
subset m + ut defined by 


(m + wW(m') = wm! — m) for all m'e M 


is called a fuzzy coset of the fuzzy ideal u. 


Proposition 8.2.2 (Lemma 2.2 (i) of Satyanarayana and Prasad, 2005) 
If is a fuzzy ideal of M, then x +u=y + pif and only if ux — y) = (0). 
Proof 


Suppose 1 is a fuzzy ideal of Mandx+u=y+u 


= (x + Wy) = (y + WY) 

=> Wy —x)=uy-y) (by the definition of a fuzzy coset) 
= Wy — x) = L(0) 

=> w(x — y) =O) (since Lt is a fuzzy ideal of M). 


Converse 


Suppose that (x — y) = (0). Now we show thatx +u=y+u. Let ze M. 
Consider (x + )(z). Now 
(x + U)(Z) = WE — x) 
=uWy+z—-x+y) (since Lt is a fuzzy ideal of M) 
=W(Cy+z)+Cxrt+y) 
2min {uw-y +z), u(-x+y)} (since Lis a fuzzy ideal of M) 
=min {uCy+z—y+y),uCCr + y)} 


a_— aos aes 


= min {u(z — y), w(x — y)} (since L is a fuzzy ideal of M) 
= min {NZ — y), W(0)} (since U(x — y) = U0) 
=uz-y) (by Lemma 8.1.4) 

=(y + UW) (by the definition of a coset) 


Therefore (x + u)(z) 2 (y + w)(@) for all z e M. Hence (x + u) D (y +L). 
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Similarly, by interchanging y and x in the proof, we can show that (y + U) D> 
(x +H). = 


Corollary 8.2.3 (Lemma 2.2 (ii) of Satyanarayana and Prasad, 2005) 


Ifx+u=y +p, then p(x) = L(y). 
Proof 


Suppose x + = y + LL. By Proposition 8.2.2, u(x — y) = (0). Now by Lemma 
8.1.4, we see that U(x) = u(y). | 


Proposition 8.2.4 (Lemma 2.2 (v) of Satyanarayana and Prasad, 2005) 


Every fuzzy coset of a fuzzy ideal of M is constant on every coset of an 
ordinary ideal M,,, where M,= {x € M | u(x) = w(0)}. 


Proof 


Let y,z € M,,. We show that (x + u)(y) = (x + W)@). Since y, z € M., it follows that 
u(y) = (0) and y(z) = (0). Since M,, is an ideal, it follows that y— ze M,. So 
u(y — z) = (0). Consider (x + u)(y). 


Now (x + u(y) = Wr — y) 
= u(-(x — y)) (since Lt is a fuzzy ideal of M) 
= Wy — x) 
=u-z+y—-—x+2) 
2 min {W(-z + y), U(x — z)} 
= min {u(y — 2), Ux — 2)} 
= min {11(0), U(x — 2)} (since p(y — z) = 4(0)) 
= u(y —2Z) 
= (x + w)(2). 


Therefore (x + u(y) 2 (x + WZ). 


Similarly, by interchanging y and z in the proof, we can show that (x + [)(z) 2 
(x + u(y). Hence (x + u(y) = (x + U)(2) for all y, z € M,. a 


Corollary 8.2.5 (Lemma 2.2 (v) of Satyanarayana and Prasad, 2005) 


If ze M,, then (x + u)(z) = Wy). 
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Proof 


Let ze M,. Then u1(z) = W(0). Now z, 0 € M,; we have 
(x + U)(Z) = (x + (0) (by Proposition 8.2.4) 
=> wW(z — x) = W(0 — x) = ux) = W(X) (since tis a fuzzy ideal of M). 
Therefore, L(z — x) = w(x). Hence (x + 1)(z) = W(x). | 


Theorem 8.2.6 (Theorem 2.4 of Satyanarayana and Prasad, 2005) 


Let p be a fuzzy ideal of M. Then the set M/u= {x + | x € M} of fuzzy cosets 
of [tis a gamma near ring with respect to the operations defined by 


(x+u+(y¥t+wW=(*+y) +p; and 
(x+ Waly +u)=xoy +p forallx,ye Mandoe Lr. 


Proof 


Suppose x+M=U+U,y+W=0+U. 
By Proposition 8.2.2, u(x — u) = u(y — v) = WO). Now 


W(x +y)- (ut Of =U @ty-v-U) 
=ul(x+y-—v)-u} 
=ulut(xty—9)} 
= Wu + x) + (y— 2) 
2 min {u(—u + x), u(y — v)} (since is a fuzzy ideal of M) 
= min {u(x — pw), L(y — 0)} 
= (0) (since p(x — u) = W(y — 0) = 40). 


Clearly, by Lemma 8.1.4 (ii), it follows that (1(0) = u{(x + y) — (u + v)}. 

Therefore, L{(x + y) — (u + v)} = W(0). Hence, by Proposition 8.2.2, we have 
X+Y+HW=U+04U. 

Next we show that xoy + uw = vow + W. Consider w(xay — ua). Now 


L(uav — xouy/) = W(uau — xow + xow — xoLy) 
= U((u — x)au + xor(y + (-y + 0))—xay) 
2 min {uu — x), uy + v)} (since ut is a fuzzy ideal of M) 
= min {H(0), U(0)} = LO). 


Therefore, u(xoy — ua) = W(0) => xoy + UW = uow + Lt (by Proposition 8.2.2). 
To verify that M/u = {x + |x € M} isa gamma near ring with the preced- 
ing operations: 


(i) Takex+uy+pe M/u. Now (x+u)+(y+u)=(x+y)+ ue M/u, since 
x+ye M. 
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(ii) For every x+ pe M/p, 0+ ue M/u, (x + u)+(0 + pW) = (x + O)tuU =x + LL. 
(iii) Letx+u,y+uz+ue M/u. Then 


(t+ wW+(y+wt+Zt+w=e+wW+(y+2+y) 
=(x+(y+2)+W) 
=(x+y)+z+W) (since (M, +) is a group) 
=(«+y+wW+@+yH) 
=(+w)+(y+p)+@+p). 


(iv) To eachx+ue M/u, (-x)+ © M/u such that (x + uw) Gx +p) =0+u. 
Therefore (M/u, +) is a group. 
Let x,y,z¢ M;thenx+u,y+u,z+tpe M/u, anda, Bel. 


(+H) + (Y +H) +H) 
= ((x + y)+Waz + YW) 
=(x+y)az)+u (by the definition of multiplication) 
= ((xarz) + (youz)) +L (by right distributivity in M) 
= (xoz) + W + (yo) + ML 
= ((x + Wa(z + MW) + (y + Wa + Y)). 


Also (x + Waly + 1) BE + W) 
= ((xoy)+WB(Z + LW) (by the definition of addition) 


= (xouy)z + | 

= xo(yBz) + uw (by associativity in M) 
= (x + Wa(yBz + UW) 

= (x + Way + WBE + 4). 


Hence, M/u is a gamma near ring. a 


Proposition 8.2.7 (Lemma 2.6 of Satyanarayana and Prasad, 2005) 


Let u be a fuzzy ideal of M; the fuzzy subset 6, of M/u defined by 0,(x +H) = 
u(x) for allx € Misa fuzzy ideal of M/u. 


Proof 


Given that 6, (x + MU) = W(x). 
To show 9, is well-defined, suppose x + W@=y+U 
= u(x — y) = 10) 
= M(x) = WY) 
= 0,(x + UW) =8,(y + YW). 
We show that 0, is a fuzzy ideal of M/u. 
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(i 


eS 


O,((x + B) + (Y + W)) = Oe + +B) 
= W(x + Y) 
2 min {u(x), U(y)} (since pL is a fuzzy ideal of M) 
= min {0,(x + p), 8,(y + Ww}. 


Therefore, 6,((x + u) + (y + w)) 2 min {6,(x + WW), O,(y + )}. 
(ii) 9,(¢ + A) = WY) = Ux) (since L is a fuzzy ideal of M) 
= 0,(-* + bd). 
(iii) O,(/y + A) + (« +H) — (y+ W) 
=6,(y+x—y)+W) =H +x— y) =X) = Ox + pW). 
(iv) O,((x + Waly + W)) 
= 6, (ray + LU) 
= Wray) 
> u(x) (since Lt is a fuzzy ideal of M) 
= 0, (x + UW). 
(v) Of + Waly + Wt (z + W) — & + Waly + Ww} 
= Ole + Wa((y +z) + LW) — (x + Waly + W)} 
= 8, {cay + z)) + MW — (rou) + HL} 
=O, {cay + z) — (xouy)) + W)} 
= wWlxar(y + z) — xory} 
> W(Z) (since [tis a fuzzy ideal of M) 
= 6,(2 + W). 
Hence, 0, is a fuzzy ideal of M/u. o 


Theorem 8.2.8 


If u is a fuzzy ideal of M, then the map 6: M — M/u defined by 0(x) =x + u, 
xe M, isa gamma near ring homomorphism with kernel M,, = {x « M | w@) = 
u(0)}. 

Proof 


Given 6: M —> M/u by 0(x%) =x +. Now 


Ox+y)=e+y)+uU (by the definition of 6) 
=(x+u) + (y+H) 
= O(x) + O(y) (by the definition of 8). 


Consider 0(xay). Now 


O(xay) = (xo) + UL (by the definition of 8) 
= (x + Waly + UW) 
= 0(x)a0(y). Therefore, 8 is a homomorphism. 


To prove ker 0 = M,: 
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Take x € ker 0 if and only if 07) =0=O0+u 


if and only ifx+u=O+u 
if and only if u(x — 0) = 10) 
if and only if u(x) = WO) 

if and only if xe M,. 


Therefore, ker 6 = M,. | 


Theorem 8.2.9 (Theorem 3.3 of Satyanarayana and Prasad, 2005) 


The gamma near ring M/ is isomorphic to the gamma near ring M/M,,. The 
isomorphic correspondence is given by x + u:—> x + M, (refer to Definition 
7.2.5 for gamma near ring isomorphism). 


Proof 


Define fM > M/u by f(x) =x + uw. We verify that fis a gamma near ring homo- 
er Let x, ye Mandae I. Now 

fxtyaet+yt+ Waet+y) +H=%+H) + (yt pH) =f) +fly), and 

f(xoy) = xoy + = (x + Waly + H) = f(x)ofly). 

Take y ¢ M/p; then y=x + for some x € M. Now f(x) =x +p =y. 

Since M,, is the kernel of f (by Theorem 8.2.8), it follows that M/M,,=M/u. m 


Lemma 8.2.10 (Lemma 3.5 of Satyanarayana and Prasad, 2005) 


Let p and o be two fuzzy ideals of M such that o D uw and o(0) = L(0). Then 
the fuzzy subset 0, of M/u defined by 0,(x + UW) = o(x) for all x € M is a fuzzy 
ideal of M/t such that 8,> 9,. 


Proof 


We show that 0, is well-defined. 
Suppose x+U=y+u. Then u(x — y) = (0). Now o(x — y) 2 u(x — y) = (0) = 
0(0) (since (0) = o(0)). By Lemma 8.1.4 (ii), it follows that o(0) 2 o(x — y). 
Therefore, o(x — y) = 6(0), and so by Proposition 8.1.6, o(x) = o(y). 
Hence, 8, is well-defined. 
Now we verify that 0, is a fuzzy ideal of M/. 


(i) O((@@ +) + (y +B) = Ox + y) + B) 
=o(x+y) 
2 min {o(x), o(y)} (since 6 is a fuzzy ideal of M) 
=min {0,(x + 1), 8,(y + W)}. 
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(ii) 0,(-x) + W) = 9, (-* + BW) = O(-X) = o(x) (since o is a fuzzy ideal of M) 


= 0,(x + H). 
(iii) O,(@& + Waly + )) = O,(xory + |) 
= o(xay) = o(x) (since o is a fuzzy ideal of M) 
= 0,(x + H). 
(iv) Og{(y +H) + +H) — (y+ WI} =8(y +x —y) +H) 
= o(y + x—y) 
= 0(x) (since o is a fuzzy ideal) 
= 0,(¢ +H). 


(v) O{(x + Waty + Ww) + (Z +) — + Waly + W)} 
= O,{(x + Wal(y + z) +H) — (ray + W)} 
= O,{(xa(y + z)) + U— (rary) + W)} 
= O{(xan(y + Z) — xory) + py 


= 06 (xa (y + Z) — xy) = O(Z) (since o is a fuzzy ideal of M) 
= 0,(2 + WD). 
Now 6,(x + 1) = O(x) 2 U(x) = 9,(x + W). Hence, 0, > 8,. a 


Notation 8.2.11 


The fuzzy ideal 0, of M/u is denoted by o/u. 


Lemma 8.2.12 (Lemma 3.7 of Satyanarayana and Prasad, 2005) 


Let ut be a fuzzy ideal of M and 8 be a fuzzy ideal of M/u such that 0 D> 9,. 
Then the fuzzy subset 6, of M defined by oo(x) = O(x + ) for allxe Misa 
fuzzy ideal of M such that 69> u. 


Proof 

Let u be a fuzzy ideal of M and 0 be a fuzzy ideal of M/u such that 6 5 9,. 
We show that 6, defined by o4(x) = 0(x + Ul) is a fuzzy ideal of M. 
Let x, ye M. 


(i) Oo(x +y) = O@ +y +H) 


= O((x + BW) + (y +H) 
2 min {O(x + wy), O(y + Ww} (since 0 is a fuzzy ideal) 
= min {0,(x), d9(y)} (by the definition of 65). 


(ii) Oo(—x) = O(—x) + H) = OX + Y) = G(X). 

(iii) Op(xouy) = O(a + [) 
= O((x +B) ay + W)) 
> O(x + u) (since 8 is a fuzzy ideal of M) 
= (xX). 
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Clearly, 69(x) = 69(y + x — y). Consider og{xa(y + z) — xoxy}. Now 


Gel o(y + 2) — xy} = Of(aou{y + 2) — xoy) + 
= Of(x + Waly + MW) + (Z + W) — (x + Waly + W))} 
> O(x + uw) (since 0 is a fuzzy ideal of M) 
= (x). 


Hence, 6, is a fuzzy ideal of M. 


Oo(X) = O(x + L) 2 8, (x + ) (Since 8 D 9.) = U(x). So OpD UL. | 


Theorem 8.2.13 (Theorem 3.9 of Satyanarayana and Prasad, 2005) 


Let pt be a fuzzy ideal of M. There exists an order-preserving bijective corre- 
spondence between the set P of all fuzzy ideals of o of M such that 6 D Wand 
0(0) = u(0) and the set Q of all fuzzy ideals 8 of M/u such that 0 5 8,,. 


Proof 


Write P = {o/o is a fuzzy ideal of M, o Du, o(0) = wO)}, 
Q = {0/0 is a fuzzy ideal of M/u, 8 > 8,}. 
Define n : PQ by (6) = 
By Lemma 8.2.10, it follows that n(o) = 8, is a fuzzy ideal of M/u 
containing 9,. 


Converse 


Define a mapping § : Q > P by &(@) = oy as a fuzzy ideal of M containing u. 

Now &1(6) = S(1(0)) = 6(8,) = 68, and 68,(x) = 8, (x + H) = o(%). 

Therefore, En is an identity mapping. 

Again, consider n&(8). Now n&(8) = n(E(8)) = (Og) = Gg, and Gg, (X + L) = Go(x) = 
O(x + u) for allx+ue M/u. 

Therefore, ng is also an identity mapping. 

Suppose 6 CT. We show that 0,¢ 0,0,(x + 1) = o(x) < T(x) = 0,(x + ) for all 
x+ue M/u. Now 7(0) = 9, 9, = n(1). 

Hence, 1 is an order-preserving bijective correspondence. a 


Proposition 8.2.14 (Theorem 3.11 of Satyanarayana and Prasad, 2005) 


Let h : M > M' be an epimorphism, and 6 a fuzzy ideal of M! such that 
uu =h-" (0). Then the mapping y : M/u— M?/o defined by w(x + uw) = h(x) + 6 is 
a gamma near ring isomorphism. 
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Proof 


We show that the mapping w(x + UW) = h(x) + o is well-defined. 
Takex+u,y+ue M/u. Suppose xt+u=y+u 


=> wx - y) =p(0) (by Proposition 8.2.2), 


that is, h(o)(x — y) =h“(o)(®) (since LU = h-(0)) 
= ofh(x — y)] = o[hO)] 
=> o[h(x) — h(y)] = o[h(0)] (since h is a homomorphism) 
= h(x) +o=hy) +o. 


Now we show that y : M/u—- M'/o, defined by w(x + u) = h(x) + 6, is an 
isomorphism. 


We ++ (yt) =Wwrt+y) +H) 

=hxt+y)+o 
= (A(x) + Wy) +0 (since h is ahomomorphism) 
= (h(x) + 0) + (hy) + 0) 
= wir ty) + wy + W) 

W(x+ Waly + W) = weray + H) 
=h(xoy) +o (by the definition of y) 
= (h@jah(y)) +o 
= (h(x) + o)a(h(y) + ©) 
=W (x + Wory(y + pW). 

Therefore, y is a homomorphism. 

To verify that y is one-one, suppose (x) + 6 =h(y) + ©. 

Then o(h(x) — h(y)) = o(h(0)) 


= o(h(x — y)) = 0(1(0)) (since h is homomorphism) 
= (h-(0))(x — y) = (h-")) (0) 
= u(x — y) = 10) (since }1 = h(0)) 


>x+U=ytu. 
Therefore, y is one-one. 
Take y € M'/o. Then y =h(x) + o for some x € M. Now w(x + Ww) =h() +o=y. 
Therefore, y is onto. Hence, y : M/t > M?/o is an isomorphism. | 
As a consequence of Proposition 8.2.14, we have the following. 


Corollary 8.2.15 (Corollary 3.12 of Satyanarayana and Prasad, 2005) 


Let uw and o be two fuzzy ideals of a gamma near ring M such that u Co and 
0(0) = (0). Then M/o is isomorphic to (M/u)/(G/). 
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Proof 


Define y: M > M/u by w(x) =x + for all x € m. 

By Theorem 8.2.9, it follows that y is a I-near ring epimorphism. From 
Notation 8.2.11, that is, 8, =o/u, and by Lemma 8.2.10, it follows that o/w is 
a fuzzy ideal of M/o such that 8,,c 0, =6/u and 8,(0) c 8,(0). Now w\(o/) 
is a fuzzy set in M, and for any x e M we have (w(o/y))(x) = w1(8,)(x) = 
0,(w(x)) = 0,(x + ) = (x). Therefore, y(o/p) is a fuzzy ideal of M. Define 
yw: M/o > (M/p)/(G/p) by w(x + 6) = w(x) + (o/u). By Proposition 8.2.14, it 
follows that y" is a l-near ring isomorphism. The proof is complete. 


8.3 Fuzzy Ideals of MIT-Groups 


We made an introductory study of MI-groups in Section 74. In the present 
section, we discuss some results on fuzzy ideals of MI-groups. We begin 
this section with the definition of a fuzzy MI-group. 


Definition 8.3.1 (Definition 3 of Jun, Kwon, and Park, 1995) 


A fuzzy set ut of G is called a fuzzy MT-subgroup of G if it satisfies the fol- 
lowing two conditions: 


(i) w(x — y) = min{u(~), U(y)} and 
(ii) Wao) = u(y) for allx, ye Grae M,andae L 


In this section, M denotes a gamma near ring, and G stands for an 


MI-group. 
Now we present several fundamental important results. 


Note 8.3.2 
Let (N, +) be a near ring, B an N-group, and H be an ideal of B. Write M = N 


and I = {}. Then M is a I-near ring, B is an MI-group, and H is an ideal of 
the MI-group B. 


Note 8.3.3 


Let (M, +) be a I-near ring, G be a MI-group, and H be an ideal of the 
MI-group G. Fix ye I: We know that N, = (M, +, *)) is a near ring, where the 
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operation *, is defined as a *, b = ayb, for all a, be M. Forne Mand ge G, 
define ng = nyg. Then 


(i) G becomes an N-group with N = N,. 
(ii) His an ideal of the N-group G, where N = N,. 
(iii) The statements (i) and (ii) are true for all ye T. 


Note 8.3.4 


Suppose M is a I-near ring. Let 0 # I’ CT. Then 


(i) Mis also aI‘-near ring. 
(ii) If Gis an MI-group, then G is also an MI'-group. 


Note 8.3.5 


The converse of Note 8.3.4 (ii) is not true, that is, there exists a I-near ring M, 
© #IcJT and MI-group G such that G is not an MI-group. 
For this, observe the following example. 


Example 8.3.6 


Consider Z, = {0, 1, 2, 3, ..., 7}, the group of integers modulo 8, and X = {a, b}, 
a#b. Write M={f | f: X > Z, and f(@) = 0}. Then M= (fo, fi, fa, ---, fr}, where f; is 
defined by f,(a) = 0 and f(b) =i for 0 <i< 7. Define two mappings g5, 91: Zs > X 
by setting @)() =a for allie Zz and 


fa ifie {3,7} 
80-9, itie3,7) 


Write T = (go, gi}, l= {o}- 

Then M is a I-near ring and also a I'"-near ring. Write G = {fo, fa, fu fol- 

Now G is an MI-group f,¢ M,g,e Dfre Mfre G and fagi(fi + ft) -— agit = 
fg G. 

This shows that G cannot be an MI-group. 

Hence we have the following situation. 

Z,={0,1,2,3,...,7}, X= {a, b},a#b,M={f | f:X > Z,and f(a) =0}, T= {go gf, 
I" = {go}, where 25, g, have been defined earlier, °c T, G c M, and G is an 
MI’-group, but G is not an MI-group. 
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Definition 8.3.7 


A fuzzy mapping : G > [0, 1] is said to be a fuzzy ideal of Gif it satisfies the 
following properties: 


(i) WO + y) 2 min{u(x), W(y)} 
(ii) w+ y—x)2 uy) 
(iii) W(X) = UC) 
(iv) W(ny@ + x) — nya) 2 w(x) for allne M, ye Tanda, x,ye G. 
If u satisfies (i), (ii), and (iii), then we say that is a fuzzy normal 
MI-subgroup of G. 


Example 8.3.8 


(i) Every constant fuzzy set u: G > [0, 1] is a fuzzy ideal of G. 
(ii) Write N = Z, the usual operations “+” and “”. 


Then (N, +, :) forms a near ring. Write T= {-} and M=N. Then M is a I-near 
ring. Write G = Z. Then (G, +) where + is the usual addition of integers is a 
group. Now, G is an N-group. G is also an MI-group. Define 1: G = [0, 1] by 


06 ifx=4nforsomeneZ 
u(x)=40.2 if x=2n forsomen eZ and x 4 4m for any me Z. 
0 if x is odd 


Now, a straightforward verification shows that 1 is a fuzzy ideal of the 
MI-group G. 


Definition 8.3.9 


For any family {u,,i € A} of fuzzy subsets of a set S, we define the intersection 
of the fuzzy sets y,,i€ Aas (Aica :)(s) = inf {u(s) | ie A} for any se S. We 
call Au; the intersection of the fuzzy subsets u,, i € A. 

The proof of the following two results is a straightforward verification. 


Result 8.3.10 


Let G be an MI-group and {1, | i¢ A} be a family of fuzzy ideals of G. Then 
the intersection Au, is also a fuzzy ideal of the MI-group G. 
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Result 8.3.11 
If wis a fuzzy ideal of MI-group G, then 


(i) u(g — g') = min{u(g), U(g")} for all g, gte G. 
Gi) u(g +g") =W(g" + g) for all g, gte G. 


From Result 8.3.11 (i), we can understand that the condition u(g + g!) 2 
min{u(g), H(g)} in Definition 8.3.7 may be replaced by u(g — g!) = min{u(g), 
H(g")}- 


Proposition 8.3.12 (Theorem 2.6 of Satyanarayana, Vijaya Kumari, 
Godloza, and Nagaraju, accepted for publication) 


If wis a fuzzy ideal of the MI-group G, x, y € G with u(x) > u(y), then W(x + y) = 
u(y). Moreover, if x, ye Gand u(x) 4 u(y), then u(x + y) = min{L(X), U(y)}. 


Proof 
Suppose [(x) > u(y). By definition, 


L(x + y) 2 min{u(x), W(y)} = U(y) (since WX) > L(y) (8.5) 
wy) = Wy+ x — x) 2 min{u(y + x), WHx)} = min{u(y + x), Ux)} (8.6) 


If u(x + y) 2 W(x), then 


u(y) 2 u(x) (by Equation 8.6) 
> u(y) (by the given condition), which is a contradiction. 


Therefore, 
L(x + y) < W(X) (8.7) 
Now, EL(y) 2 min{L(y + x), W(x)} (by Equation 8.6) = u(y + x) (by Equation 8.7). 


Now, from Equation 8.5, we can conclude that u(x + y) = u(y). oO 
The rest follows by using similar arguments. 


Theorem 8.3.13 (Theorem 2.7 of Satyanarayana, Vijaya Kumari, 
Godloza, and Nagaraju, accepted for publication) 


Let M be a zero-symmetric I-near ring and G a MI-group. If pt is a fuzzy 
ideal of G, then u(myx) = ux) for allxe G,me M,andye I. 
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Proof 


Now p(myx) = w(nry(x + 0) = wlmy(0 + x) - 0] 
=pulmy( + x) — my0] (since M is a zero-symmetric I-near ring) 
> u(x). | 


Note 8.3.14 


If u: G — [0, 1] is a fuzzy ideal, then 


(i) (0) 2 L(g) for all g € Gand 
(ii) (0) = Sup LU(g). 


(The verification is similar to that of Lemma 8.1.4.) 
From Note 8.3.14, we understand that if |: G > [0, 1] is a fuzzy ideal of G, 
then the image of ts (denoted by Im ) is a subset of [0, 11(0)]. 


Definition 8.3.15 


Let X and Y be two sets such that X c Y. Suppose that and B are two num- 
bers in [0, 1] such that « > B. Define a function u from X to [0, 1] by 


(2 a ifxeY 
a B otherwise’ 


Then the function pt on Y is called the generalized characteristic function 
of X related to a, B. 
Every characteristic function is a generalized characteristic function. 


Theorem 8.3.16 (Theorem 2.10 of Satyanarayana, Vijaya Kumari, 
Godloza, and Nagaraju, accepted for publication) 


Let <G,a, B € [0, 1] such that a > B. 
If uw is the generalized characteristic function of I related to a, B, then the 
following two conditions are equivalent: 


(i) wis a fuzzy ideal of the MI-group G and 
(ii) Tis an ideal of the MI-group G 


The proof is a straightforward verification. 
Taking «= 1 and B = 0 in Theorem 8.3.16, we get the following corollary. 
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Corollary 8.3.17 


Let I CG. If pis the characteristic function of I, then the following conditions 
are equivalent: 


(i) wis a fuzzy ideal and 
(ii) Tis an ideal of G. 


From Theorem 8.3.16 and Corollary 8.3.17, we get the following corollary. 


Corollary 8.3.18 


Let cG,and a, Be [0, 1] such that o> B. Then the following three conditions 
are equivalent: 


(i) Tis an ideal of the MI-group G. 
(ii) The generalized characteristic function of I related to a, B is a fuzzy 
ideal of the MI-group G. 
(iii) The characteristic function of I is a fuzzy ideal of the MI-group G. 
In the statement of Theorem 8.3.16, the condition a > B is necessary. 
For this, observe the following Notes 8.3.19 and 8.3.20. 


Note 8.3.19 


If we replace the condition o > B of the statement of Theorem 8.3.16 by a = B, 
then the new statement is not true. If « = B, then u(x) = o for all x € G, and 
so: G— [0, 1] is a constant fuzzy set, and hence p is a fuzzy ideal of G. Let 
G=Z,={0, 1, 2, 3,4, 5, 6}, the additive group of integers modulo 7. Write M = 
Z, the additive group of integers, [ = Z. For m,,m,¢ M,yé T, define mym, as 
the usual product of integers 11, Y, 1. Then M is a I-near ring. For any me M, 
ye [ge G, define myg as the product of integers m, y, and g. Now G becomes 
an MI-group. Write I = {1, 2, 3, 4}. We know that I cannot be an ideal of G 
(because 2,3 € Ibut2+3=5¢ I). Define u: G > [0, 1] by 


_ jo ifxel 
M(x) = 16 ifx¢I 


If w = B, then u is a constant fuzzy set, and so pl is a fuzzy ideal of G. But, 
I is not an ideal. Thus, if « = B, then the statement of Theorem 8.3.16 is not 
true. 
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Note 8.3.20 


If we replace the condition a > B of the statement of Theorem 8.3.16, by 
B >a, then the new statement is not true. Suppose B > a. 
Let I be an ideal of a given MI-group G with I 4G. Define u : G = [0, 1] by 


_ jo ifxel 
WOO. sheer 


If possible, suppose pt is an ideal of an MI-group G. Then by Note 8.3.14, it 
follows that W(0) = u(x) for all x € G. 
Take y € G\I. 
Now o = (0) (since 0 € I) 2 u(y) (by Note 8.3.14) 
= B (by the definition of u) 
=> «> B, a contradiction to the fact that B > a. 
This shows that pt is not a fuzzy ideal. Now J is an ideal but ul is not a fuzzy 
ideal. 
So, if we replace the condition « > B of the statement of Theorem 8.3.16 by 
B > ao then the new statement is not true. 


Lemma 8.3.21 


If u is a fuzzy ideal of the MI-group G, and if u(x — y) = (0), then W(x) = u(y) 
for all x, y € G. 

(The proof of Lemma 8.3.21 is parallel to that of Lemma 8.1.5.) 

The converse of Lemma 8.3.21 is not true. That is, we can find an MI-group 
G and a fuzzy ideal wt of G such that (x) = u(y), but u(x — y) # (0). For this, 
observe the following example. 


Example 8.3.22 

Consider Example 8.3.8 (ii). In this example, u(1) = 0 and (7) = 0. Write x = 7, 
y = 1. Then w(x) = 0, and u(y) = 0. So W(x) = (y). Now w(x — y) = (7 — 1) = (6) = 
0.2 # 0.6 = (0). So there exist x and y in the MI-group G of Example 8.3.8 
(ii) such that w(x) = u(y), but u(x — y) # p(0). 


Notation 8.3.23 


Letae G. 
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We write A, = {a}, Ay ={g+x-g | ge G,xe A, (refer to Notation 3.4.6), 
Ay = {mo(g+x)-mag | me M,aeTgeG xe A}, Ap={x-y |xye Ad 
Ag = Ag U At U AP. 

A straightforward verification provides the following. 


Lemma 8.3.24 


<a> =U, Aj where A, = {a}, and Ajs are defined as in Notation 8.3.23. 


Theorem 8.3.25 (Theorem 2.19 of Satyanarayana, Vijaya Kumari, 
Godloza, and Nagaraju, accepted for publication) 


If wis a fuzzy ideal of an MI-group G and ae G, then L(x) = Wa) for all x € <a>, 
where <a> is the ideal of G generated by a. 


Proof 


Similar to the proof of Lemma 8.1.11. o 
In this section, we obtain some results on “level ideals.” 


Definition 8.3.26 


Let pt be any fuzzy ideal of the given MI-group G. For any t € [0, u(0)], the set 
u,= {x € G/u(x) 2 t} is an ideal of G. This ideal u, is called a level ideal of u. 

In general, u, is called a level set. In particular, the level set u, (denoted by 
G,= {x € G | w(x) = W(0)}, where s = (0) is an ideal of G. 


Example 8.3.27 


(i) Consider M, G, u as in Example 8.3.8 (ii). In this example, the follow- 
ing are distinct level ideals of U: Uy = {x € G /U(x) 2 O} = G by. = [x € 
G/u(x) = 0.1} = 2Z; 


u,=2Z for all t with 0 <t < 0.2; Uo..= {x € G/(x) = 0.2} = 2Z; 
Upos= {x € G/u(x) = 0.25} =4Z; uy = {x © G/u(x) = 0.5} = 4Z; and 
Mog= {x € G/(x) = 0.6} = 4Z. 
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Theorem 8.3.28 (Theorem 3.3 of Satyanarayana, Vijaya Kumari, 
Godloza, and Nagaraju, accepted for publication) 


Let G be an MI-group and i: G = [0, 1] a fuzzy subset of G. Then the follow- 
ing conditions are equivalent: 


(i) 
(ii) 


is a fuzzy ideal of the MI-group G and 
,is an ideal of the MI-group G for all t € [0, (0). 


Proof 


(i) 


(ii) 


We have proved that ul is a fuzzy ideal of the MI-group G. 


=> (ii): Let t with 0 <t < (0). 

Since L1(0) = ¢, it follows that 0 € u,= {x | U(x) 2 dh. 
So, LU, is anonempty subset of G. Let x, y € L. 
Then u(x) 2 t and 


u(y) = t => w(x — y) 2 min{u(~), u(y)} (by Result 8.3.11) 
> mini{t, t}=t 
=>x-YE Ly. 


So (u,, +) is a subgroup of G, +). Let g € G. 

Now u(g + x- 9) Zu) 2t>e+x-— Ve Uy, So (UU, +) is anormal sub- 
group of (G, 4). 

Let me M, ye I: Now 


ulmy(g + x) — myg] = W(x) = t > my(gt+x)— myg € Wy. 


So, Hl, is an ideal of the MI-group G. 
=> (i): Let x, y € G, and write t = min{u(x), u(y}. 
Now u(x) 24, u(y) 2t> x, ye b= x—-yY Ee LU, (since |, is an ideal) 
= u(x — y) 2 ¢t (by the definition of 1). 
Therefore, u(x — y) 2 min{u(x), U(y)}. 
Write t=u(x) > xe > @t+x-—ge yu, for any ge G (since L, is a nor- 
mal subgroup) 
=> Ug +x—g) 2t=UX) > Wg + x—g) 2 MQ). 
Write t= u(x”) > xe U.> -*x € LU, (Since pL, is an ideal) > u(—x) 2 t. 
So, W(—x) = t = u(x) => wx) = u(x). Therefore, u(x) = w(x). 
Since x € l,, and u, is an ideal of G, it follows that my(g + x) —myg € Ly 
forany me M,yeT,ge G. 
So, ulmy(g + x) — myg] 2 t=u(x) forme M ye Dx, ge G. 
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Proposition 8.3.29 (Proposition 3.4 of Satyanarayana, Vijaya Kumari, 
Godloza, and Nagaraju, accepted for publication) 


Let pt be a fuzzy ideal of the MI-group G, and iL, lu, (with t < s) be two level 
ideals of u. Then the following two conditions are equivalent: 


@) =H, and 
(ii) there is no x € Gsuch that t < W(x) <s. 


Proof 


(i) = (ii): Let us suppose that there exists an element x € G such that t $ [1(x) <s. 
Then x € u,and x ¢ u,, and so U,# UL, which is a contradiction. 
(ii) > @): Letxe us > UX) Fs Su 2s>t>S>ua)>toxe wy. 
Therefore, UC py, Let x € W,=> U(x) 2 t. 
By the given condition (ii), there is no y such that s > u(y) 2 t, and so U(x) 2s, 
which implies x € L,. Hence, [= H,. | 


8.4 Homomorphisms and Fuzzy Cosets of MI-Groups 


In Section 8.2, we presented the concept of fuzzy cosets in gamma near rings. 
In this section, we present several important results related to homomor- 
phisms and fuzzy cosets in MI-groups. In particular, we establish a one-one 
correspondence between the set of all h-invariant (where  : G > G'is an onto 
homomorphism) fuzzy ideals of the MI-group G and the set of all fuzzy 
ideals of the MI-group G1. 


Notation 8.4.1 


Let G be a MI-group and x € G. Then FI(x) denotes the family of all ideals of 
G that contain x. 


Theorem 8.4.2 (Theorem 4.2 of Satyanarayana, Vijaya Kumari, 
Godloza, and Nagaraju, accepted for publication) 


Let pt be a fuzzy ideal of the MI-group G. 


(i) If FI(x) c Fl(y), then <y> C <x> and U(x) < Uy). 
(ii) If Fl(x) = Fl(y), then <x>=<y> and U(x) = L(y) 
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Proof 


(i) Suppose FI(x) c FI(y). 
Now, <x> € FI(x) c FI(y) = y € <x> => <x>D <y>. 
Since y € <x>, by Theorem 8.3.25, it follows that p(y) = W(x). 
(ii) FIGX) = Fly) = <x>=<y> = w(x) = uly) (by (i). o 


Remark 8.4.3 
The intersection of any family of fuzzy ideals {u} of MT-group G is also a 


fuzzy ideal of G. 
The proof is a straightforward verification. 


Definition 8.4.4 

Let A and B be two sets, la fuzzy subset of A, and h: A > B,a function. Then 
uw is called h-invariant if h(x) = h(y) implies w(x) = u(y) for all x, ye A. 

Note 8.4.5 


Let h: G > G' be a MI-group homomorphism, and u be a fuzzy ideal of G. 
Then the following are true: 


(i) If wis h-invariant, then h“(h(u)) =u. 
(ii) If his onto, then h(h-(y)) = y, where y is a fuzzy ideal of G'. 


Verification 
(i) Letxe G. 
Consider h-'(h())(x) = h(w)(A()) 
= sup p(x! 
h(x! }=h(x) 


= U(x) (since Ut is h-invariant). 
Therefore, “(h(u)) =u. 
(ii) Letye GL 
Consider h(h“(y))(y) = sup 1 (y)(x) 
h(x)= 
= sup 7(h(x)) (by Definition 1.719 of I) 
h(x)=y 
= sup Y(y) = YY). 
Hence, h(h“(y)) = y. 
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In the following theorems, i denotes an MI-homomorphism from G 
onto G!, where G and G! are MI-groups. 


Theorem 8.4.6 (Theorem 4.7 of Satyanarayana, Vijaya Kumari, 
Godloza, and Nagaraju, accepted for publication) 


(i) If wis a fuzzy ideal of the MI-group G, then h(u) is a fuzzy ideal of 
the MT-group G!, and 
(ii) Ifv is a fuzzy ideal of the MI-group G}, then hv) is a fuzzy ideal of 
the MI-group G 
(iii) h“(v) is constant on ker h. 


Proof 


Part (a): Assume that ul is a fuzzy ideal of the MI-group G. 
We prove that h(u) is a fuzzy ideal of the MI-group G1. 


(i) hWwx+y= sup H(z) 


h(z)=x+y 


[Reason: Since x + y € G! and his onto, there exists z € G such that h(z) =x + y] 


> nin sup U(x"), sup 7) = min {h(W)(), hwy). 


h(x! =x hy! }=y 


Gi) AWa@+y-x)= sup BZ) 


h(z)=x+y-x 


2 u(x! + y! — x1) 


[Reason: Since h is onto, there exists x!, y!'e G such that h(x!) = x, h(y}) =y, 
and 


h(x + y!— xt =h(x}) + hy) —hx)=x+y-~x) 
= u(y’) for all y! such that h(y’) = y.] 


Therefore, 
h(w)(x + y — x) > a u(y") 
iy" ey 
=h(u)(y) (by the definition of /(\)). 
(iii) h(u)(—~) = sup uz) (by the definition of h(u)) 


h(z)=—-x 
= sup M(—z) =h(u)(x) (by the definition of h(u)). 
(iv) h(w(nya $3) —nya)= sup —_(z) (by the definition of (u)) 


h(z)=ny (a+ x)—nya 


> u(n'y(a! + x!) — nya") 
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[Reason: Since h is onto, there exist n', a!, x! such that h(n!) = n, h(@’) =a, 
h(x)= x, and so 


(nya? + x!) — ntya!) = h(n')y(h(@’) + h(x!) — h’)yh@) 
=ny(a +x) — nya) 
2 u(x) (Since u is a fuzzy ideal, condition (iv) of Definition 8.3.7). 


Therefore, 


h(u)(nya + x) — nya) > sup w(x") = h(uy(r. 


h(x! a 


Hence, h(u) is a fuzzy ideal of the MI-group G1. 


Part (b): Suppose that v is a fuzzy ideal of the MI-group G1. 
In the following, we verify that hv) is a fuzzy ideal of the MI-group G. 


(i) hw t+ y) =v(hx + y)) (by the definition of h(v)) 
= v(h(x) + h(y)) (since h is a homomorphism) 
2 min{v(h(x)), v(A(y))} (since v is a fuzzy ideal) 
= min{h(v)(x), h(v)(y)} (by the definition of h(v)). 
(ii) hW(x+y-—x)=vih(x + y— x) (by the definition of h“(v)) 
= v(h(x) + h(y) — h(x)) (since h is a homomorphism) 
2 v((y)) (since v is a fuzzy ideal) 
= hN(y). 
(iii) h(v)\(—) = v((-x)) (by the definition of h“(v)) 
= V(-h(x)) (since ft is a homomorphism) 
= V(i(x)) (since v(y) = v(-y) for all y by condition (iii) of 
Definition 8.3.7) 
=h"“(v)(x) (by the definition of h“(v)). 
(iv) W\(v)(nya+x) —nya) = v(h(ny(a + x) — nya)) (by the definition of h-!(v)) 


= v(nyh(a + x) — nyh(@) (since h is ahomomorphism) 
=vny(h(a) + h(x) — nyh(@)) (since h is a homomorphism) 
> v(h(x)) (since v is a fuzzy ideal) 
=h"(v(x)) (by the definition of h(v)). 


Therefore, /(v) is a fuzzy ideal of the MI-group G. 
Part (c): For any x € ker h, it follows that 


h“(v)(x) = v(x) (by the definition of h“(v)) 
= v(0) (since x € ker h). 


This is true for all x € ker h. This shows that h-1(v) is constant on ker h. 
The proof is complete. Oo 
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Lemma 8.4.7 (Lemma 4.8 of Satyanarayana, Vijaya Kumari, 
Godloza, and Nagaraju, accepted for publication) 


If wis a fuzzy ideal of G and h: G > G!is an onto homomorphism, such that 
u is constant on ker h, then u is h-invariant. 


Proof 


Suppose /1(x) = h(y) for some x, y € G. 
Then h(x — y) =0, and sox—ye kerh. 
Since 0,x—yeé ker h, and 1 is constant on ker h, it follows that (0) = w(x — y). 
By Lemma 8.3.21, it follows that [1(x) = u(y). | 


Theorem 8.4.8 (Theorem 4.9 of Satyanarayana, Vijaya Kumari, 
Godloza, and Nagaraju, accepted for publication) 


The mapping Lt > h() defines a one-one correspondence between the set of 
all h-invariant fuzzy ideals of the MI-group G and the set of all fuzzy ideals 
of the MI-group G1, where h: G > G! is an onto homomorphism. 


Proof 


Write B = the set of all h-invariant fuzzy ideals of the MI-group G, and 

J€ = the set of all fuzzy ideals of the MI-group G!. 

Letue B. Define 9: B > # by o(u) =h(u). Suppose E(t) = P(LL). 

Then h(i) = (Uy) 

=> by = (h(u,) = W(h(u,)) = Uy (by using Note 8.4.5). 

This shows that / is one-one. 

Letve Jd. 

Then by Theorem 8.4.6, h-(v) is a fuzzy ideal of G that is constant on 
ker h. 

By Lemma 8.4.7, it follows that h“(v) is h-invariant, and so hv) € B. 

Now by Note 8.4.5 (ii), it follows that v = h(i“(v)) € J€. 

The proof is complete. Oo 


Theorem 8.4.9 (Theorem 4.10 of Satyanarayana, Vijaya Kumari, 
Godloza, and Nagaraju, accepted for publication) 


Let p and v be fuzzy ideals of the MI-group G and G!, respectively, such that 
Im (U) = {to, ty, -.., t,} with tp>t,>... >t, and Im (v) = {59, 51, ..., S,,} With s)>s,> 
sae Sas 


ny 
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Then the following are true: 
(i) Im(Z(u)) c Im(u) and the chain of level ideals of h(u) is 
A(biy) Sh (py) S++ Sh(w, )=G'. 
(ii) _Im(-(v)) = Im(v) and the chain of level ideals of h“(v) is 
Hh Wa Gi Wa \ Gh (0; \=G. 
Proof 
(i) h(uy(y}) = our U(X) € Im u (since Im p is a finite set) 
h(x)= 
=> Im h(u) c ie u 
yle GLy'e h(u,) 
© there exists x € ae ouch that h(x) = 
© U(x) 2 t, and h(x) = 
o> SUP HO) > te5 cuauyty )2 
= y\ 
eyle (h(u)), . 
Therefore, h(a) (i(u)), 
Since t)>t,>... >t, and Im h() € {to £1, --., f,}, it follows that (h (1), Cc 


(h(u)), == “(u(ty), is a sequence (of maximum length) of the level 


ideals of h(u). 


Since h(p;,) = (n(u)), , we can conclude that h(i) C A(p,) € 


ue 


h(ur,) is the sequence (of maximum length) of the level ideals of the 


fuzzy ideal h(u). 
(ii 


= 


Im(h(v) = Im(v). 
xe h"(v.,) there exists y € v., such that h-(y) = 
© wy) 2s, and y =h(x) 

© v(x) 2 s; 

2 Iw) 2s, 

exe (n'(v)) . 

Therefore, h? (v., j= (in! (v)) . 


Now, 89> 81>... >8,, and Im(v) = {8, $1, ..., §,,}, implying that 


(i (v)). e (i (v)). = (h"(v)) ‘ 


Sin 


Since h (v,, ) = (ir! (v)). , we conclude that 


The proof is complete. 


Since h“(v)(x) = v(h(x)) for all x € G, and since h is onto, we have 


i Whee Wee we h(v,,,)=G is a chain of level ideals of 
h 
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Example 8.4.10 


Consider G = Z, the additive group of integers; G'= Z,, the additive group of 
integers modulo 6; and M = Z, the I-near ring with T = Z, the set of integers. 
Then G and G! are MI-groups. 

Let h : ZZ, be the canonical epimorphism of groups. 

Now h is also an MT-homomorphism. 

2Z is an ideal of the MI-group G. 

Define tL: G > [0, 1] by U(X) = X22(x) for all x € G, where xz is the character- 
istic function of 2Z. 


By Theorem 8.3.16, it follows that u is a fuzzy ideal of G. 
Now we verify that h(u) is a fuzzy ideal of G'. 


h(y)(0) = sup{u(x) | x € h(0)} = sup{u(x) | xe 6Z} 21. 


So, flu)(0) = 1. 

Similarly, we have h(u)(2) = 1, h(u)(4) = 1, h(w)() = 0, hw) = 0, h(u)(S) = 0. 

The level sets of H(u) are given by (H([))) = G and (h(u)), = {0, 2, 4}, each of 
which is an ideal of the MI-group G! = Z,. 

By Theorem 8.4.6 (i), it follows that f(t) is a fuzzy ideal of the MI-group Gl. 


Example 8.4.11 


Consider G, G!, [, and M as in Example 8.4.10. 
Let h : G G' be the canonical epimorphism. 
Define u': G! = [0, 1] by 

tee 1 if xe{0,2,4} 
a 0 otherwise 


Note that u' is the characteristic function of the ideal {0, 2, 4}, and by 
Theorem 8.3.16, it follows that uw! is a fuzzy ideal of G'. Also, we know that 
h(w)(x) = w(h(x)) for all x € G. 

If x is even, then h(x) € {0, 2, 4}, and h(u\(x) = wha) = 1. 

If x is odd, then h(x) € {1, 3, 5}, and h“(u)\(x) = (a(x) = 0. 

Therefore, the level sets of h-(u') are (u-(u))) = G and (h“(u')), = 2Z, each of 
which is an ideal of the MI-group G. 

Therefore, by Theorem 8.4.6 (ii), it follows that h(u') is a fuzzy ideal of Z. 


Definition 8.4.12 


Let u: G > [0, 1] be a given fuzzy ideal of the MI-group G, and x € G. Then 
the fuzzy subset x + u: G > [0, 1] defined by (x + u(y) = Uy — x) is called a 
fuzzy coset of the fuzzy ideal wL. 
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Proposition 8.4.13 (Satyanarayana, Vijaya Kumari, 
and Nagaraju, accepted for publication) 


Suppose that G is an MI-group, wu: G > [0, 1] a fuzzy ideal, and x, y € G. Then 
xt+H=ytHoue—y) =p). 


Proof 


Suppose that u(x — y) = (0). 
By condition (iii) of Definition 8.3.7, it follows that u(y — x) = u(x — y) = (0). 
To verify that x+u=y+, take ze G. 
Now (x + W)(2) = HW — x) 
=MWz-yt+y-x) 
2 min{u(z — y), L(y — x)} 
= min{u(z — y), u(x — y)} (since w(@) = U(-a) for all a) 
= min{y(z — y), U(0)} 
=z — y) (by Note 8.3.14 (i) 
=(y + W (by Definition 8.4.12) 
Therefore (x + u)(Z) 2 (y + W)(2) for all z € G. 
Similarly, we can show that (y + u)(z) = (x + u)@). Therefore, x += y+. 


Converse 
Suppose x+U=YtU. 
u(x — y) = (y + W(X) (by Definition 8.4.12) 
= (x + w)(x) (by the given condition) 
= U(x — x) (by Definition 8.4.12) 
= (0). 
The proof is complete. a 


Notation 8.4.14 


We write G/u = {x+u | xe G}, the set of all fuzzy cosets of u. Define 

(x+u)t+(y+W=(%+y) +N and myx + UW) =myxt+u forme M, ye I, and 
x € G. Then the set G/ut becomes an MI-group with respect to the operations 
defined. The MI-group G/u is called the quotient group with respect to the 
fuzzy ideal uw. 


Verification 
Let m,,m,€ M, o, ),€ Tj andx+pe G/U. 


(i) (mm, + my)O4 (x + HW) = (MN, + my)O4x + LL 
= M,04X + M,0,X + UW (since G is an MI-group) 
= (,0,x + H) + (171,04.x + HW) 
= M,04,(x + MW) + m1,04,(x + UW). 
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(ii) (MOK Ny) OLA(x + L) = (171,04,112) OX + L 
= M,0L,(11,0x) + LL (since G is an MI-group) 
= M,0,(,01,x + LL) 
= M,04,(11,0,,(x + L)). 

Therefore, G/u is an MI-group. 


Definitions 8.4.15 


(i) If wis a fuzzy ideal of an MI-group G, then we define a fuzzy set 0, 
on G/u corresponding to ut by 8, (x + H) = W(x) for all x € G. 
(ii) If @ is a fuzzy ideal of the MI-group G/u, then we define a fuzzy set 
6, 0n G by 6,(x) = (x + w) for all x € G. 


Theorem 8.4.16 (Satyanarayana, Vijaya Kumari, 
and Nagaraju, accepted for publication) 


If w is a fuzzy ideal of the MI-group G, then the fuzzy set 0,: G/u-— [0, 1] 
given in Definition 8.4.15 (i) is a fuzzy ideal of G/u. 


Proof 


Suppose i is a fuzzy ideal of G. 
Now, we verify that 0, is a fuzzy ideal of the quotient MI-group G/u. 
Letat+pu,x+u,y+ue G/u,andme M. 


(@) 9,(x +) — (YY +H) = 9,((— y) +b) (by the definition of addition in G/u) 
= U(x - y) (by the definition of 8.) 
= min{u(x), u(y} (since pt is a fuzzy ideal) 
= min{0,(x + W), O,(y+ HW} (by the definition of 6,). 


(ii) O,(x + W) + (y + BW) — (& + HW) = 8,(x + y — x) + W) (by the definition of 
addition in G/u) 

=x + y — x) (by the definition of 0,) 

= u(y) (since pt is a fuzzy ideal) 

= 0,(y + UW) (by the definition of 0,). 
(iii) 6,C-* + pW) = UC) (by the definition of 0,) 

= U(x) (since pt is a fuzzy ideal) 

= 0, (x + YW). (by the definition of 8,). 


(iv) O,(my((a + W) + (x +H) — my(a + UW) = O,(ry(a + x) + HW) — (mya + pW) 
(by the definition of the quotient MI-group G/u) 
= 0,,([my(a + x) — mya] + w) (by the definition of addition in G/u) 


=u(my(a + x) — mya) (by the definition of 6,) 
> W(x) (since Lt is a fuzzy ideal of G) 
= 0,(x + Hi). (by the definition of 0,,). 


Therefore, 6, is a fuzzy ideal of G/u. a 
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Corollary 8.4.17 


If u and o are two fuzzy ideals of G such that tc o and o(0) = (0), then the 
mapping h,: G/ut > [0, 1], defined by h,(x + W) = o(x) for allx + € G/u, isa 
fuzzy ideal. Also, 8, ch,on G/u and 6,(0) =h,(0). 


Proof 


First, we verify that h, is well-defined. 
Letx+u,y+ue G/usuch that x+u=y +. This implies 10) = p(x — y) (by 
Proposition 8.4.13). Now o(0) 2 o(x — y) (by Note 8.3.14 (i) 


= W(x — y) (since 6 D Ul) 
= (0) 
= 0(0) (by the given condition in the hypothesis) 


=> 0(0) =o(x-y) 
=>x+o6=y+6 (by Proposition 8.4.13) 
= (x + o)(0) = (y + 0)(0) 
= 6 (0—x)=0(0 — y) (by Definition 8.4.12) 
= o(-x) =6(-y) 
= 0(x) =o(y) (since o is a fuzzy ideal) 
=h,(x+ uw) =h,(y + y) (by the definition of h,). 
This shows that h, is well-defined. 
Now we verify that h, is a fuzzy ideal of G/u. For this, take x +, y+b,a+ 
ue G/u,andme M. 


(i) hoe +W) -— Y +H) =Nole—y) + W) 
= 0(x — y) (by the definition of h,) 
2 min{o(x), o(y)} (since o is a fuzzy ideal) 
=min{h,(x + Ww, ho(y + w} (by the definition of h,). 
(ii) Ho(x + BW) + (y+ — (x + W) =H, (x + y — x) + w) (by the definition of 


addition in G/u) 
=o(x+y-—x) (by the definition of h,) 
2 o(y) (since o is a fuzzy ideal) 


=hj(y+W (by the definition of h,). 
(ii) hx +p) = oC) = of) = h(x + W). 
(iv) hg(mry(a + w) + (& + W) — mya + W) = ho(mry(a + x) + W) — (mya + Wy) 
(by the definition of addition in G/u) 
=h,([nry(a + x) — mrya] + w) 
= o(my(a + x) — mya) (by the definition of h,) 
2 0(x) (since o is a fuzzy ideal of G) 
=h,(x + ) (by the definition of h,). 
Hence, hi, is a fuzzy ideal of G/u. 
Letx+ ue G/u. 
Now h(x + UW) = o(x) (by the definition of h,) 
> u(x) (since 6 D uy) 
=0,(¢+u) (by the definition of 0,). 
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This is true for allx+ ue G/u. 


This shows that 0, ¢ h,. 
Also, 8,(0) = (0) (by the definition of 6,) 
= 0(0) (given by hypothesis) 
=h,(0) (by the definition of h,). 
Hence, 6,(0) = ,(0). The proof is complete. | 


Theorem 8.4.18 (Satyanarayana, Vijaya Kumari, 
and Nagaraju, accepted for publication) 


Let pt be a fuzzy ideal of G, and 0 a fuzzy ideal of G/u such that 0, c 0 and 
9,(0) = 6(0). Then 6»: G — [0, 1], defined by (x) = O(x + y), is a fuzzy ideal of 
G such that Lt Cc ogand (0) = 66 (0). 

Proof 


Part (a): First we show that 69 is a fuzzy ideal of G. 
For this, take a,x, ye Gandme M. 


(i) Ge(x — y) = A(x — y) + uw) (by the definition of Ge) 
= O(x« + Ww) — (y+ UW) (by the definition of addition in G/u) 
2 min{O(x + WW), A(y+ pW} (since 0 is a fuzzy ideal) 
= min{oo(x), Ge(y)} (by the definition of 6p). 


Therefore, 69(x — y) = min{Oe(x), Se(y)}. 
(ii) Geox + y — x) =O(x+y—x) +h) (by the definition of Ge) 
=O((x +H) + (y+) — (x +p) (by the definition of addi- 


tion in G/u) 
= O(y + UW) (since 0 is a fuzzy ideal of G/u) 
= Oo(y/) (by the definition of 6¢). 
(iii) Oo(—x) = O(-* + Uy) (by the definition of Ge) 
= O(x + Ly) (since 0 is a fuzzy ideal of G/) 
= 6¢(x) (by the definition of 6¢). 


(iv) Oo(my(a + x) — mya) = O([my(a + x) — mya] + W) (by the definition of Ge) 
= O(my((a + pW) + («x + W)) — mya + YW) 
(by the definition of addition in G/u) 
> O(x + uw) (since 0 is a fuzzy ideal of G/U) 
= 6o(x) (by the definition of 6s). 
Hence, 69 is a fuzzy ideal of G. 


Part (b): For any x € G, it follows that oo(x) = O(x + ) (by the definition of 69) 
2 8,(x + UW) (since 8 D 8,) 
= L(x) (by the definition of 8,). 
This shows that U C 6p. 
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Also, 6e(0) = 8(0 + p) (by the definition of Ge) 
= 0(0) (since 0=0+ pin G/L) 
= 0,,(0) (by the hypothesis) 
= 6,(0 + uy) (since 0+ u=0 in G/L) 
= (0) (by Definition 8.4.15). 
Therefore, 6e(0) = (0). | 


Proposition 8.4.19 (Satyanarayana, Vijaya Kumari, 
and Nagaraju, accepted for publication) 


Suppose tt : G > [0, 1] is a fuzzy ideal of the MI-group G. 


(i) The mapping ® : G > G/u defined by ®(x) = x + us is an onto homo- 
morphism with ker ®=G,, = {x € G/uL(x) = W(0)}. Hence, the MI-group 
G/u is isomorphic to the MI-group G/G, under the mapping f: 
G/G,-> G/u defined by f(x + G,) =x +p. 

(ii) Suppose tt and o are two fuzzy ideals of the MI-group G such that 
G, = G,. Then the mapping g : G/u — G/o defined by g(x +p) =x +0 
is an isomorphism. 

(iii) If G/u = G/o under the isomorphism g(x + uw) = x + 6, then G, = Gg. 


Proof 


(i) Define ®: G > G/u by ®(x) =x +p for all x € G. 
Clearly, ® is well-defined. 
Let x, x,€ Gandme M. 


Then ®(x, + x») = («, +X) + (by the definition of ®) 
=(x,+W+(%.+u) (by the definition of G/) 
= D(x,) +O(x,). 

D(myx,) = myx, + w (by the definition of ®) 

= my(x,+ UW) (by the definition of G/u) 
= myP(x,) (by the definition of ®). 


Therefore, ® is an MI-group homomorphism. 
To verify that ® is onto, let us consider an element x + ft € G/U. 
Now x € G, and by the definition of ®, it follows that B(x) =x + u. 
This shows that ® is onto. 
Hence, ® is an MI-group epimorphism. 
So, by the fundamental theorem of homomorphism (Theorem 3.2.11), 
G/ker ® = DG), and so G/ker ® = G/u. Now it remains to show that 
ker ®=G,, 
Now x € ker ® © ®(x) =0 

ex+u=O+u (by the definition of ®) 

= u(x) = L(0) (by Proposition 8.4.13) 

exeG,. 
This shows that G/G, = G/u. 
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(ii) Given that G, = G,= G/G,= G/G,. 
From Part (i), it follows that G/u = G/G,, = G/G, = G/o (with the asso- 
ciation + 44+G,=—x+ Gx + 0). 
So, G/t = G/o under the isomorphism g defined by g(x + u) =x + 0. 
(iii) Suppose G/u = G/o under the isomorphism g defined by g(x + LL) = 
X+0. 
Now we have to show that G,,= G,. Let x € G,. 
Then L(x) = W(0). Now u(x — 0) = n(0) 


>x+y=O0tu (by Proposition 8.4.13) 
= g(x + W) = 9(0 +H) 
=>x+o0=0+0 (by the definition of g) 
=> 0(x) = o(0) (by Proposition 8.4.13) 
=xeEG, (by the definition of G,). 
Therefore, G, Cc G,. Similarly, it can be verified that G,c G,. 
Thus, we can conclude that G, = G,. | 


Proposition 8.4.20 (Satyanarayana, Vijaya Kumari, 
and Nagaraju, accepted for publication) 


Suppose that f: G > G! is an MI-group homomorphism; and u : G > [0, 1] 
and w!: G! > [0, 1] are fuzzy ideals of G and G', respectively. Then the follow- 
ing statements are true: 


(i) f(u)O!) = WO), where O'is the additive identity in G'. 

(ii) If wis constant on ker f, then (f(u))(f(~) =U) for all x € G. 
(iii) fo \(G 1a) Craly 1) 
(iv) If fis an epimorphism, then f f“(u') = 

(v) Ifwis constant on ker f, then ff(u) = 


Proof 


) Now f(u)(0!) = sup{ue)/x © f(D) 
= u(0) (since 0 € f(0!) and (0) = u(x) for all x € G). 
Therefore, f(u)(0") = u(0). 
(ii) Suppose that is constant on ker f Now we verify that (f(W)(f(x) = 
u(x) for all x € G. 
Let x € G. Write f(x) = 
For any z € f(x), we have f(z) = x! = f(x) 


= flz-x) =0! (since f is a homomorphism) 
=>z-xeé kerf (by the definition of kernel f) 
=> UW(z — x) = W(0) (since U is constant on kernel f) 
>Z+u=x+u (by Proposition 8.4.13) 


= (2+ WO) =@ +O) 
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(iii 


we 


) 


(iv 


~S 


=>u0-z)=u0-x) (by Definition 8.4.12) 
=> UL(-z) = W(x) 
=> Uz) = U(x) (since Lt is a fuzzy ideal). 
Now (f(u))(F0) = fu) (0°) 
= sup{uZ) | z€ f(x) 
= sup{H(x)} = W(x). 
This shows that (f())(f()) = U(x) for all x € G. 
Now we show that f7' (c', 1 j= = Gy1(y 
xe fA(Gia ) flo Jeon 
© wf) = ‘(0!) (by the ela of G' a 1) 
eS wife) = u'(f(0)) (since f(0) = 
= (fu) (x) = (fF "u")(0) (by the ae of f-'(u')) 
exe Gra(ya): 


Therefore, f (c',) =G ee): 


Suppose fis an epimorphism. Now we verify that f(f“(u)) = 
Let x'€ G'. Then x! = f(x) for some x € G. 


CAFE) = FFA ))(F 02) (Since fla) = x" 
= (f(B))(fx)), where B = f-(u’), which is constant on kernel f 
(by Proposition 8.4.6 (b)) 
= B(x) (by Gi) 
= f(W)) (since B = f7(u') 
= (f(x) (by Definition 1.7.19) 
= w(x!) (since f(x) = x?) 
This is true for all x'€ G*. Hence, f(f7(u’)) = 
Suppose tt is constant on Nae fi 


Now we verify that f-(f(u)) = 
Let x € G. Now (f(f(w))(x) =u) (f(x) (by Definition 1.7.19) 


= W(x) (by (ii). 
This is true for all x € G. 
Hence (f-f)(u) = u. | 


Proposition 8.4.21 (Satyanarayana, Vijaya Kumari, 
and Nagaraju, accepted for publication) 


If f: G— G'is an epimorphism of MI-groups, then there is an order-preserv- 
ing bijection between the fuzzy ideals of G! and the fuzzy ideals of G that are 
constant on ker f 


Proof 


Part (i): Let Here {u | is a fuzzy ideal of G such that pt is constant on ker f}, 
and F(G!) = {u'/u! is a fuzzy ideal of G}}. 
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Define @ : F(G) > FG!) by @(W) = f(y) for all ue FG). 
Since f is well-defined, it follows that @ is well-defined. 
Let py, He F(G) and @(ty) = (Ha) 


= f(t) Siar (by the definition of @) 
=> f*(flud) =f A) 
=> t= (by Proposition 8.4.20 (v)). 


Therefore, @ is one-one. 
To verify that @ is onto, take u'e¢ F(G!). Write u = f-\(u’). 
By Theorem 8.4.6 (ii), it follows that i is a fuzzy ideal of G, which is 
constant on kernel f. 
So, ue FG). 
Now 9(u) = f(u) (by the definition of @) 
= fF (ue) (since = f(q) 
= (by Proposition 8.4.20 (iv). 
This shows that @ is onto. Hence, @ is a bijection from F(G) to F(G). 
Part (ii): Now we verify that @ is an order-preserving mapping. 
Let LW, U,€ FG), satisfying the property M,C Up. 
Now we have to show that @(u,) € (UL). 


Let x'e G'. 
Since fis onto, there exists x € G such that f(x) =x! 
Now f(i,)(x}) = sup{H.@ | t ¢ ft@)} (by Definition 1.7.17) 
< sup{un(t) | fe f"(x')} (since [, C Ms) 
= flu\(e. 
So (f(u,))(x") $ (f(u,))(x1). This is true for all x!¢ G'. This shows that 
F(t) & fl). 
Now it is clear that [1; C Uy. This implies @(u,) = f(ly) C f(t) = @(Lp). 
The proof is complete. a 
es 


8.5 Fuzzy Dimension in N-Groups 


In this section, we consider the fuzzy ideals of an N-group G, where N is 
a near ring. We present the concepts of minimal elements, fuzzy linearly 
independent elements, and the fuzzy basis of an N-group G, and obtain fun- 
damental related results. 


Definition 8.5.1 (Saikia, 2003) 


Let u: G = [0, 1] be a mapping. yu is said to be a fuzzy ideal of G if the follow- 
ing conditions hold: 


@) u(g+g') 2 min{u(g), U(g")} 
Gi) W (g+x—g) =p) 
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Gi) H CHg) = Hg) 
(iv) w(n(g + x)—ng) = u(x), for allx,g,g'e G ne N. 


If u satisfies (i), (ii), and (iii), then Lis said to be a fuzzy normal subgroup of G. 


Proposition 8.5.2 (Proposition 2.2. of Satyanarayana, Prasad, 
and Pradeepkumar, 2005) 


Let G be an N-group with unity and 1: G > [0, 1] be a fuzzy set with (ng) = 
u(g) for all g € G,n € N; then the following conditions are true. 


(i) For all0#ne N, w(ng) = u(g) ifn is left invertible, and 
(ii) Wg) = H(g) 


Proposition 8.5.3 (Proposition 2.4 of Satyanarayana, Prasad, 
and Pradeepkumar, 2005) 


If wis a fuzzy ideal of G, and g, g'e G with u(g) > u(¢), then u(g + g') = W(g?). 
In other words, if u(g) # u(g?), then u(g + g!) = min {U(g), H(g))}. 


Proposition 8.5.4 (Proposition 2.6 of Satyanarayana, Prasad, 
and Pradeepkumar, 2005) 


If u: G — [0, 1] is a fuzzy ideal, then 


(i) (0) 2 L(g) for all g € G, 
Gi) 4(0)= Sup n(g). 
ge 


Proposition 8.5.5 (Proposition 2.10 of Satyanarayana, Prasad, 
and Pradeepkumar, 2005) 


Let u be a fuzzy ideal of G and u, UL, (with ft < s) be two level ideals of u. Then 
the following two conditions are equivalent: 


(i) H,=u, and (ii) there is no x € G such that t < u(x) <s. 


Definition 8.5.6 


An element x € Gis said to be a minimal element if <x> is minimal in the set 
of all nonzero ideals of G. 
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Theorem 8.5.7 (Theorem 3.2 of Satyanarayana, Prasad, 
and Pradeepkumar, 2005) 


If G has descending chain condition (DCC) on ideals, then every nonzero 
ideal of G contains a minimal element. 


Proof 


Let K be a nonzero ideal of G. Since G has DCC on its ideals, it follows that 
the set of all ideals of G contained in K has a minimal element. So, K contains 
a minimal ideal A (that is, A is minimal in the set of all nonzero ideals of G 
contained in K). Let0#ae€ A. Then 0 # <a> CA, and so <a> =A. Since <a> is 
a minimal ideal, it follows that a is a minimal element. oO 


Note 8.5.8 


There are N-groups that do not satisfy DCC on its ideals, but contain a 
minimal element. For this, we observe the following example. 


Example 8.5.9 


Write N = Z,G=Z ® Z,. Now Gis an N-group. Clearly, G has no DCC on its 
ideals. Consider g = (0, 2) € G. Now the ideal generated by g, that is, <¢>= Zg= 
{(0, 0), (0, 2), (0, 4)} is a minimal element in the set of all nonzero ideals of G. 
Hence, g is a minimal element. 


Theorem 8.5.10 (Theorem 3.5 of Satyanarayana, Prasad, 
and Pradeepkumar, 2005) 


Every minimal element is a u-element. 


Proof 


Let 0#a € Gbea minimal element. Consider Na. Let (0) # L and I be ideals of 
G such that L ¢ <a>, I C <a>, and LT I= (0). Since L # (0), (0) CL C <a>, andais 
minimal, it follows that L = <a>. Now [=I <a>=I0L=(0). This shows that 
L is essential in <a>. Hence, <a> is a uniform ideal, and so a is a u-element. 


Note 8.5.11 


The converse of Theorem 8.5.10 is not true. For this, observe the following 
example. 
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Write G = Z, N = Z. Since Z is uniform, and 1 is a generator, it follows that 
1is a u-element. But, 2Z is a proper ideal of 1.Z = Z=G. Hence, 1 cannot be a 
minimal element. Thus, 1 is a u-element, but not a minimal element. | 


Theorem 8.5.12 (Theorem 3.7 of Satyanarayana, Prasad, 
and Pradeepkumar, 2005) 


Suppose tl is a fuzzy ideal of G. 


(i) If ge G, then for any x € <g>, we have U(x) 2 L(g). 
(ii) If gis a minimal element, then for any 0 #x € <g> we have U(x) = [U(g). 


Proof 


(i) By straightforward verification, we conclude that for g € G, <g> = 
U9 Ai, where 


Aggy =Ay VAS UA, Ay = {8}, 

Ay =tytx-ylye G xe Aj, 

Af ={niyt+x)—ny|ne N,ye G,xe Ay, 
A,o={x-y|x,y € Ad. 


We prove that u(y) 2 u(g) for all y € A,, for m 2 1. For this, we use 
induction on m. It is obvious if m= 0. Suppose the induction hypoth- 
esis for k, that is, u(y) = u(g) for all ye A,. Now letve A, UA UA? 
Suppose v € A,. Then v =z+y—-z for some y € A, Now uv) = 
u(z + y — z) 2 Uy) (since u is a fuzzy ideal of G) = (g). Let v € A,°. 
Then v = y;— yp for some y;, y2€ Aj. Now W@) = WY; — 2) 2 min {U(y)), 
U(y>)} 2 L(g), by induction hypothesis. 

Suppose ve A,*. Then v=n(y + x) —ny forsomene N, ye G,xe Ay. 
Now HU) = W(n(y + x) — ny) 2 U(x) (since pl is a fuzzy ideal) = u(g) (by 
induction hypothesis). Thus, in all cases, we proved that 1(v) = u(g) 
for all v € A,,;. Hence, by the principle of mathematical induction, 
we conclude that (v) 2 U(g) for all v € A,, and for all positive inte- 
gers m. We proved that u(v) 2 u(g) for all v € A,, and for all positive 
integers m. Hence, |(x) 2 U(g) for all x € <g>. 

Let g € G bea minimal element. Let 0 #x € <g>. Now (0) #<x> C <g>. 
Since g is a minimal element, we have <x> = <g>. Therefore, g € <x>, 
and by (i), we have L(g) 2 u(x). Thus, u(x) = L(g). 


Gi 


we 


Note 8.5.13 


If G satisfies the descending chain condition on its ideals, then we say that 
“G has DCCI.” Let K be an ideal of G. If the set {J | J is an ideal of G, J c K} has 
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the descending chain condition, then we say that K has DCC on the ideals of 
G (we write DCCI G, in short). | 


Lemma 8.5.14 (Lemma 3.9 of Satyanarayana, Prasad, 
and Pradeepkumar, 2005) 


If x is a u-element in G and G has DCCL, then there exists a minimal element 
y € <x> such that <y><,<x>. 


Proof 


Consider the ideal <x>. By Theorem 8.5.7, there exists a minimal element 
y € <x>. Since <y> is a nonzero ideal of <x> and <x> is a uniform ideal, it fol- 
lows that <y> <,<x>. | 

Now we present the concept of an inverse system that is similar to the con- 
cept of direct systems in N-groups presented in Definition 3.4.16. 


Definition 8.5.15 


A nonempty family {Hj},.; of ideals of G is said to be an inverse system of 
ideals if, for any finite number of elements 1, i, ..., i, of I, there is an element 
ig in I such that H;,, C Hi, A Hi, 0... Hi 


Proposition 8.5.16 (Proposition 2.2 of Satyanarayana 
and Prasad, 2000) 


The implication (i) = (ii) = (iii) = (iv) is true, where 


(i) Ghas DCCI. 
(ii) Every inverse system of nonzero ideals of G is bounded below by a 
nonzero ideal of G. 
(iii) There exists a finite sum of simple ideals of G, whose sum is direct 
and essential in G. 
(iv) G has FGD. 


Proof 


(i) = (ii): Since G has DCCL, it follows that G has FGD. By Theorem 5.1.2, 
there exist uniform ideals U,, U,, ..., U,, of G such that the sum U,+ 
U,+...+U,, is direct and essential in G. 
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Let {Hj},-7 be an inverse system of nonzero ideals of G. Since S = U, ® 
U,®... ® U, is essential in G, S M H;# (0) for eachi eé I. Write 


St={(SOH/ie I. 


Since G has DCCL, S* contains a minimal element, say S 4 H;, for some 
ipé I. Letj € I. Since {H}};-7is an inverse system, there exists k € I such 
that H;, © Hj A Hi. Now Hi, NS C Hi NS => Hi, AS = Ha NS (since 
Hi, 0 S is minimal in S*). Now Hi, 0 S = Hi, A SC Hj, CH; Therefore, 
Hi,AS CE Fi. This is true for allj € I. 

Hence, H;, 7S is a nonzero lower bound for the inverse system {H}-;. 

(ii) = (iii): Let H be a nonzero ideal of G. Write 0 = {H'/H! is an ideal of 
G and H'c H}. Clearly (8, ©) is a partially ordered set, where “c” 
is the usual set inclusion. Consider the opposite relation “c" on 0 
as H, c' H, if and only if H,> H,. Now (0, Cc’) is also a partially 
ordered set. Let {H;};._,; be a chain of elements from (6, c!). Then {H;} 
is also a chain in (8, C). Clearly {Hj};-; is an inverse system of ideals 
with respect to “c”. This implies {Hj};-; is bounded below by a non- 
zero ideal L of G with respect to “c,” that is, {Hj};-7 is bounded above 
by a nonzero ideal L of G with respect to “cl.” Therefore, by Zorn’s 
lemma, (0, c') has a maximal element X. This implies X is a minimal 
element in (8, Cc). Hence, H contains a simple ideal X of G. So, we 
have H - (sum of simple ideals of G) # {0}. 

Hence, the sum of simple ideals is essential in G. 

Now we show that S(G) = sum of simple ideals, is the direct sum of 
finite number of simple ideals. Let us suppose S(G) is the direct sum 
of an infinite family of simple ideals. Let {Sib be a countable sub- 
family whose sum is direct. Consider A = {/_,,5; /n = 1,2,...}. This is 
an inverse system of ideals of G. By (ii), there exists a nonzero ideal J 
of G such that J is a lower bound for A > J C(\xe4X =Myreai (=i, S;) = 
{0} = J = {0}, a contradiction. Hence, there exists a finite collection of 
simple ideals whose sum is direct and essential in G. 

(iii) > (iv): Suppose S,, S,, ..., 5, are simple ideals whose sum is direct and 
essential in G. Since each 5; is also uniform, by Theorem 5.1.2, we 
conclude that G has FGD. | 
Now let us recollect the definitions of a linearly independent and 
essential basis given in Definition 5.2.8. 


tei 


Note 8.5.17 


(i) If G has FGD, then every linearly independent subset X of G is a 
finite set. 

(ii) Suppose that dim G=n and X cG. If X is a linearly independent set, 
then we have: |X| = <= X is a maximal linearly independent set = X 
is an essential basis for G. 
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Theorem 8.5.18 (Theorem 3.12 of Satyanarayana, 
Prasad, and Pradeepkumar, 2005) 


If G has DCCI, then there exist linearly independent minimal elements x,, x, 
.., x, in G where n = dim G, and the sum <x,>+... +<x,> is direct and essen- 
tial in G. Also, B = {x,, x», ..., x,,} forms an essential basis for G. 


Proof 


Since G has DCCI, by Proposition 8.5.16, G has FGD. Suppose n = dim G. 
Then by Theorem 6.3.3, there exist u-linearly independent elements u,, Up, 
..., U,, such that the sum <u,>+...+<u,,>is direct and essential in G. Since G 
has DCCI, by Lemma 8.5.14, there exist minimal elements x; € <u;> such that 
<x > S,<u;> for 1 <i <n. Since uy, uy, ..., u,, are linearly independent, it follows 
that x1, X2, ..., X, are also linearly independent. 

Thus, we have linearly independent minimal elements x, x3, ...,x,, in G where 
n=dim G. Since <x;> ,<u;> by a result mentioned in the introduction, it follows 
that <x,>@... 8<x,>S$,.<uj>@O... O<u,><, G, and so <x,>@... ®<x,><.G. 

Thus, B = {x,,X, ... ,X,} forms an essential basis for G. | 

Now we introduce the concept of fuzzy linearly independent elements 
with respect to a fuzzy ideal u of G. 


Definition 8.5.19 


Let G be an N-group and u be a fuzzy ideal of G. x1, Xz, ...,x,,€ Gare said to be 
fuzzy u-linearly independent (or fuzzy linearly independent with respect to U1) 
if they satisfy the following two conditions: (i) x1, x2, ..., x, are linearly inde- 
pendent; and (ii) u(y; +... + y,) =min{u(y,), ..., u(y, } for any y;€ <x,,>,1Sisn. 


Theorem 8.5.20 (Theorem 4.2 of Satyanarayana, Prasad, 
and Pradeepkumar, 2005) 


Let pt be a fuzzy ideal on G. If x1, x,, ..., x, are minimal elements in G with 
distinct 1-values, then x, X2, ..., x, are (i) linearly independent; and (ii) fuzzy 
u-linearly independent. 


Proof 


The proof is by induction on n. If n = 1, then x, is linearly independent and 
also fuzzy linearly independent. Let us assume that the statement is true for 
(n — 1). Now suppose x1, Xz, ..., X, are minimal elements with distinct p val- 
ues. By the induction hypothesis, x1, Xz, ..., X,; are linearly independent and 


Fuzzy Aspects in Near Rings and Gamma Near Rings 365 


fuzzy linearly independent. If x,, ..., x,, are not linearly independent, then the 
sum of <x,>, <X)>, ..., <x,> is not direct. This means <x;> 1 (<x;> ® ... <x;_> 
® <x;y> ® ... ® <x,>) # {0}. This implies 0 4 y;=y, +... + Yat Yi tee FY 
where y;€ <x> for 1 <j <n. Now u(x) = u(y) (by Theorem 8.5.12) = p(y, +... + 
Yint Vir te FY > = min {H(y1), macs LY;-1), L(Y;1), Hey u(y,,)} (by the induction 
hypothesis) = u(y, for some k € {1, 2, ...,i-1,1+1,...,n} =X) (by Theorem 
8.5.12). Thus, u(x;) = W(x,) for 1 # k, which is a contradiction. This shows that 
X4, Xz ..., X, are linearly independent. 

Now we prove that x1, %, ..., x, are fuzzy linearly independent. Suppose 
yj€ <xp>,1Sisn. 


WY, + Yt... +Y,4) = min {U(y,), ..., L(Y,,,)} (by the induction hypothesis) 
= uW(y;) for some j with 1 <j <n- 1) =(x)) 
(by Theorem 8.5.12) 


Now Lt (x) # W(X;) => Ws. Yot --- + Yna) =H) AU (&,) =H (Y,,) 
> WY, + Yot e+ Yn at Y,) = min {WY +... + Yna), WY} 
(by Proposition 8.5.3) 
= min {min {W(Y), Seay, L(Y, 1), L(y, }} 
=min {U(y,), --., LY) 


This shows that x,, x2, ..., x, are fuzzy linearly independent with respect 
to LL. | 
Now we provide the definition of the concept of a “fuzzy pseudo-basis.” 


Definition 8.5.21 


(i) Let 1 be a fuzzy ideal of G. A subset B of G is said to be a fuzzy 
pseudo-basis for pif B is a maximal subset of G such that x1, X, ..., X, 
are fuzzy linearly independent for any finite subset {X1, x5, ..., x;} of B. 

(ii) Consider the set B = {k | there exist a fuzzy pseudo-basis B for u 
with |B| =k}. If B has no upper bound, then we say that the fuzzy 
dimension of u is infinite. We denote this fact by S-dim (1) = ~. If 
B has an upper bound, then the fuzzy dimension of [1 is sup B. We 
denote this fact by S-dim (1) = sup B. If m = S-dim (uu) = sup B, then 
a fuzzy pseudo-basis B for with |B| =m is called a fuzzy basis for 
the fuzzy ideal u. 


Proposition 8.5.22 (Proposition 5.2 of Satyanarayana, 
Prasad, and Pradeepkumar, 2005) 


Suppose G has FGD and 1 is a fuzzy ideal of G. Then (i) |B] < dim G for any 
fuzzy pseudo-basis B for p; and (ii) S-dim (u) < dim G. 
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Proof 
Suppose n = dim G. 


(i) Suppose B is a fuzzy pseudo-basis for pw. If |B] > 1, then B contains 
distinct elements x1, X5, ..., X,4,. Since B is a fuzzy pseudo-basis, the 
elements X1, Xz, ..., X,4, are linearly independent; and by Theorem 
6.3.3, it follows that n + 1 <n, a contradiction. Therefore, |B] <n = 
dim G. 

(ii) From (i) it is clear that dim M is an upper bound for the set 
B = {k | there exist a fuzzy pseudo-basis B for 1 with |B| =k}. 


Therefore, S-dim (ul) = sup B < dim G. Oo 


Definition 8.5.23 


An N-group G is said to have a fuzzy basis if there exists an essential ideal A 
of Gand a fuzzy ideal u of A such that S-dim (ul) = dim G. The fuzzy pseudo- 
basis of is called as fuzzy basis for G. 


Remark 8.5.24 


If G has FGD, then every fuzzy basis for G is a basis for G. 


Theorem 8.5.25 (Theorem 5.5 of Satyanarayana, Prasad, 
and Pradeepkumar, 2005) 


Suppose that G has DCCI. Then G has a fuzzy basis (in other words, there 
exist an essential ideal A of G and a fuzzy ideal wt of A such that S-dim (1) = 
dim G). 


Proof 


Since G has DCCI, it has FGD. Suppose dim G = n. By Note 5.2.9, there exist 
linearly independent minimal elements 1, %), ..., x, such that {X1, X%, ..., Xj} 
forms an essential basis for G. Take 0 <t,<t,<...<t, <1. Define w(y;) = t; for y; € 
<xj>,1<is<n. Then pis a fuzzy ideal on A = <x,>+<x,>+...+<Xx,> 8, G. By 
Theorem 8.5.20, X1, Xz, ..., X, are fuzzy U-linearly independent. So {X1, %, ..., 
x,} is a pseudo-basis for 1. Now dim M =n < sup B < dim G (by Proposition 
8.5.22), and hence S-dim ({1) = dim G. This shows that G has a fuzzy basis. ™ 


9 


Fundamental Concepts of Graph Theory 


9.1 Introduction 


One of the most important elementary properties of a graph is that of con- 
nectedness. Intuitively, the concept of connectedness is obvious. A connected 
graph is in “one piece,” so that we can reach any point from any other point 
by traveling along the lines/edges. In this section, we develop the basic prop- 
erties of connected and disconnected graphs and components. We present 
some elementary results and examples. 


Definition 9.1.1 


A graph G is said to be connected if there is at least one path between every 
pair of vertices in G. 


Example 9.1.2 


The graph given in Figure 9.1 is a connected graph. 


Definition 9.1.3 


A graph G is said to be a disconnected graph if it is not a connected graph. 
A finite alternating sequence of vertices and edges (no repetition of edge 
allowed) beginning and ending with vertices such that each edge is incident 
with the vertices preceding and following it, is called a walk. 


Example 9.1.4 


The graph given in Figure 9.2 is a disconnected graph (observe that there is 
no path from v, to v2). 


367 
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FIGURE 9.1 
Connected graph. 
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FIGURE 9.2 


Disconnected graph. 


Note 9.1.5 


Let G = (V, E) be a disconnected graph. We define a relation ~ on the set of 
vertices as follows: v ~ u = there is a walk from v to u. 

Then this relation ~ is an equivalence relation. 

Let {Vji-, be the collection of all equivalence classes. Now V = U Vi. 

Write E;= {e ¢ E | an endpoint of e is in V;} for each i. - 

Then (V;, E,) is a connected subgraph of G for everyieé A. 

This connected subgraph (Vj, E;) of G is called a connected component (or 
component) of G for everyie A. 

The collection {(V;, E))};., of subgraphs of G is the collection of all connected 
components of G. 


Note 9.1.6 


(i) IfGis a connected graph, then G is the only connected component of G. 
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FIGURE 9.3 
Graph with two components. 


(ii) A disconnected graph G consists of two or more connected 
components. 
(iii) The connected component of a graph G is a maximal connected 
subgraph of G. 
(iv) A graph is connected if and only if it has exactly one component. 
(v) Consider the graph given in Figure 9.3. 


This graph is a disconnected graph with two components. 


Note 9.1.7 (Formation of Components) 


If G is a connected graph, then G contains only one connected component, 
and it is equal to G. 

Now suppose that G is a disconnected graph. Consider a vertex v in G. If 
each vertex of G is joined by some path to v, then the graph is connected, 
which is a contradiction. So there exists at least one vertex that is not joined 
by any path to v. 

The vertex v and all the vertices of G that are joined by some paths to v, 
together with all the edges incident on them, form a component (G,, say). 

To find another component, take a vertex u (from G) that is not in G,. The 
vertex u and all the vertices of G that are joined by some paths to u, together 
with all the edges incident on them, form a component (G,, say). 

Continue this procedure to find the components. Since the graph is a finite 
graph, the procedure will stop at a finite stage. In this manner, we can find all 
the connected components of G. It is clear that a component itself is a graph. 


Theorem 9.1.8 (Theorem 13.5 of Satyanarayana and Prasad, 2009) 


A graph G is disconnected if and only if its vertex set V can be partitioned 
into two nonempty disjoint subsets V, and V, such that there exists no edge 
in G, one end vertex of which is in V, and the other in V,. 


Proof 


Let G =(V, E) be a graph. 
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Assume that V = V, U V,, V, #9, V, # ©, and V, m V, = © such that there 
exists no edge in G, one end vertex of which is in V, and the other in V,. 

We have to show that G is disconnected. 

Let us assume that G is connected. 

Let a,b € Gsuch thatae V, and be V). 

Since G is connected, there exists a path a e; a, ey ay ... d,_, e, b from a to b. 

Now b ¢ V,. So there exists a least number j such that a; ¢ V). 

Now aj, € V,, 4; € V2, and e; is an edge between a vertex in V, and a vertex 
in V,, which is a contradiction. Hence, G is disconnected. 


Converse 


Suppose G is disconnected. Let a be a vertex in G. Write 

V,={ve V | either a =v, ora is joined by a walk to v}. 

If V, = V, then all the vertices (other than a) are joined by a path to a, and so 
the graph is connected, which is a contradiction. 

Hence, V, & V. Write V, = V\V;. Now V,, V; forma partition for V. If a vertex 
x e€ V, is joined to y € V, by an edge, then y is connected to a (since x € V;) > 
ye V; => ye V, A V,=©, which is a contradiction. 
Hence, no vertex in V; is connected to a vertex of V, by an edge. The proof is 
complete. a 
(Theorem 9.1.8 can also be stated as follows: A graph G is connected if and 
only if for any partition v of the vertex set into subsets V, and V,, there is a 
line of G joining a point of V, to a point of V,,) 


Theorem 9.1.9 (Theorem 13.6 of Satyanarayana and Prasad, 2009) 


If a graph (either connected or disconnected) has exactly two vertices of odd 
degree, then there exists a path joining these two vertices. 


Proof 


Let G be a graph and 7,, v, be the only two vertices in G whose degrees are 
odd. 


Case (i): Suppose G is connected. Then by definition, there exists a path 
between any two vertices. 

So, there is a path from 7, to v, in G. 

Case (ii): Suppose G is disconnected. Then G has two or more components. 

Let G, be the component in which 7, is present. 

Now G, is a connected subgraph. 

If G, does not contain v,, then the number of vertices in G, with odd degree 
is 1 (an odd number), which is a contradiction (since in any graph, the num- 
ber of vertices of odd degree is even). 
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Therefore, v, is also in G). 
Hence, v,, ¥, are in the same component. 
Since every component is connected, there exists a path from v, to v, in G. Hf 


Theorem 9.1.10 (Theorem 13.7 of Satyanarayana and Prasad, 2009) 


A simple graph with n vertices and k components can have at most (1 — k) 
(n —k+1)/2 edges (or the maximum number of edges in a simple graph with 
n vertices and k components is (n — k)(n — k + 1)/2). 


Proof 


Let G be a simple graph (i.e., G has no self-loops and no parallel edges) with 
n vertices and k components. 


Suppose that G,, G,, G3, ...,G;,...,G, are k components and 11, 115, 3, ... Nip +++, 
n, are the number of vertices in the components G,, G,, G;, ..., G,, respectively. 
It is clear that 


N=N, +N, +Ng+...+M%... (9.1) 
Now Liii(nj-1) = Zhynj-k =n—-k. 


2Z 
Squaring on both sides, we have [=k | =(n-ky 


k k ok 
=> Yi -1? +201 TI (nj -1)(nj -1) =n? +k? —2nk 
— i=1 j=1 


k 
> Gi —2n; +1) + (some nonnegative terms) 
i=1 


=n?+k? —2nk 


k 
=> Si (n? = 21) +k <n? +k? —2nk 


i=1 


k k 
=> Si -2) ni +k <n? +k? —2nk 
i=1 i=1 
k k 
> Sin? -2n+k <n’ +k? —2nk (since 
i i=1 


i=1 i 


nj =n by (Equation 9.1)) 


k 
= Sint <n? +k? -2nk +2n-k (9.2) 
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Since G is a simple graph, the ith component G; is also a simple graph. 
Since G; contains n; vertices and G; is simple, it follows that the maximum 
number of edges in the ith component is "(i—). 


Therefore, the maximum number of edges in all the k components is 


< AG +k? —2nk+2n—k)—n] (From Equations 9.1 and 9.2) 


= 2 akankeRan-® 


=n kn—(n—k)k +(n—-b)] 


= 5 (n-Ky(n-k+ 2). 


The proof is complete. Oo 


Euler formulated the concept of an Eulerian line when he solved the prob- 
lem of the Konigsberg bridges. Euler lines mainly deal with the nature of 
connectivity in graphs. The concept of an Euler line is used to solve several 
puzzles and games. In the next part of this section, we discuss the relation 
between a local property, namely, the degree of a vertex, and global prop- 
erties such as the existence of Eulerian cycles. We see that there are well— 
designed characterizations for Eulerian graphs. 


Definition 9.1.11 


Let G be a graph. A closed walk running through every edge of the graph G 
exactly once is called an Euler line. 


Definition 9.1.12 


A graph G that contains a Euler line is called an Euler graph. 
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FIGURE 9.4 
Euler graph. 


FIGURE 9.5 
Euler graph. 


Example 9.1.13 


The graphs given in Figures 9.4 and 9.5 are Euler graphs. 
(i) Consider Figure 9.4. 
Here 123456789(10)(11)(12)13579(11)1 is an Euler line. 
(ii) Consider Figure 9.5. 
Here 23456789(10) 12(11)357(11)8(10)2 is an Euler line. 


Note 9.1.14 


An Euler graph may contain isolated vertices. If G is an Euler graph and it 
contains no isolated vertices, then it is connected. 

Hereafter, we consider only those Euler graphs that do not contain isolated 
vertices. So the Euler graphs that we consider are connected. 


Theorem 9.1.15 (Theorem 13.8 of Satyanarayana and Prasad, 2009) 


A given connected graph G is an Euler graph if and only if all the vertices of 
G are of even degree. 
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FIGURE 9.6 
Euler line. 
Proof 


Suppose G is an Euler graph. Then G contains an Euler line. So there exists a 
closed walk running through all the edges of G exactly once. 


Let v € V be a vertex of G. Now, in tracing the walk it goes through two 
incident edges on v, with one entering v and the other exiting it (Figure 9.6). 

This is true not only for all the intermediate vertices of the walk, but also 
for the terminal vertex, because we exited and entered at the same vertex at 
the beginning and the end of the walk. 

Therefore, if v occurs k times in the Euler line, then dv) = 2k. 

Thus, if G is an Euler graph, then the degree of each vertex is even. 


Converse 


Suppose all the vertices of G are of even degree. Now to show that G is an 
Euler graph, we have to construct a closed walk starting at an arbitrary 
vertex v and running through all the edges of G exactly once. 

To find a closed walk, let us start from the vertex v. Since every vertex is 
of even degree, we can exit from every vertex we entered; the tracing cannot 
stop at any vertex other than v. 

Since v is also of even degree, we eventually reach v when the tracing 
comes to an end. 

If this closed walk (h, say) includes all the edges of G, then G is an Euler 
graph. 

Suppose the closed walk h does not include all the edges, then the remain- 
ing edges form a subgraph i! of G. 

Since both G and /1 have all their vertices of even degree, the degrees of the 
vertices of h' are also even. 

Moreover, i! must touch h at least at one vertex a, because G is connected. 
Starting from a, we can again construct a new walk in graph /. 

Since all the vertices of /! are of even degree, this walk in i! must terminate 
at the vertex a. 

This walk in h' combined with h forms a new walk that starts and ends at 
vertex v and has more edges than those that are inh. 

We repeat this process until we obtain a closed walk that travels through 
all the edges of G. 

In this manner, one can get an Euler line. 

Thus, G is an Euler graph. a 
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Note 9.1.16 (Konigsberg Bridges Problem) 


In the graph of the Konigsberg bridges problem, there exist vertices of odd 
degree. So, all the vertices are not of even degree. 

Hence, by Theorem 9.1.15, we conclude that the graph representing the 
Konigsberg bridges problem is not an Euler graph. 

So, we conclude that it is not possible to walk over each of the seven bridges 
exactly once and return to the starting point. 


Note 9.1.17 


The concept of an Euler graph can be used to solve a number of puzzles such 
as finding how a given picture can be drawn in one continuous line without 
retracing a line and without lifting the pencil from the paper. 

To study a large graph, it is convenient to consider it as a combination 
of small graphs. First, we understand the properties of the small graphs 
involved, and then we derive the properties of the large graph. 

Since graphs are defined using the concepts of set theory, we use set theo- 
retical terminology to define operations on graphs. In defining the opera- 
tions on graphs, we are more concerned about the edge sets. 


Definition 9.1.18 
Let G, = (V;, E,) and G, = (V;, E,) be any two graphs. Then the union of G, 
and G, is the graph G = (V, E), where V= V, U V, and E=E, U E,. We write 
G=G,UG). 
Definition 9.1.19 
Consider the graphs G,, G,, and G; (Figures 9.7 through 9.9). 

It is clear that G, =G, UG,. 


Definition 9.1.20 


Let G, = (V,, E,) and G, = (V,, E;) be any two graphs with V, M V,# ©. Then the 
intersection of G, and G, is defined as the graph G = (V, E), where V= V7 V, 
and E=E, \E, We write G = G, NG. 
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FIGURE 9.7 
Graph. 


FIGURE 9.8 
Subgraphs of Graph 9.7. 


Example 9.1.21 


The intersection graph of the graphs plotted in Figures 9.8 and 9.9 is given in 
Figure 9.10: Gy = G, 7 G3. 


Definition 9.1.22 


The ring sum of two graphs G, = (V,, E,) and G, =(V,, E,) is defined as the graph 
G=(V,E), where V=V, UV, and E=(E, UE,)\(E, 0 E,). We write G= G, © G,. 
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FIGURE 9.9 
Subgraphs of Graph 9.7. 
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FIGURE 9.10 


Intersection graph. 


Example 9.1.23 


Consider the graphs G, and G; given in Figures 9.8 and 9.9. 
The graph G, ® G; is given by G; (Figure 9.11). 


Note 9.1.24 


(i) The three operations (union, intersection, and ring sum) on the set of 
all finite graphs are commutative, that is, G; U G, = G; U G,, G, NG; = 
G, 0 G, and G, ® G, = G, ® G,. 
(ii) If G, and G, are edge disjoint, then G, 4 G, is a null graph, and G, ® 
G,=G,UG). 
(iii) For any graph G, we have GUG=GNG=Gand G ®G=@ (a null 
graph). 
(iv) If v is a vertex in a graph G, then G — v denotes a subgraph of G 
obtained by deleting v from G. Deleting a vertex always implies 
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FIGURE 9.11 
Ring sum of two subgraphs. 


the deletion of all edges incident on that vertex. If e is an edge ina 
graph G, then G — e denotes the subgraph of G obtained by deleting 
e from G. Deleting an edge does not imply the deletion of its end 
vertices. It is clear that G—e=G @e. 

(v) The complement of a subgraph g of G is the graph G ® g or G-g, 
which is obtained after removing all the edges of g from G. 


Definition 9.1.25 


A graph G is said to be decomposed into two subgraphs g, and g,, if (i) g, U 
8 = Gand (ii) g, Ng, = © (a null graph). 
(Equivalently, a graph G is said to be decomposed into two subgraphs g, 
and g,, if every edge of G occurs either in g, or in g,, but not in both.) 
However, some of the vertices may occur in both g, and g,. During the 
decomposition, the isolated vertices are disregarded. 


Definition 9.1.26 
A graph G can be decomposed into more than two subgraphs. A graph G is 


said to have been decomposed into subgraphs 1, 85, ..., Qy, if 
@) 2 URU...U8,=G, and (ii) gy; g;= O (a null graph), for i 4}. 


Definition 9.1.27 


A pair a, b of vertices in a graph G are said to be fused or merged or identi- 
fied if the two vertices are replaced by a single new vertex such that every 


Fundamental Concepts of Graph Theory 379 


edge that is incident on either a or b or on both is incident on the new vertex. 
It is clear that the fusion of two vertices does not alter the number of edges, 
but it reduces the number of vertices by one. A closed walk in which no 
vertex (except the initial vertex and the final vertex) appears more than once 
is called a circuit or cycle. 


Example 9.1.28 


Observe graphs G and G* given in Figures 9.12 and 9.13. 
The vertices a and b of G were fused to get the graph G*. 


Theorem 9.1.29 (Theorem 13.10 of Satyanarayana and Prasad, 2009) 


A connected graph G is an Euler graph if and only if it can be decomposed 
into circuits. 


Proof 
Let G be a connected graph. Assume that G can be decomposed into circuits. 
That is, G is the union of edge—disjoint circuits. Since the degree of every 


vertex in a circuit is even, it follows that the degree of every vertex in G is 
even. By Theorem 9.1.15, it follows that G is an Euler graph. 


FIGURE 9.12 
Graph. 
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FIGURE 9.13 
Fused graph of 9.12. 


Converse 


Suppose that G is an Euler graph. 

Then all the vertices of G are of even degree. 

Now consider a vertex ,. Clearly, there are at least two edges incident at 7. 

Suppose that one of these edges is between v, and v,. Since vertex v, is also 
of even degree, it must have at least one more edge (say between v, and v3). 

Proceeding in this way, we arrive at a vertex that has previously been 
traversed. 

Then we get a circuit say I. 

Now let use remove I, from G. (It is understood that we are removing only 
the edges of I, from G.) Then all the vertices in the remaining graph must 
also be of even degree. 

Now from the remaining graph, remove another circuit I, in the same way 
(as we removed I, from G). 

Continue this process to get circuits I, I, ... [,, (until no edges are left). Now 
it is clear that the graph G has been decomposed into the circuits [j, I, ... [,,. 
The proof is complete. a 


Definition 9.1.30 


In a connected graph, a closed walk running through every vertex of G 
exactly once (except the starting vertex at which the walk terminates) is 
called a Hamiltonian circuit. A graph containing a Hamiltonian circuit is 
called a Hamiltonian graph. 
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FIGURE 9.14 
Hamiltonian graph. 


Example 9.1.31 


Observe the graph given in Figure 9.14. 

In this graph, the walk e1, €y, €3, C4, 5, Cs, Cv €g is a closed walk running through 
every vertex of G exactly once. Hence, this walk is a Hamiltonian circuit. 

It follows that this graph is a Hamiltonian graph. 


Note 9.1.32 


(i) A circuit ina connected graph G is a Hamiltonian circuit if and only 
if it includes every vertex of G. 
(ii) A Hamiltonian circuit in a graph of n vertices consists of exactly n 
edges. 


Note 9.1.33 


Every connected graph may not have a Hamiltonian circuit. 


Example 9.1.34 


The two graphs given in Figures 9.15 and 9.16 are connected, but they do not 
have Hamiltonian circuits. 
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FIGURE 9.15 
Graph with no Hamiltonian circuit. 


FIGURE 9.16 
Graph with no Hamiltonian circuit. 


The concept of a “tree” plays a vital role in the theory of graphs. First, we 
introduce the definition of a “tree” and then study some of its properties and 
applications. 


Definition 9.1.35 


A connected graph without circuits is called a tree. A tree in which one ver- 
tex (called the root) is distinguished from all the other vertices is called a 
rooted tree. 


Example 9.1.36 


Trees with one, two, three, and four vertices are shown in Figure 9.17. 


Note 9.1.37 


(i) A tree contains at least one vertex. 
(ii) A tree without an edge is referred to as a null tree. 
(iii) A tree is always a simple graph. 
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Theorem 9.1.38 (Theorem 13.14 of Satyanarayana and Prasad, 2009) 


FIGURE 9.17 
Trees. 


In a tree T, there is one and only one path between every pair of vertices. 
Proof 


Suppose T is a tree. Then T is a connected graph and contains no circuits. 

Since T is connected, there exists at least one path between every pair of 
vertices in T. 

Suppose that there are two distinct paths between two vertices a and b 
of T. 

Now, the union of these two paths will contain a circuit in T, which is a 
contradiction (since T contains no circuits). 

This shows that there exists one and only one path between a given pair 
of vertices in T. 


Theorem 9.1.39 (Theorem 13.15 of Satyanarayana and Prasad, 2009) 


If there is one and only one path between every pair of vertices in G, then G 
is a tree. 


Proof 


Let G be a graph. Assume that there is one and only one path between every 
pair of vertices in G. This shows that G is connected. 

If possible, suppose that G contains a circuit. Then there is at least one pair of 
vertices a, b such that there are two distinct paths between a and b. But this 
is a contradiction to our assumption. So, G contains no circuits. Thus, G is 
a tree. a 


Theorem 9.1.40 (Theorem 13.16 of Satyanarayana and Prasad, 2009) 


A tree G with n vertices has (n — 1) edges. 
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Proof 


We prove this theorem by induction on the number of vertices n. 

If n= 1, then G contains only one vertex and no edge. 

So, the number of edges in G isn —-1=1-1=0. 

Suppose the induction hypothesis that the statement is true for all trees 
with less than n vertices. Now let us consider a tree with n vertices. 

Let e, be any edge in T whose end vertices are v; and ¥,. 

Since T is a tree, by Theorem 9.1.38, there is no other path between v; and Yj; 

So, by removing e, from T, we get a disconnected graph. 

Furthermore, T — e, consists of exactly two components (say T, and T;). 

Since T is a tree, there are no circuits in T and so there are no circuits in T, 
and T, 

Therefore, T, and T, are also trees. 

It is clear that |V(T,)| + |V(T,)| = |V(T)|, where V(T) denotes the set of ver- 
tices in T. 

Also, |V(T)| and |V(T;)| are less than n. 

Therefore, by the induction hypothesis, we have 

|E(T)| = |V(T)| -1 and |E(T})| = |V(T)| -1. 

Now, |E(T)| -1= |E(Z)| + |E(T)| = |V(T)| -1+ |V(T)I -1 

= |E(1)| = |W(T)| + [VT -1 
=|WVT)| -l=n-1 

The proof is complete. Oo 


Theorem 9.1.41 (Theorem 13.17 of Satyanarayana and Prasad, 2009) 
Any connected graph with n vertices and n — 1 edges is a tree. 


Proof 


Let G be a connected graph with n vertices and n — 1 edges. 
It is enough to show that G contains no circuits. 
If possible, suppose that G contains a circuit. Let e be an edge in that circuit. 
Since e is a circuit, it follows that G — ¢ is still connected. 
Now G — e is connected with 1 vertices, and so it should contain at least 
n — 1 edges, which is a contradiction (to the fact that G — e contains only 
(n — 2) edges). 
So, G contains no circuits. Therefore, G is a tree. Oo 


Definition 9.1.42 


A connected graph is said to be minimally connected if the removal of any 
one edge from the graph provides a disconnected graph. 
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FIGURE 9.18 
Graph not minimally connected. 


FIGURE 9.19 
Graph minimally connected. 


Example 9.1.43 


(i 
(ii 
(iii 
(iv 


The graph given in Figure 9.18 is not minimally connected. 
The graph given in Figure 9.19 is minimally connected. 
Any circuit is not minimally connected. 

Every tree is minimally connected. 


Veo o a 


Theorem 9.1.44 (Theorem 13.18 of Satyanarayana and Prasad, 2009) 


A graph G is a tree if and only if it is minimally connected. 
Proof 


Assume that G is a tree. 

Now we have to show that G is minimally connected. Let us suppose that 
G is not minimally connected. Then there exists an edge e such that G — e is 
connected. 

That is, e is in some circuit, which implies that G is not a tree, which is a 
contradiction. 

Hence, G minimally connected. 


Converse 


Suppose that G is minimally connected. Now it is enough to show that G 
contains no circuits. Let us suppose G contains a circuit. 
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Then by removing one of the edges in the circuit, we get a connected graph, 
which is a contradiction (to the fact that the graph is minimally connected). 
This shows that G contains no circuits. Thus, G is a tree. | 


Note 9.1.45 


To interconnect n given distinct points, the minimum number of line seg- 
ments needed is n — 1. 


Theorem 9.1.46 (Theorem 13.19 of Satyanarayana and Prasad, 2009) 


If a graph G contains n vertices, n — 1 edges, and no circuits, then G is a con- 
nected graph. 


Proof 


Let G bea graph with n vertices, n — 1 edges, and no circuits. 

Let us suppose that G is disconnected. 

G consists of two or more circuitless components (say, 81, 89, «++, Si): 

Now, k 2 2. Select a vertex v; in g;, for 1 <i<k. 

Add new edges ¢,, és, ..., 4, where €; = 0;0j41 to get a new graph G’. 

It is clear that G’ contains no circuits and is connected, and so G’ is a tree. 

Now G' contains n vertices and (n — 1) + (k- 1) = (n+ k— 2) 2n edges, which is a 
contradiction (since a tree contains (1 — 1) edges). This shows that G is connected. 
The proof is complete. a 


Theorem 9.1.47 (Theorem 13.20 of Satyanarayana and Prasad, 2009) 


For a given graph G with n vertices, the following conditions are equivalent: 
(i) Gis connected and is circuitless. 
(ii) Gis connected and has n — 1 edges. 
(iii) Gis circuitless and has n — 1 edges. 
(iv) There is exactly one path between every pair of vertices in G. 
(v) Gis a minimally connected graph. 
) 


(vi) Gis a tree. 


) = (vi) is clear. 

) => (ii and (iii): Theorem 9.1.40 
(ii) => (vi): Theorem 9.1.41 

) => (vi): Theorem 9.1.46 
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(iv) <= (vi): Theorems 9.1.38 and 9.1.39 
(v) = (vi): Theorem 9.1.44. a 


Theorem 9.1.48 (Theorem 13.21 of Satyanarayana and Prasad, 2009) 


If T is a tree (with two or more vertices), then there exist at least two pendant 
vertices (a pendant vertex is a vertex of degree 1). 


Proof 


Let T be a tree with |V| 22. 
Let 92,010: €3 ... UV; 4,0, be a longest path in T. (Since T is a finite graph, it 
is possible to find a longest path.) 
Now we wish to show that d(v,) = 1 = d(v,). 
If d(v,) > 1, then there exists at least one edge e with endpoint v) such that e #e,. 
Ifee {e,, é, ..., e,}, then e =e; for some i # 1. 
So, either v,_, = Uy OF U;= Vp => Vy repeated in the path, which is a contradiction. 
Hence, € € {@1, @5, €3, «++ En}. 
Now, @, 1, €y €3, ++. €, is a path of length n + 1, which is a contradiction. 
Hence, d(v,) = 1. In a similar way, we can show that d(v,) = 1. 
Hence, U,V, are two pendant vertices. | 


Definition 9.1.49 


Let G be a connected graph. The distance between two vertices v and u is 
denoted by d(v, u) and is defined as the length of the shortest path (i.e., the 
number of edges in the shortest path) between v and u. 


Example 9.1.50 


Consider the connected graph given in Figure 9.20. 


FIGURE 9.20 
Connected graph. 
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FIGURE 9.21 
Tree. 


Here, some of the paths between v, and 7, are (a, e), (a, c, f), (b, c, e), (b, f), 
(b, g, h), (b, , 1, J), (b, & i, k). Here there are two shortest paths (a, e) and (0, f), 
each of length 2. Hence, d(v,, ,) = 2. 


Example 9.1.51 


Consider the tree given in Figure 9.21. 

Here, d(a, b) = 1, dQ, c) = 2, d(a, d) = 2, d(b, d) = 1. 

In a connected graph, we can find the distance between any two given 
vertices. 


Definition 9.1.52 


Let X be a set. A real-valued function f(x, y) of two variables x and y (ie, f: 
X x X > R where R is the set of all real numbers) is said to be a metric on X 
if it satisfies the following properties 


(i) Non-negativity: f(x, y) 2 0 and f(x, y) = 0, if and only if x = y. 
(ii) Symmetry: f(x, y) = fly, 2). 
(iii) Triangle inequality: f(x, y) < f(x, 2) + f(z, y) for x, y, z in X. 


Theorem 9.1.53 (Theorem 13.22 of Satyanarayana and Prasad, 2009) 


Let G be a connected graph. The distance d(v, u) between two vertices v and 
u is a metric. 


Proof 


Letv,ue V. 
(i) dv, u) = (the length of the shortest path between v and 1) 
20. 
Therefore, d(v, u) = 0. 
Also, d(v, u) = 0, 
if and only if there exists a path between v and u of length 0, 
if and only if v=u 
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(if v #u, then dv, u) 2 1, which is a contradiction). 
So, dv, u) = 0 if and only if v= u. 
(ii) dv, u) = the length of the shortest path between v and u 
= the length of the shortest path between u and v 
= d(u, v). 
(iii) Now we show that for any w in V, d@, u) < dv, w) + du, u). 
Suppose n = d(v, w) and m = dw, u). 
Then there exists a path of minimum length n from v to w, and there 
exists a path of minimum length m from w to u. Combining these two 
paths, we get a path from ?@ to u of length <n + m. 
So, dv, u) <n+m=d(v, w) + dw, u). 


Definition 9.1.54 


Let Gbea graphand v be any vertex in G. Then the eccentricity of v is denoted 
by E(v) and is defined as the distance from v to the vertex farthest from v in G. 
That is, E(v) = max {d(v, u) | wis a vertex in G}. Sometimes, it is also referred 
to as the associate number or separation. 


Example 9.1.55 


Consider the graph given in Figure 9.22. 
Here, E(a) = 2, because the distance from a to a vertex d farthest from a is 
d(a, d) = 2. Similarly, E(b) = 1, E(@) = 2, E@) =2. 


Note 9.1.56 


The eccentricities of vertices of a graph may be represented as in Figure 9.23. 


Example 9.1.57 


Consider the tree given in Figure 9.24. 
Here E(a) = 3, E@) = 2, E(b) = 3, E@) =3, E@) = 2, E(f) = 3. 


a 


FIGURE 9.22 
Tree. 
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FIGURE 9.23 
Tree. 


FIGURE 9.24 
Tree. 


FIGURE 9.25 
Tree. 


The graph given in Figure 9.24 may be represented as the graph in Figure 9.25. 


Definition 9.1.58 


In a graph, a vertex with minimum eccentricity is called the center of the 
graph. v is the center of a graph if and only if E(v) = min {E(u) | u € Gh. 


Example 9.1.59 


Consider Graph-1 given in Figure 9.26. 
The center of this graph is b (since b has the minimum eccentricity). 


Note 9.1.60 


In a circuit, every vertex has equal eccentricity. 
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FIGURE 9.26 
Tree. 


Theorem 9.1.61 (Theorem 13.23 of Satyanarayana and Prasad, 2009) 


Every tree T has either one or two centers. 
Proof 


If T contains exactly one vertex, then that vertex is the center. If T contains 
exactly two vertices, then these two vertices are centers. Let T be any tree 
with more than two vertices. Let v € V. Now the maximum distance, max 
d(v, v;), from the given vertex v to any other vertex v; occurs only when 7; is 
a pendant vertex. 

Then by Theorem 9.1.48, T must have two or more pendant vertices. 

Now by removing all pendant vertices from T, we get a tree T!. 

The eccentricity of a vertex v in T1is one less than the eccentricity of the 
vertex v in T. This is true for all vertices v. 

Therefore, all the vertices that T had as centers will still remain centers in T!. 
Now, from T! we again remove all pendant vertices, and get another tree T". m 

We continue this process (as shown in Figures 9.27 through 9.30) until we are 
left with either a vertex (which is the center of T) or an edge (whose end-vertices 
are the two centers of T). Hence, every tree has either one or two centers. 


6 6 


FIGURE 9.27 
Tree. 
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FIGURE 9.28 
Tree. 
c 
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FIGURE 9.29 
Tree. 
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FIGURE 9.30 
Tree. 


Corollary 9.1.62 


From the preceding argument, it follows that if a tree has two centers, then 
the two centers must be adjacent. 


Definition 9.1.63 


The eccentricity of a center in a graph (or in a tree) is called the radius of that 
graph. 


Example 9.1.64 


Consider the graphs T, T!, T" (given in Theorem 9.1.61). The radius of T is 3; 
the radius of T! is 2, and the radius of T" is 1. 


Definition 9.1.65 


The length of the longest path in a tree is called the diameter of the tree. 
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FIGURE 9.31 
Tree with diameter 2. 


Example 9.1.66 


(i) Consider the tree given in Figure 9.31. 
Clearly, the diameter of T = 2, radius = 1. 
The only longest paths in T are abc, abd, cbd (and their lengths are equal 
to 2). 


Observation 9.1.67 


The diameter is not always equal to twice the radius. 
For example, in the graph given in Figure 9.32, radius = 2 and diameter = 3. 


Definition 9.1.68 


(i) A directed graph D = (V, E, h) consists of a finite nonempty set V, 
called the vertex set; a set E, called the edge set; and a mapping h: E > 
{u, v) | u,v € V}. We also write V(D) for V, E(D) for E. We write D = 
(V, E) instead of D=(V, E, h). 

If V, E are finite sets, then the directed graph is said to be finite. The 
elements of V are called vertices or nodes, and the elements of E are 
called edges or arcs. 

If a is an arc in a directed graph D associated with an ordered pair 
of vertices (u, v), then a is said to join u to v. u is called the origin or 
the initial vertex or the tail of a, and v is called the terminus or the 
terminal vertex or the head of a. 


Gi 


~ 


V3 Y V2 V4 


FIGURE 9.32 
Tree with diameter 3 and radius 2. 
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FIGURE 9.33 
Directed graph. 


Notation 9.1.69 
In directed graphs, the arcs are represented by arrowed lines. 
Example 9.1.70 


Consider the directed graph given in Figure 9.33. Here the vertex set V = {u, 
v, w, x}. The arc set E = {a1, ay, 43, Ay, as}. A, joins u to v, and so 4a, is associated 
with the ordered pair (u, v). So, h(@,) = (u, v); similarly, h(@,) = (v, 0), has) = @, w), 
h(a) = (w, 0), Has) = (x, W). 


Definition 9.1.71 


(i) Anarc eis called a loop if h(e) = (v, v) for some v € V. 

(ii) The arcs e, e! are said to be multiple arcs if there are multiple edges 
when the direction is ignored. 

(iii) A directed graph D is said to be simple if it has neither multiple arcs 
nor loops. 

(iv) Let v, 0, ..., 0, be vertices in D. If there exists a sequence of distinct 
ALCS UpVy, V{V>, ..., UV, 40, then the sequence U,V, ..., U,V, is called a 
path from 7 to v,, of length n. If vp =v,, then this path is called a circuit. 

(v) Let u, v be two vertices. Then d(u, v) = min{I(P) | P is a v— u path} is 
called the shortest distance from u to v. The path P from u to v of 
length d(u, v) is called the shortest path. 

(vi) For ve V, the integer /(v), called the level of v, is defined as follows: If 
there is no path to v from any point of V, then /(v) = 0. Otherwise, /(v) = 
max {n | n is the length of a path from u to v for some u € V}. Here, 
if xy is an arc, then we denote /(x) < I(y). 

(vii) We say that uv starts at level m and ends at level m + 1 if I(u) =m and 
I(v)=m+1. 
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V2 V6 


V3 V5 


FIGURE 9.34 
Directed graph with levels. 


Example 9.1.72 


In the directed graph given in Figure 9.34, the levels of elements are as 
follows: 1(v,) = 0; l(v,) = lv.) = 1; 15) = lus) = 2; Iv.) = 3. 


Definition 9.1.73 


Let D = (V, E) and D! = (V1, E') be finite directed graphs. We say that D and 
D! are isomorphic if there exist bijections f: V > V! and g: E — E' such that 


suo) = ff. 


Example 9.1.74 


Consider the directed graphs given in Figures 9.35 and 9.36. 


FIGURE 9.35 


Isomorphic directed graphs. 
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FIGURE 9.36 
Isomorphic directed graphs. 


Here, V = {0, 02, U3, U4, U5, Ug, U7, Vg} aNd V1 = {Uy, Uy, Us, Uy, Us, Ug, Uz, Ug}. Define 
f.V—> V' by fv) =u; for 1 <i <8. Clearly, fis a bijection. Now define g: E> E! 
as 9(0,0)) = uju;. Clearly, g is a bijection and gv) = uju; = flo) fa). 


Notation 9.1.75 


Let S be any subset of the vertex set V(G) of a graph G. We denote by G — S 
the graph whose vertex set is V(G) — S and whose edge set is E(G—S) = {xy | 
x,y} aS # Qh}. 


Definition 9.1.76 


(i) A vertex cut of G is a subset S Cc VG) such that G — S is disconnected. 
If T c E(G) is any subset, we denote by G — T the graph whose vertex 
set is V(G) and whose edge set is E(G) — T. An edge cut of G is a subset 
T c E(G) such that the graph G — T is disconnected. 

The (vertex) connectivity of G is defined by 

«(G) = min{n 2 0 | there exists a vertex cut S c V(G) such that |S| = 
n} if G has a finite vertex cut, and «(G) = ~ otherwise. Similarly, the 
edge connectivity of G is defined by (G) = min{n = 0 | there exists 
an edge cut T c E(G) such that |s| =n} if G has a finite edge cut, and 
(G) = » otherwise. We denote 6(G) = min{d(v) | ve V}. It is clear that 
for a connected graph G, we have «(G) < (G) < 6(G). 


Gi 


we 


9.2 Directed Hypercubes 


In this section, we present the notion of a directed hypercube of dimension n. 
Some fundamental definitions and results are presented. Eventually, we pro- 
vide a characterization for a directed hypercube of dimension n. 

We start with some preliminary definition of n-cubes. 
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Definition 9.2.1 


For any nonempty set X, the set of all subsets of X is denoted by ¢o(X), and it 
is called the power set of X. 


Note 9.2.2 


(i) If |X| =n, then | @(X)| =2". 
(ii) The number of subsets of X containing m elements is "C,,,. 
(iii) For A c X, B Cc X, we write A\B for the set {ae A | a¢ B}. 


Notation 9.2.3 


We write A A B for the set (A\B) U (B\A). 
For a positive integer n > 1, we define an n-cube as follows. 


Definition 9.2.4 


Let n be a positive integer >1. The n-cube is the graph whose vertices are the 
ordered n-tuples of 0’s and 1’s; and there is an edge between two vertices u, 
v if and only if u and v differ in exactly one position. (Equivalently, we can 
define n-cube as follows: Let X be a set with |X| = and g(X) be its power 
set. Then in a graph having 4a(X) as its vertex set, there is an edge between 
two vertices A, B if and only if |A A B| = 1, where A A B = (A\B) U (B\A), is 
called the n-cube.) 


Example 9.2.5 


(i) Take V= {(0, 0), (0, 1), (1, 0), (1, D}. For instance, consider (1, 1) and (1, 0). 

They differ from each other in the second coordinate. 
So, these two vertices are to be connected by an edge. Since (0, 0) and 
(1, 0) differ from each other in the first coordinate, these two vertices 
are to be joined by an edge. Similarly, (1, 1) and (0, 1) differ in exactly 
one position. Also (0, 1) and (0, 0) differ in exactly one position. 
By connecting the pairs of vertices (which differ in exactly one posi- 
tion) by edges, we get the graph, as shown in Figure 9.37. This is a 
2—cube. 

(ii) We can get a 2-cube by following the equivalent definition given 
earlier as follows: 
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(1,1) 
(0, 1) (1, 0) 
(0, 0) 
FIGURE 9.37 
2-cube binary representation of vertices. 
x4 
{a}5 (b} 
4 
FIGURE 9.38 
2-cube. 


Take X = {a,b}. Then ga(X) = {@, {a}, {b}, X}. Take V= go(X) as the vertex set. 
IfA,Be go(X) with |A AB| =1, then we join A and B by an edge. For 
instance, | {a} A X| =1. Therefore {a}, X are to be joined by an edge. 
©, {a} are to be joined by an edge. , {b} are to be joined by an edge. 
{b}, X are to be joined by an edge. Then we get the graph (2-cube), as 
shown in Figure 9.38. 


Example 9.2.6 


Let V = {(0, 0, 0), (0, 0, 1), (0, 1, 0), (1, 0, 0), (1, 0, 1), (1, 1, 0), (0, 1, 1), (1, 1, 1}. 
For instance, consider (1, 1, 1) and (1, 1, 0); these two vertices differ from 
each other in the third coordinate. Therefore, these two vertices are to be 
joined by an edge. Similarly, we get the other edges of the graph, as shown in 
Figure 9.39. This represents a 3-cube. 


(ii) To get the 3-cube (Figure 9.40) following the power set representa- 
tion of a set, take 
X = {a, b, c}. Write V = ¢9(X) = {&, {a}, {b}, tc}, {a, b}, {b, ch, {a, c}, X}. Since 
|{a, b} A X| = 1, we join {a, b} and X by an edge. Similarly, we get all 
edges, and finally we present the 3-cube given. 
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(0, 1, 1) 


(0, 0, 1) 


FIGURE 9.39 
3-cube binary representation of vertices. 


{a, b, c 


{a, b} 
{b,c} 
{a} 


} 
o 


FIGURE 9.40 
3-cube. 
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Theorem 9.2.7 


(i) 
(ii) 
(iii) 


An n-cube is regular of degree n. 
An n-cube has 2” vertices and n 2"! edges. 
The diameter of an n-cube is n. 


Proof 


(i) 


(ii) 


(ii) 


To show that an n-cube is regular of degree n, we have to show that 
every vertex of an n-cube is of degree n. Let V= ga(X) with |X| =n. 
Let A be any vertex. Then A c X. 


Consider 6(A) = number of edges having an endpoint A 
= number of vertices that are adjacent to A 
= the number of subsets B of X with |A A B| =1=n. 


The vertex set V = go(X) with |X| =n. Therefore, |V| = | g(X)| =2”. 
Therefore, X6(v) = 2|E|. Since an n-cube is regular of degree n, we 
have 6(v) =n for all ve V. 

Now 2|E| = X0(v) = Yn = |V|n=2'n => |E| =n 2"+2=n2", 
Therefore, an n-cube has n 2" edges. 

Let D=(V, E) bean n-cube. Then V = 49(X) for some set X with |X| =n. 
We know that the diameter of D is 

d(D) = max{d(u, v) | d(u, v) is the shortest distance for any u,v € V}. 
The vertices of D are subsets of X and there is an edge between the 
vertices A, B e V(D) if |A A B| = 1. It follows that there is an edge 
between the vertex © to each of the singleton subsets of X. So, the 
shortest distance between the vertex © and each of the singleton sets 
is 1. Since we are joining each singleton set to a two-element set for 
which it is a subset, the shortest distance between the vertex © and 
the two-element set is 2. 

If we continue this process, the shortest distance between the vertex 
© and a vertex A with |A| =n-1lisn-1. 

Since |X| =n, it follows that the shortest distance between the vertex 
X and © is n. 

Also, it can be observed that for any two sets A and B, the number 
d(A, B) is equal to 


|A A B| = |(A\B) U (B\A))|. Also, |A A B| <n. 


Therefore, d(D) = max {d(A, B) | A c X, Bc X} <nand d@, X) =n. 


This shows that d(D) =n. 
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Now we consider finite directed simple graphs. We present the concept a 
“directed hypercube of dimension n (or directed n-cube).” 


Definition 9.2.8 (Definition 2 of Satyanarayana and Prasad, 2003) 


Let X be a set with |X| =n. The directed graph Q,, with V(Q,) = a(X) (the 
power set of X) and E(Q,) ={IJ | L Je g(X) and |J| = |J| + 1,] cI} is called 
the directed hypercube of dimension n (or a directed n-cube). 


Example 9.2.9 


Take X = {1, 2}. Then | (X)| =2?=4, where (a(X) = {©, X, {1}, {2}}. 

Now V = a(X), and we join two vertices A, B in V if |A| = |B] + 1 and 
BCA. 

For instance, take X and {1}. Now |X| =2 and |{1}| =1, |X| =2=1+1 
|{1}| + 1, and XB {1}. So, there is an arc from X to {1}. Finally, we present the 
graph as shown in Figure 9.41, which is a directed hypercube of dimension 
2 (or a directed 2-cube). 


Example 9.2.10 


Take X = {1, 2, 3}. Now | g(X)| =2?=8, where 

A(X) = (©, tU, (2h, 13}, (1, 24, (1, 3}, {2, 3}, XI. 

Now we join two vertices A, B in V= go(X) if |A| = |B] + land BCA. 

For instance, take X and {1,2}. Now XD {1, 2} and | X| =3=2+1= | {1,2}| +1. 
So, there exists an arc from X to {1, 2}. Similarly, we can get all other arcs. 
Finally, we get the graph, as shown in Figure 9.42, which represents a directed 
3-cube. 


2 
ay {2} 


FIGURE 9.41 
Directed 2-cube. 
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{2, 3} 


{h 


FIGURE 9.42 
Directed 3-cube. 


Definition 9.2.11 (Definition 1 of Satyanarayana and Prasad, 2000) 


The subgraph of D generated by a vertex v, € V is the graph G! = (V1, E*) of 
D, where V' is the set of all nodes v such that there exists a path from 7, to v, 
that is, 

V1 = {v | there exists a path from v, to v} U {vp} and E!= {uv € E | u, 
ve V4}. 


Example 9.2.12 


Consider the directed graph shown in Figure 9.43. 
The subgraph generated by v, is shown in Figure 9.44. 


4 


FIGURE 9.43 
Graph. 
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V5 
V3 
Va 


FIGURE 9.44 
Subgraph generated by a vertex. 


Notation 9.2.13 


We denote the subgraph generated by an element v € Vby G,=(V,, E,), where 
V,,= {u | there exists a path from v to u} U {v} and E,={xye E | x,ye V,}. 


Example 9.2.14 
Consider the directed graph shown in Figure 9.45. 
The subgraph generated by v; (i.e., Dz; =(Vo;, Ex; ) is shown in Figure 9.46. 


Vg 


Vz 
V2 


Va 


FIGURE 9.45 
Graph. 
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V5 


vy 


FIGURE 9.46 
Subgraph generated by a vertex. 


Definition 9.2.15 


We write L;= {ve V | lv) =n—i}, for0 Si<n; F,={uve E | ue L}, forl <j<n; 
od(v) = the number of arcs starting at v € V; and id(v) = the number of arcs end- 
ing at v € V. od(v) is called the out-degree of v. id(v) is called the in-degree of v. 


Example 9.2.16 


Consider the graph shown in Figure 9.47. 
Here, /(v,) = 0, I(v,) = (v5) = 1, 
l(v,) = 2. Therefore, Ly = {v4}, 
L, = {0, v3}, and L, = {v}}. 


2) 


FIGURE 9.47 
Directed graph: levels. 
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Example 9.2.17 


Consider the directed 3-cube given (see Figure 9.42). Here 
Ly=t{ve V | lv) ee O} = {O}; 

L,={oe V | Iv) =3- 1} ={{0), (2), (3H; 

L,={ve V | lv) =3 — 2} = {{1, 2}, {2, 3}, (1, 3}}; and 
L,=(ve V | oe —3}={{1, 2, 3}}- 


Example 9.2.18 


The diagram for the directed 4-cube Q, is shown in Figure 9.48. 
Let V(Q,) = ¢(X), where X = {1, 2, 3, 4}. 


In this directed an 
Lo=tve V | lw =4-0=4} = {PS}; 
L,={ve V | l@)=4-1=3} = tt, (21, Bp, tail; 
L,={ve V | lw) =4—2=2}={f{1, 2}, {1, 3}, (2, 3}, {1 4}, (2, 4, (3, 4H}; 
L,={ve V | lv) =4-3=1}= {{1, 2, 3}, {1, 2, 4}, {1, 3, 4}, {2, 3, 4}; and 
L,={ve V | lv) =4-4=0} = {{1, 2, 3, 4}. 


Definition 9.2.19 (Definition 1.1 of Satyanarayana and Prasad, 2003) 


Anode ve L, is said to be determined by x, 1 <iskif L,; 1 V,={x; | 1sisk}, 
and there is no x € L, other than v such that L, 4 V,, = {x; | 1 <i<k}. Here 


xX 
<1, 
{1} 2,3} 
+l, 
+L, 
{3} 
ry + 1 


FIGURE 9.48 
3-cube: levels. 
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FIGURE 9.49 
Directed 4-cube: levels. 


we recall that V, = {u € V | there exists a path from v to u} U {v} (also, refer 
Notation 9.2.13). 


Example 9.2.20 


Consider the directed 3-cube Q, with V(Q;) = g(X), where X = {1, 2, 3} 
(Figure 9.49). 

In this directed 3-cube, the vertex {1, 2} is determined by {{1}, {2}}, since 

Ly = {1}, (2), (3H, Vo, x) = (1, 2), (1, 2), D, and L, 0 Vp, ») = {1}, (2H. 


Example 9.2.21 


Consider the directed graph shown by Figure 9.50. 
Ly = {el}, L, = {c, d}, L, = {a, b}, 
V, = {a, b,c, e}, V, = {b, c, d, e}, 
L, AV, = {e, d}, L, 0 V, = {c, d}. 
Therefore, neither a nor b is determined by {c, d}. 


Definition 9.2.22 


A directed graph D is said to be completely determined if 
(i) Every node v € L, is determined by L, 4 V, and |L, 0 V,| =k 
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sy 
QX 
w 

fan 


FIGURE 9.50 
Graph: completely determined. 


(ii) {x; | 1<i<k} CL, implies that there exists v € L, such that {x; | 1 sis 
Kh=L, AV, 


(iii) Tfx, ye V, (x, xy ..., Mah=L,O V,, and {x,, xy ..., Xb =L, 9 V,, then xy. 


Example 9.2.23 


In Figure 9.51, V,,, ={U12, 07, Ug, V2, U3, V4, Vi}, Vog ={V6, V2, V3, V4, V1}. 
Now L, OV,,, = {02, 03, Va} D {02, 03} = L,AV,, and there is no arc from 
V,, to v,. So we may conclude that the given directed graph satisfies condi- 
tions (i) and (ii) of the definition of “completely determined” but not (iii). 
For a directed graph we identify the following four properties. 
(P,): Simple and having no circuits. 


FIGURE 9.51 
Graph: not completely determined. 
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(P,): The number of levels is 1 + 1 and the number of nodes at level 7 is "C; 
forO<i<n. 

(P;): id(v) = m if lv”) = m; and od(v) = m if I(v) =n — m, where id and od denote 
in-degree and out-degree, respectively. 

(P,): Completely determined. 


Lemma 9.2.24 (Satyanarayana and Prasad, 2003) 


If D satisfies P,, P,, and P3, then the number of arcs starting at level i—1 is the 
same as the number of arcs ending at level i. 


Proof 


The number of arcs starting at level 1-1 ="C;_,(n — + 1) ="C;. i= the number 
of arcs ending at level i. a 


Theorem 9.2.25 (Theorem 1.5 of Satyanarayana and Prasad, 2003) 


If D satisfies P,, P,, and P;, then every arc starting at level i — 1 ends at level i. 
(In other words, if x € L,, and arc xy exists, then y € L,,_;.) 


Proof 


We prove this by mathematical induction. 

Let P(m) be the statement: All the arcs starting at level k end at level k +1 for 
all k < m. To show P(1) is true, suppose L,, = {v,} and v € L,,;. 

Since /(v) = 1, there exists an arc from 7, to v. 

Since od(v,) =n, id(v) = 1 for each v € L,,,, and |L,_,| =n, it follows that all 
the edges starting at v, end at some v € L,,_,. So P(1) is true. 

Suppose P(m) is true (induction hypothesis). 

If P(m + 1) is not true, then since P(m) is true, there is an arc starting at level 
k =m that does not end at level m + 1. 

Since all the arcs starting at level m do not end at level m+ 1, by Lemma 
9.2.24, there exists a node y with [(y) = m + 1 that cannot receive all of its 
id(y) =m +1 arcs from level m. 

So, there exists arc xy with I(x) # m. 

If (x) < m, then since P(m) is true, every arc starts at level /(x) and ends at 
level [(x) + 1, and so I(y) = (x) + 1. Now m + 1 = I(y) = I(x) + 1 < m, which is a 
contradiction. 

If I(x) > m, then m + 1 =I(y) > I(x) 2m + 1, which is a contradiction. 
Therefore, P(m + 1) is true. The proof is complete. | 
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Corollary 9.2.26 (Corollary 1.6 of Satyanarayana and Prasad, 2003) 


Let x, ye Vand xy. Then 
@ LAV,cL,OV,. 
(ii) If D satisfies P,, P.,, P;,and P,, then L, 0 V,CL, OV, and |L,0 V,| +1= 
|L, a) V,| . 


Proof 


(i) There exists arc xy > V, CV, > L, 0 V, CL, OV, 

(ii) Let x € Ly. By Theorem 9.2.25, we have 4 y € L,,. Now by condition 
(i) of Definition 9.2.22, it follows that |L; 0 V,| =k=1+(k-DYQ=1+ 
IL, 0 V,I- | 


Note 9.2.27 


From Corollary 9.2.26, we may conclude that the converse of the statement 
given in condition (iii) of Definition 9.2.22 is true if the graph D satisfies 
properties P, through P,. 


Theorem 9.2.28 (Theorem 2.1 of Satyanarayana and Prasad, 2000) 


If D =(V, E) and D' = (V', E}) are two finite directed graphs satisfying P,, P,, 
P;, and P,, then D is isomorphic to D!. 


Proof 


Suppose L;' = {uve V! | lv) =n—-i},0<isn,and 
Fi={uv e E} | ueé L}}, 1<j] <n. Since the sets L,, L;', Fy Fo form partitions 
for V, V1, E, E}, respectively, we can define 


fu > Un and gr = Ur 
i=o i=o j=l jel 

by induction on m. 

Suppose L, = {v,}, L,! = {v,}, Ly = {v; | 1<isn}, and Ly! ={v, | 1<is<n}. 

Now define f(v,) = v,! and fv) = 0) for 1 <i<n. 

Clearly, fis a bijection from L, U i: to L,! U L,!. By Theorem 9.2.25, F, = {vv, | 
1<i<n} and F,!= {9,0} | atte 

Define g: F, > F,' as g(vv,) = 0/0, = fv)fv,). Clearly, g is a bijection from F, 
to F,1. 
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Suppose f :UfL; > UL; and g:U%z] F; > USF) are extended bijections 
with g(xy) = flx)fly). 

Let x € L,. Suppose x is determined by x; € L,, 1 <i<k, and consider f(x), 
1<is<k. 

By P,, there exists a unique x" € L,! such that L;! 4 V+ = {f(x)) | 1<i<k. 

Now define f(x) =x’. 

To show f is one-one, take x, y such that x # y. Suppose L, N V, = {x; |1sisk 
and L, 0 V,={y; | 1<i<k). 

Since x # y, we have {x;| 1<i<k}#{y,;|1<i<k. 

Since f: L; > L;| is a bijection, we have {f(x) | 1<i<h 4 {fly) | 1<ish. 

Since f(x) and f(y) are determined by f(x), 1 <i<kand f(y), 1 <i<k, respec- 
tively, we have f(x) 4 f(y). This shows that fis one-one. 

To show f is onto, take x" € L,1. Since f: L, — L,! is a bijection, we can 
suppose that L,!A0 V,«= {f(x)) | 1<i<k, x, € L,}. Now f(x) =x", where V, 0 L, = 
(x, | 1<i<k. Therefore, fis a bijection. 

Now we define g: F, — F,/ as follows: Let xy € F,. 

Suppose V,.0 L, = {x; l1isis6= 1) 

By Corollary 9.2.26, V, VL, CV, AL, |V,L,| =k-1,and there exists x, € 
L, such that V,.0 L, = {x; lisis k}. Since f(x) and f(y) are uniquely determined 
by f(x), 1 siskand f(x), 1<isk-—1, respectively by P,, we have f(x)f(y). 

Now we define g(xy) = f(x)f(y). 

To show g is onto, take x'y'e F,1. If Vj, Ly! = {y; | 1<i<k—j, by Corollary 
9.2.26, there exists y,! € L,! such that Vt. L,! = {y;! | 1<isk. 

Let x, y € V such that f(x) = x1, fly) =y! and y; € L, such that f(y,) = y;. Now 
it is clear that V, 4 L, = {y; | 1lsiskha{y; | 1sisk-1=V,L, and so xy. 

Hence, g(xy) = x'y'. The fact that ¢ is one-one directly follows from the fact 
that f is one-one. 

Hence, by mathematical induction D and G! are isomorphic. |_| 


Theorem 9.2.29 (Theorem 2.2 of Satyanarayana and Prasad, 2003) 


Ww 


Any finite directed graph D satisfying P,, P,, P;, and P, is isomorphic to Q 
the directed hypercube of dimension n. 


Proof 


If we show that Q,, satisfies P,, P,, P;, and P,, then the rest follows from 
Theorem 9.2.28. Suppose V(Q,,) = 40(X), where X is a set with |X| =n. Clearly, 
Q,, satisfies P,. Since Ie V(Q,,) is of level m if and only if || =n —m, it follows 
that the total number of levels possible is n + 1. 

Since the number of distinct subsets I of X with |I| = — m that can be 
formed is "C,,_,,,="C,,, it follows that the number of nodes at level m is "C,,, for 


alll <m<n. Hence, P, is satisfied. 
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Let /(1) =m. Then |I| =n-m. If the edge IJ exists, then |J| =n —m-—1. Since 
the number of distinct sets J with |J| = —m—1 that can be formed from the 
elements of Iis """"C,,_,,.; =1 — m, it follows that there exist 1 — m arcs, which 
start at ] and end at subsets J of I with |J| = |J| -1. 

Therefore, Q,, satisfies one part of P3. 

To show the other part, suppose J € V(Q,,) with (J) =m. Since IJ means I D J, 

|| = |J| +1 and |J| =n —m, there exist m such subsets I such that IJ € E(Q,). 

Therefore, there are m arcs that end at J. Hence, P; holds. 

It is clear that if] ¢ V(Q,), then is determined by {xj}, 1 <is<k, where I= {x; | 
1 <i<k}. Now P, follows from the definition of Q,,. 

By combining Theorems 9.2.28 and 9.2.29, we get the following main 
theorem. Oo 


Theorem 9.2.30 (Theorem 2.3 of Satyanarayana and Prasad, 2003) 


Every directed graph satisfying P,, P,, P;, and P, is isomorphic to Q, (or a 
directed graph is a directed hypercube of dimension n if and only if it satis- 
fies P,, P,, P;, and P,). 


9.3. Vector Spaces of a Graph 


The concept of a vector space is presented and illustrated in Section 1.4. In 
this section, we provide an illustration of a vector space that is associated 
with a given graph. A few fundamental results and simple examples are pre- 
sented. One can refer to Sections 1.2 and 1.3 for group-theoretic and ring- 
theoretic notations and examples. 


Theorem 9.3.1 


(i) The ring sum of two circuits in a graph G is either a circuit or an 
edge-disjoint union of circuits. 

(ii) The ring sum (given in Definition 9.1.22) of any two edge-disjoint unions 
of circuits is also a circuit or another edge-disjoint union of circuits. 


Proof 


Let I, and T, be any two circuits in a graph G. 
Case (i): If the two circuits T, and I, have no edge or no vertex in 
common, then the ring sum of [, and T, (ie, [, ® I) is a discon- 
nected subgraph of G. Clearly, it is an edge-disjoint union of circuits. 
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Case (ii): If the two circuits [’, and I, have one or more edges or ver- 
tices in common, then we have the following situations: 

(i) Since the degree of every vertex in a circuit is 2, it follows that every 
vertex v in the subgraph I", © T’, has degree d(v), where d(v) = 2, if 
vis in, only or in F, only or if one of the edges formerly incident 
on v was in both I, and I; or dv) = 4 if [, and I, just intersect at 
v (without a common edge). Therefore, inl, ® T, the degree of a 
vertex is either 2 or 4. Thus, C, ®T, is an Euler graph (by a known 
result). Since’, ® T, is an Euler graph, we have that I’, ®T,, consists 
of either a circuit or an edge-disjoint union of circuits (by a known 
result). Hence, the ring sum of two circuits is either a circuit or an 
edge-disjoint union of circuits. The proof of (i) is complete. Oo 

(ii) Follows directly from (i). 
A straightforward verification gives the following. 


Theorem 9.3.2 


The set consisting of all the circuits and the edge-disjoint unions of circuits 
(including the null set @) in a graph G is an Abelian group under the opera- 
tion ring sum ®. 

Now we give the notation of a Galois field modulo m as follows. 


Definition 9.3.3 


(i) Consider Z; = {0, 1, 2} = the ring of integers modulo 3. The addition 
and multiplication for Z; are called addition modulo 3 and multi- 
plication modulo 3. Both of these operations put together is known 
as modulo 3 arithmetic. 

Observe the addition and multiplication tables. In modulo 3 arithmetic, 
14+14+2+2+1+2+1=1 (mod 3) (Tables 9.1 and 9.2). 

In general, we can define a modulo m arithmetic system consisting 
of elements 0, 1, 2, ...,m —1 and the following relationship: for any 
q>m-—1,q=r(mod m), whereg=mpt+rand0<r<m. 


Gi 


we 


TABLE 9.1 

Addition Modulo 3 
43 0 1 2 
0 0 1 2 
1 1 2 0 
2 2 0 1 
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TABLE 9.2 
Multiplication Modulo 3 
03 0 1 2 


0 0 0 
1 0 1 2 
0 2 1 


(iii) Write Z,, = {0, 1, 2, ...,m— 1}. Now Z,, 
ber. If m is a prime number, then the field Z 
modulo m. We denote this by GF(m). 


is a field = m is a prime num- 
is called a Galois field 


m 


Example 9.3.4 


Z, = {0,1} is a Galois field modulo 2 under the addition and multiplication 
modulo 2. It is denoted by GF(2), the Galois field with two elements. 


Note 9.3.5 


(i) In an ordinary two-dimensional (Euclidean) plane, a point is repre- 
sented by an ordered pair of numbers X = (x, x,). The point X may 
be regarded as a vector. 

(ii) In a three-dimensional Euclidean space, a point can be represented 
as a triplet (%,, X5, X3). 
Sometimes, we may represent this element as the column vector 


(iii 


eS 


Consider GF(2). 

Then every number in a triplet may be equal to either 0 or 1. Thus, 
there are 8 (= 2°) vectors possible in a three-dimensional space. These 
are (0, 0,0) (0, 0, 1), (0, 1, 0), (0, 1, 1), (1, 0, 0), (1,0, 1), (1, 1, 0), (1, L, 1). 
Extending this concept, a vector in a k-dimensional Euclidean space 
is an ordered k-tuple. For example, the 7-tuple (0, 1, 1, 0, 1, 0, 1) rep- 
resents a vector in a seven-dimensional vector space over the field 
GF(2). 

(iv) The numbers from a field d are called scalars. In GF(2), the scalars 
are 0 and 1. 
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FIGURE 9.52 
Graph. 


FIGURE 9.53 
Subgraph (1, 0, 1, 0, 1). 


Note 9.3.6 


(i) Let us consider the graphs given in Figures 9.52 through 9.54. These 
graphs have four vertices and five edges, ¢,, ez, €3, €4, €;. Any subset 
of these five edges (i.e., any subgraph g) of G can be represented by a 
5-tuple: X = (%1, Xz, X3, X4, Xs), where x; = 1 if the edge e; is in g and x;=0 
if e; is not in g. 

(ii) The subgraph g, shown in Figure 9.53 may be represented as (1, 0, 1, 0, 1). 
The subgraph g, shown in Figure 9.54 may be represented as (0, 1, 1, 1, 0). 
It is clear that 2° = 32 such 5-tuples are possible, including the zero 
vector O = (0, 0, 0, 0, 0) which represents a null graph and (1, 1, 1, 1, 1) 
which represents the graph given in Figure 9.52. 


FIGURE 9.54 
Subgraph (0, 1, 1, 1, 0). 
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Note 9.3.7 


Let G be a graph with n edges. Suppose g, g, are two subgraphs and (h,, hs, 
.. 1), (fu fo «+f, are the n-tuple representations for 91, @,, respectively. If an 
edge e; is in both g, and g,, then e; is not in g, ® g>. Since e; is in both g, and 
8», it follows that h;= 1, f;= 1. Now h,+ f,= 1+ 1=0 (mod 2). So, in the binary 
representation for ¢, ® g,, the ith component is 0. The ring sum operation 
between the two subgraphs corresponds to the modulo 2 addition between 
the two n-tuples (fy, hy, ..., 1), (fu fy «--,f,) representing the two subgraphs. 


Example 9.3.8 


Consider the two subgraphs g, and g, of G shown in Figures 9.52 through 
9.54. The subgraph g, = {e1, 3, es} is represented by (1, 0, 1, 0, 1), and g, = 
{e,, €3, €4} is represented by (0, 1, 1, 1, 0). 


Clearly, 7; ® > = {e1, €x, €3, Cx, es} is represented by (1,1,0,1,1) —@.3) 


Also, the modulo 2 addition between the two 5-tuples (1, 0, 1, 0, 1) and (0, 1, 
1, 1, 0) is given by 


(1, 0, 1,0, 1) + 0,1,1,1,0)=(1+1,04+1,14+1,04+11+0)=(,10,10. (4) 


Observe that the results (9.3) and (9.4) are the same. 


Definition 9.3.9 


A vector space W, associated with a graph G consists of 
(i) a Galois field modulo 2, that is, the set {0, 1} with the addition opera- 
tion modulo 2 (written as “+”). The addition modulo 2 is given by 0 + 
0=0,1+0=1,0+1=1,1+1=0, and the multiplication modulo 2 is 
given by 0-0=0=0-1=1-0,1-1=1. 
(ii) 2° vectors (e-tuples), where e is the number of edges in G. 

(iii) An addition operation between two vectors X, Y in this space, 
defined as the vector sum X ® Y = (x, + Yq, Xp + Yo, «04, Xe + Yo), 
where X = (X1, Xx .., X), Y= (Yu Yo, «++, Y), and + being the addition 
modulo 2. 

(iv) A scalar multiplication between a scalar c € Z, and a vector X, 
defined as c - X =(cx1, CX,..., CX). 

Now we recollect the definitions (given in 1.4.17, 1.4.18, 1.4.22, 1.4.27) 
of linear combination, linear span, linear independent, and basis of 
a vector space. 


we 
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Example 9.3.10 


(i) The natural or standard basis in a k-dimensional vector space is the 


1) (0 0 
o}}a 0 

following set of k unit vectors: a ° ay 
0 
0) \o 1 


(with k elements in each column vector). 
(ii) Any vector in the k-dimensional vector space (over the field of real 
numbers) can be expressed as a linear combination of these k vectors. 


Definition 9.3.11 


Consider the vector space We associated with a given graph G. Corresponding 
to each subgraph of G, there is a vector in Wc represented by an e-tuple. 

The natural basis for this vector space W, is a set of e linearly independent 
vectors, each representing a subgraph consisting of exactly one edge of G. 


Example 9.3.12 


Consider the graph as vertices in a 5-cube. 

Here the set of five vectors (1, 0, 0, 0, 0), (0, 1, 0, 0, 0), (0, 0, 1, 0, 0), (0, 0, 0, 1, 0), 
(0, 0, 0, 0, 1) serves as a basis for Wc. The possible subgraphs are 2° = 2° = 32. 
Any of these possible 32 subgraphs can be represented (uniquely) by a linear 
combination of these five vectors. 


(I 


9.4 Prime Graph of a Ring 


In this section, we consider simple graphs. We present some fundamental 
results from Satyanarayana, Syam Prasad and Nagaraju (2010). We present 
a new concept known as the “prime graph of a ring R,” denoted by PG(R), 
where KR is a ring, and exhibit some examples of PG(R) and fundamental 
results. This forms a new bridge between the algebraic concepts of “ring,” 
and “graph theory.” 
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Definition 9.4.1 


Let R be a ring. A graph G(V, E) is said to be a prime graph of R (denoted by 
PG(R)) if V= Rand E={ xy|xRy =0 or yRx =0, and x # y}. 


Example 9.4.2 


Consider Z,, the ring of integers modulo n. 
(i) Let us construct the graph PG(R), where R = Z,. We know that R= Z,= 
{0, 1}. So V(PG(R)) = {0, 1}. Since OR1 = 0, there exists an edge between 
0 and 1. There are no other edges. So, E(PG(R)) = {01}. Now PG(R) is 
shown in Figure 9.55. 

(ii) Let us construct the graph PG(R), where R = Z;. We know that R= Z;= 
{0, 1, 2}. So, V(PG(R)) = {0, 1, 2}. Since 0R1 = 0, OR2 = 0, there exists an 
edge between 0 and 1, and also an edge between 0 and 2. There are 
no other edges, as there are no two nonzero elements x, y € R with 

xRy = 0. 
So, E(PG(R)) = {01, 02}. Now PG(R) is shown in Figure 9.56. 

(iii) Let us construct the graph PG(R), where R= Z,. We know that R= Z,= 
{0, 1, 2, 3}. So V(PG(R)) = {0, 1, 2, 3}. Since OR1 = 0, OR2 = 0, OR3 = 0, it 
follows that 01, 02, 03 € E(PG(R)). There are no other edges, as there 
are no two nonzero elements x, y € R such that xRy =0.S0 E(PG(R)) = 
{01, 02, 03}. Now PG(R) is shown in Figure 9.57. 

(iv) PG(R), where R = Z;, is shown in Figure 9.58. 

(v) Note that PG(R), when R = Z,, 1<n <5, contains no triangles, and all 
these graphs are star graphs. 

(vi) Let us construct a graph PG(R), where R = Z,. 


—S 


PG(R) = PG(Z,) 


0 e—_____1 
FIGURE 9.55 
Prime graph on Z). 
PG(R) = PG(Z3) 
0 
1 2 
FIGURE 9.56 


Prime graph on Z,. 
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PG(R) = PG(Zy) 


yAN 
1 2: 3 


FIGURE 9.57 
Prime graph on Z,. 
G(R) = ee 
FIGURE 9.58 
Prime graph on Z;. 
PG(R) = PG(Z¢) 
0 
1 5 
2 4 

3 

FIGURE 9.59 


Prime graph on Z,. 


PG(R) = PG(Z;) 
0 


io) 
Oo 


FIGURE 9.60 
Prime graph on Z,. 
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PG(R) = PG(Ze) 
0 


FIGURE 9.61 
Prime graph on Z,. 


We know that R = Z, = {0, 1, 2, 3, 4, 5}. So, V(PG(R)) = {0, 1, 2, 3, 4, 5}. 
Since OR1 = 0, OR2 = 0, 0R3 = 0, OR4 = 0, OR5 = 0, 2R3 = 0, 3R4 = 0, it fol- 
lows that 01, 02, 03, 04, 05, 23, 34 € E(PG(R)). So, E(PG(R)) = {01, 02, 03, 
04, 05, 23, 34}. 
Now PG(R) is shown in Figure 9.59. 

(vii) PG(R), where R = Z,, is shown in Figure 9.60. 

(viii) Let us construct the graph PG(R), where R = Z;. We know that R = 
Z, = {0,1, 2,3, 4, 5, 6, 7}. So V(PG(R)) = {0, 1, 2, 3, 4, 5, 6, 7}. Note that 
OR1 = 0, OR2 = 0, OR3 = 0, OR4 = 0, OR5 = 0, OR6 = 0, OR7 = 0, 2R4=0, 
4R6 =0. It is clear that E(PG(R)) = {01, 02, 03, 04, 05, 24, 46}. The graph 
PG(R) is shown in Figure 9.61. 


Observation 9.4.3 


Let R be a ring and PG(R) be its prime graph. 
(i) There are neither self-loops nor multiple edges in PG(R), and so 
PG(R) is a simple graph. 
(ii) Since ORx = 0 for all0 #x € R, there is an edge from 0 to x for all x € 
V=R. So, d(0) = | R\{0}| = |R| — 1. For any two nonzero elements 
x, y in R, there are edges one from x to 0, and another from 0 to y. 
This shows that the graph PG(R) is a connected graph. Moreover, 
d(0, x) =1 and d(x, y) <2 for any two nonzero elements x, y € R. 

(iii) If there are two nonzero elements x, y in R such that xRy = 0, then the 
subgraph generated by {0, x, y} is a triangle graph. For example, refer 
to the graph shown in Figure 9.59. Note that 2R3 = 0. So {0, 2, 3} forms 
a triangle. 

(iv) Now, it is clear that xRy = 0 or yRx = 0, if and only if d(x, y) = 1 or x = 
Oory=0. 

[Verification: Suppose xRy =0 and x #0#y. Then xy € E(PG(R)) and 
so d(x, y) =1. 

Conversely, suppose d(x, y) = 1 or x = 0 or y= 0. If x=0 or y =0, then 
xRy =0 (or yRx = 0). 
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If d(x, y)=landx#0¥#y, then xy € E(PG(R)), which implies that xRy = 
0 or yRx = 01] 
(v) xRy #0 if and only if d(x, y) =2. 
[Verification: Suppose xRy # 0. Then there is no edge between x 
and y. So, d(x, y) > 1. 
Since xRO = 0, yRO = 0, x0, Oy € E(PG(R)). Hence, d(x, y) = 2. 
Converse: Suppose that d(x, ) = 2. Since d(x, y) # 1, there is no edge 
from x to y. So, xRy # 0.] 
(vi) If Ris a commutative ring with 1, then there exists an edge between 
x and y in PG(R) if and only if xy =0. 
[Verification: Given that R is a commutative ring. Suppose that there 
is an edge between x and y in PG(R). Then xRy = 0 => xyR = 0 (since 
Ris commutative) > xy = 0 (since 1 € R). 
Converse: Suppose xy = 0. Then xyR = 0 = xRy = 0 (since R is com- 
mutative) > xy € E(PG(R)).] 
The set {0} is a dominating set for PG(R). Hence, the domination 
number of PG(R) is equal to 1. 


(vii 
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Theorem 9.4.4 (Theorem 2.4 of Satyanarayana, Prasad, and Nagaraju, 2010) 


Consider Z,, for some n, where Z,, is the ring of integers modulo n. The fol- 
lowing conditions are equivalent: 


(i) mis prime or n = p? for some prime p. 

(ii) There are no triangles in PG(Z,). 

(iii) d(x, y) =2 for any two distinct nonzero vertices of PG(Z,). 

(iv) PG(Z,,) is a star graph with the special vertex 0 (the additive identity). 


Proof 


(i) = (ii): Suppose n is a prime number. It follows that Z,, is a field. 
So, Z,, is an integral domain, which means that there are no nonzero 
zero divisors. 
Suppose that x, y €Z,\{O} and {0, x, y} is a triangle. 
Then 04x#4y #0 and xZ,y = 0, and so x is a zero divisor, which is a 
contradiction. 
This shows that the graph PG(Z,) contains no triangles, if n is a 
prime number. 
Suppose n = p? for some prime p. 
Then for any number x <n with x # p, it follows that the g.c.d of x, p is 1. 
Let us suppose that x, ye Z,\{0} with {0, x, y} is a triangle. 
Now x #y and xZ,y = 0. 
So, xy = 0, which implies that n = p? divides xy and x <n, y <n. 
This implies that p divides either x or y, which is a contradiction. 
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Hence, the graph PG(Z,,) contains no triangle, if n = p” for some prime p. 
=> (i): Suppose (ii). Let us suppose that neither 1 is prime nor n = p? 
for all primes p. 
Then by the prime decomposition theorem, there exist (at least two) 
distinct primes p,, Px ..., p, and positive integers $1, $5, ..., $, such that 
N= pip ...pe. 
Write x = pj and y = p> ...p,*. It is clear that x # y and xZ,y = 0. 
This implies that there is an edge between the two distinct vertices 
x, y in PG(Z,). 
Hence {0, x, y} forms a triangle in PG(Z,), which is a contradiction. 
(ii) = (iii): Let x, y be two nonzero distinct vertices. 
If d(x, y) =1, then {0, x, y} forms a triangle, which is a contradiction. 
By Observation 9.4.3 (ii), we conclude that d(x, y) = 2. 


i 


eS 


(iii) = (ii): Suppose (iii). Let us suppose that {0, x, y} forms a triangle in 
PG(Z,). 
Then there is an edge between x, y, and so d(x, y) = 1, which is a 
contradiction. 


Now we have proved (i) = (ii) © (iii). 
(ii) = (iv): Since PG(Z,,) contains no triangles, and Ox € E(PG(Z,,)) for all 0 4 
xe Z,, we conclude that PG(Z,,) is a star graph with the special vertex 0. 
(iv) = (iii): Since there is no edge between two distinct nonzero elements 
x, ye Z,,and x0, Oy € E(PG(Z,,)), we conclude that d(x, y) = 2. 
The proof is complete. a 


Note 9.4.5 


(i) A star graph with n vertices is called an n-star graph. 

(ii) Let R be a ring with n = |R|. Consider the graph PG(R). Since Ox € 
E(PG(R)) for all 0 # x € R, it follows that the n-star graph is a sub- 
graph of PG(R). 

Now we compare the n-cubes and prime graphs related to the rings 
R,=Z, x Z,and R,= Z, x Z, x Z). 


Remark 9.4.6 


(i 


a4 


If the ring R, = Z, x Z,= {(0, 0), (1, 0), (, 1), (1, 1}, then the correspond- 
ing 2-cube is given by Figure 9.62. 

(ii) The corresponding PG(R,) is given by Figure 9.63. 
(iii) If the ring R, = Z, x Z, x Z,={(0, 0, 0), (0, 0, 1), (0, 1, 0), (, 1, 1), (1, 0, 0), 
(1, 0, 1), (1, 1, 0), (1, 1, Df, then the corresponding 3-cube is given by 
Figure 9.64. 
The corresponding PG(R,) is given by Figure 9.65. 


we 


(iv 


~~ 
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(1, 1) 
(0,1) 0) 
(0, 0) 

FIGURE 9.62 
2-cube. 

(1,1) 

(0, 1) (1, 0) 

(0, 0) 
FIGURE 9.63 
Prime graph on Z, X Z). 

(1,11) 


FIGURE 9.64 
3-cube. 


Observation 9.4.7 


(i) From Remark 9.4.6 (i) and (ii), we can conclude that a 2-cube is not a 
prime graph. 
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(1, 1, 1) 


FIGURE 9.65 
Prime graph on Z, xX Z,X Z,. 


(ii) From Remark 9.4.6 (iii) and (iv), we can conclude that a 3-cube is not 

a prime graph. 
(iii) In general, every n-cube is not a prime graph. 

[Verification: Let G,, = (V,, E,,) be an n-cube related to the ring 
R,=Z,x Z,x... x Z, (n times). 
In the n-cube, x = (1, 0, ...,0) and y = (1, 1, 0, ..., 0) are joined by an edge. 
If the n-cube is the same as PG(R,), then xy € E(PG(R,,)), which implies 
that xR, y =0, and hence xy = 0, which is a contradiction, since xy = (1, 
0, ..., O)(1, 1, 0, ..., 0) = (1, 0, ..., 0) =x 40. 
Thus, an n-cube is not the same as PG(R,).] 


Theorem 9.4.8 (Theorem 3.1 of Satyanarayana, Prasad, and Nagaraju, 2010) 


If R is asemiprime ring, then the following conditions are equivalent: 


(i) Risa prime ring. 
(ii) PG(R) is a star graph. 
(iii) The prime graph PG(R) is a tree. 


Proof 


(i) = Gi): Let e= xy € E(PG(R)). 
Note that by the definition of PG(R), it follows that x # y. 
Then xRy = 0 or yRx = 0. This implies that x = 0 or y = 0 (since R is a 
prime ring), that is, e is an edge with an endpoint 0. 
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This shows that every edge of PG(R) has 0 as one of its endpoints, 
and so PG(R) is a star graph. 

= (iii): follows since every star graph is a tree. 

=> (i): Suppose that PG(R) of a ring R is a tree. 

Now we have to show that R is a prime ring. 

Let us suppose that R is not a prime ring. Then there exist two non- 
zero elements x, y in R such that xRy = 0. By the definition of PG(R), 
there is an edge between x and y. 

Since x #0 # y # x, it follows that {0, x, y} forms a cycle in PG(R), 
which is a contradiction to the fact that PG(R) is a tree. This shows 
that R is a prime ring. 

The proof is complete. a 
A straightforward verification shows the following. 


Gi 


(iii 


ea 


Corollary 9.4.9 (Corollary 3.2 of Satyanarayana, Prasad, and Nagaraju, 2010) 


Suppose R is a ring with |R| 2 2. Then R is a prime ring if and only if the 
diameter is 2 and the radius is 1. 


Corollary 9.4.10 (Corollary 3.3 of Satyanarayana, Prasad, and Nagaraju, 2010) 


The following conditions are true 


(i) Ris nota prime ring. 

(ii) The triangle is a subgraph of PG(R). 
(iii) There exists a chain of length greater than 2 in PG(R). 
(iv) PG(R) is not a tree. 

(v) PG(R) is not a star graph. 


Proof 


(i) & (iv) © (v) follows from Theorem 9.4.8. 
(v) = (ii): Suppose that PG(R) is not a star graph. By Note 9.4.5 (ii), it 
follows that PG(R) has an n-star graph as subgraph with n = |R|. 
It is clear that there is an edge e in PG(R) that is not in the n-star 
graph, and e= xy where x #0 4 y 4x. Therefore, {0, x, y} forms a tri- 
angle in PG(R). 
=> (iii): Let {0, x, y} be a triangle in PG(R). 
Now 0x, xy, yO is a chain of length 3 in PG(R). 
= (iv): Let xy, yz, zu be a chain of length 3 in PG(N). 
By the definition of PG(R), it is clear that x #y, y#z,z#u. 
Case (i): If x #0 4 y, then {0, x, y} forms a triangle and so PG(R) is not 
a tree. 
Case (ii): Suppose x = 0. Since x # y, it follows that y # 0. 
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If z= 0, then xy, yz form a cycle, and so PG(R) is not a tree. 
If z #0, then {0, y, z} is a triangle in PG(R), and hence PG(R) is not a tree. 
In all cases, we conclude that PG(R) is not a tree. The proof is complete. 


Notation 9.4.11 


B(R) = (x, y) | x#y,x #04 y, xRy =0 or yRx =0} CR x R, where R is a ring. 


Corollary 9.4.12 (Corollary 3.5 of Satyanarayana, Prasad, and Nagaraju, 2010) 


(i) Risa prime ring if and only if B(R) = ©. 
(ii) The number of elements in B(R) is less than or equal to the number 
of triangles in PG(R). 
(iii) If B(R) # ©, then the length of the longest walk = 3. 
(iv) B(R)#Rx R. 
(v) If Ris a prime ring, then PG(R) is not an Euler graph. 


Proof 


(i) Risa prime ring © there arenox, ye Rwithx #04y#x, and xRy=0 
= B(R) =©. 

Let (x, y) € B(R). 

Then {0, x, y} forms a triangle in PG(R). 

If (x, y), (u, v) € BCR) such that (x, y) 4 (u, 0), then x # u or y #0, and so 
the triangles {0, x, y} and {0, u, v} (in PG(R)) are distinct. 

This shows that the number of elements in B(R) is less than the num- 
ber of triangles in PG(R). 

Let (x, y) € B(R). Then 0x, xy, yO is a triangle, and this walk is of length 3. 
Hence, the length of the longest walk is greater than or equal to 3. 
Since (x, x) € (R x R)\B(R), it follows that B(R) ¢ R x R. 

If R is a prime ring, then by Theorem 9.4.8, PG(R) is a star graph. 
For any 04x € V/PG(R)), dv) = 1, an odd number. 

Now by Theorem 9.1.15, it follows that PG(R) is not an Euler graph. 
The proof is complete. a 


Gi 
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(iv 
(v 
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Result 9.4.13 (Result 3.6 of Satyanarayana, Prasad, and Nagaraju, 2010) 


Let G = PG(R). Let I be an ideal of R. For any two elements x, y € V(PG(R)), 
merge x and yin Gif x— ye I. Suppose the graph obtained is G', after removing 
loops and replacing the multiple edges by a single edge. G' is a simple graph. 

There is a bijection f: ViG!) — V(PG(R/D) such that xy € E(G') implies 
that f(x)f(y) = E(PG(R/D). Moreover, if I is a prime ideal of R, then f(x)f(y) € 
E(PG(R/])) implies that xy € E(G?). 
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In other words, if I is a prime ideal of R, then the graphs G! and PG(R/I) 
are isomorphic. 


Proof 


Suppose G!= (V1, E') andxe V1. 

Define f: Vi V(PG(R/D) by f(x) =x +1. 

Let x=y in V1. Then x and y are merged, and so x—-ye I. 

By the definition of the coset, we get that x + 1= y+ I and f(x) = f(y). 

Hence, f is well—defined. 

fw=fy) = xt+I=y+Il=x-ye Il>xandy are merged inG! > x=yinG'. 

So, f is one-one. 

For any x +1 e€ R/I, we have xe V' and f(x) =x+I. 

This shows that fis a bijection from V! to V(PG(R/I)). 

Part 1:x-ye L. 

Then x+I=y +I, and so there is no edge between f(x) = x + Iand f(y) =y+1 
in PG(R/D). 

Since x — y € I, x and y are merged, and loops are removed, it follows that 
there is no edge between x and y in G'. Since x + I=y + L, by the definition of 
a prime graph, there is no edge between x + I = f(x) and y + I= f(y). 

Part 2: Suppose x -—y¢ L. 

In this case, in the process of getting G' from G, x and y are not merged. 

So, xy € E(G) = xy € EG)). 

Since x —y € I, it follows thatx+I4#y+I. 

xy € E(G') 

= xy € E(PG(R)) 

= xRy=0,x 404 yY#X 

= (x+DR(y+D=xRy+1=0+1 

=> (x + I(R/Dy +) =0+1 (by the definition of a product in a quotient ring) 

= there is an edge between f(x) = x +I and f(y) = y+ Jin PG(R/I). 

In this case, it follows that if there is an edge between x and y in G!, then 
there is an edge between f(x) and f(y). 

Part 3: Suppose that J is a prime ideal of R. 

Also suppose that there is an edge between two distinct elements f(x) =x +1 
and f(y) = y + lin PG(R/I). We show that either x € Iorye I. 

Let us suppose x ¢ Iand y ¢ I. Then f(x) =x +1 #0 and fly) =y+I1+#0. 

Also, fx) # fly). 

Now flajfly) = («+ Dy +) € E(PG(R/D) 

=> (x+D(R/Dy+D =0+1 (by the definition of a prime graph) 
= xRy+I=0+1 (by the definition of a product in R/I) 

=> xRy cI 

= xe Iorye I (since lisa prime ideal), whichis a contradiction. 

So, either x € Tor ye I. 

Since fis a bijection and f(x) # f(y), it is clear that x # y. 

Suppose xe I. Ifye I, then f(x) =x+I=0+1 (since xe I)=y+I (since ye I= 
f(y). This implies that f(x) = f(y), which is a contradiction. 
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Now y ¢ [> y—0¢ I> yand O are not merged in the process of getting 
G! from G. Also, x € I= x -0 € I= x and 0 are merged in the process of get- 
ting G! from G. 

We know that the edge Oy is in G = PG(R). 

Since 0 and y are not merged, we conclude that the edge Oy is also in G. 

Since 0 and x are merged in the process, it follows that 0 = x in G!, and so 
fl0) = fC). 

Now Oy = xy is in G' whenever f(x)f(y) is in PG(R/I). 

This shows that G! = PG(R/I). 

The proof is complete. a 


Remark 9.4.14 (Remark 3.7 of Satyanarayana, Prasad, and Nagaraju, 2010) 


If Ris a ring with R* =0, then PG(R) is a 


(i) acomplete graph 
(ii) a Hamiltonian graph 
(iii) a regular graph 


Proof 


(i) Suppose that R is a ring with R? = 0. 
Then for any x, y € R, we have xRy = 0, and so xy € E(PG(R)) for all 
x #y. This shows that PG(R) is a complete graph. 

(ii) Since every complete graph is a Hamiltonian graph, we conclude 
that PG(R) is a Hamiltonian graph. 

(iii) By Note 1.6.19, it is clear that a complete graph is a regular graph of 

degree (p — 1) where p = |V|. Hence, PG(R) is a regular graph. The 
proof is complete. 


Definition 9.4.15 


Let R bea ring. A directed graph D = (VV, E) is said to be a prime directed graph 
of R (denoted by PDG(R)) if V=R and E ={ xy |xRy =0, x # y}. 
Observation 9.4.16 


If R is a ring, then the following two conditions are equivalent: 


@) a,be R,ab=0>ba=0. 
(ii) xsye ES yxe E. 
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Observation 9.4.17 


(i) For every 04x R, we have ORx=0=xR0,andso Ox, x0 E=E(PDG(R)). 
Therefore, the out-degree of (0) = |R| — 1; the in-degree of (0) = |R| - 1 
and the degree of (0) = (|R| — 1) + (JR| — 1) =2(|R| - 1). 

(ii) There are no self—loops in the graph PDG(R). 


Definition 9.4.18 


A directed graph D is said to be a flower graph if there exists a special/ 
particular vertex x such that xy, yx E(G) for all vertices y in G with x # y. 
A flower graph with n vertices is called an n-flower graph. 


Note 9.4.19 


(i) It is clear that an n-flower graph contains 2(n — 1) edges. 
(ii) Figure 9.66 shows a 4-flower graph as it contains four vertices. 
Figure 9.67 shows a 6-flower graph. 


Lemma 9.4.20 


For every ring R, the graph PDG(R) contains an n-flower graph as its sub- 
graph where n = |R|. 


Proof 


Write V’=V=R. 
Let 0 € V" be the special vertex. 


4-flower graph 


FIGURE 9.66 
4-flower graph. 
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6-flower graph 


FIGURE 9.67 
6-flower graph. 


For every 0#x€ R, by Observation 9.4.17 (i), we have 0x, x0 € E = E(PDG(R)). 

Write E’ = {0x, x0|0# xe V'}. 

Now G'= (V,, E’) is an n-star graph, and it is also a subgraph of the graph 
PDG(R). 

Hence, an n-star graph is a subgraph of the graph PDG(R) for every ring R 
with |R| =n. 

The proof is complete. a 


Theorem 9.4.21 


The following conditions are equivalent for a ring R. 
(i) Risa prime ring. 
(ii) The graph PDG(R) is a flower graph. 
(iii) |E| =2|R| — 2, where E = E(PDG(R)). 


Proof 


() = (ii): Let xye E = E(PDG(R)). 
Then xRy =0 = x=0 or y =0 (Since R is a prime ring). 
So every arc in E has “0” as one of its endpoints. 
Consider the n-flower graph G* = (V", E*) (defined in the proof of 
Lemma 9.4.20), which is a subgraph of the graph PDG(R). 
Here we have verified that xy¢ E> x =0 or y = 0. This implies that 
xy € E". 
This shows that the graph PDG(R) is a subgraph of G’. 
Hence, G* = PDG(R) is an n-flower graph, where |R| =n. 
(ii) = (ii): Follows from Note 9.4.19 (i). 
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(iii) = (i): By Lemma 9.4.20, the graph PDG(R) contains G’, the n-flower 
graph with special vertex 0 and n = |R|. Now G’ is a subgraph of the 
graph PDG(R). 

So |E(PDG(R))| = |E(G)| =2(|R| - 2). 

By (iii), it follows that |E(PDG(R))| = 2(|R| — 1). This shows that G* = 
PDG(R). 

Now we verify that R is a prime ring. 

Let us suppose that R is not a prime ring. 

Then there exist two distinct elements u,v € Rwithu#0#v#u such 
that uRv =0 


= uv € E(PDG(R)) 
=> uv € E(G’) (since PDG(R) =G ) 


= uoe{0x,x0|0#xeEV'} 


=> either 0 =u or 0 =1, which is a contradiction. 
This shows that R is a prime ring. The proof is complete. a 


Result 9.4.22 


Suppose R isa ring satisfying the property ab =0 which implies that aRb =0 for 
alla, be R (such a ring is called a ring with insertion factors property (IFP)). If 
R contains a nilpotent element 0 #x € R, kis the least positive integer such that 
x*=0, and k 23, then PDG(R) contains at least one circuit of length 3. 


Proof 


Suppose k 2 3 and k is the least positive integer such that x* = 0. 
Now x -x*1 = 0. This implies that x # x*1 and xRx*" = 0 (since R is a ring 
with IFP) = xx*'e€ E. 
We know that 0x, x*!0e E. Therefore, { Ox, xx*!, x10} forms a circuit. 
Hence, there is a circuit of length 3 in PDG(R). 
The proof is complete. a 


Corollary 9.4.23 


If R is a commutative ring and it contains a nilpotent element 0 # x, and k is 
the least positive integer such that x* = 0, k = 3, then the graph PDG(R) con- 
tains a circuit of length 3. 


Proof 


Let x, y€ R such that xy =0. Now xy =0 = xyr=0 forallre R 
= xry = 0 for all r € R (since R is a commutative ring) 
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This shows that R is a ring with IFP. 

By Result 9.4.22, there exists a circuit of length 3. The proof is complete. 

Now we define a relation on the set of vertices of the graph PDG(R) and 
observe some properties of the relation. 


Definition 9.4.24 


Let x, y€ R. Define a relation ~ on Rby x~y @ xyEE. 


Observation 9.4.25 


(i) In the graph PDG(R), every vertex is of even degree and hence by 
Theorem 9.1.15, it follows that PDG(R) is an Euler graph. 
(ii) By the definition of the graph PDG(R), it follows that xx¢ E.Sox~x 
is not true, and hence ~ is not a reflexive relation. 


a Db 
Take the ring R = 
ake ing re ’ 


with respect to the matrix addition and multiplication operations. 


(9 1) 4,-(1 
Let *~|0 at? 16 0 |. 
' ab). 0 1\/a b\1 0) (0 O 
rany r= ER, xry= = A 
ei laa Tay 4“lq ofllo allo of lo o 


So, xRy = 0, and hence x ~ y. 


fagel” “lag t 
orr=|, |e R, we ge 


ro 6 WE HG oe 
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So, yRx #0, and hence y ~ x is not true. 
This shows that ~ is not a symmetric relation, in general. 

(iv) Consider R, x, y as in (ii). We know that yRO = 0, 0Rx=0 = y ~ 0, and 
O~x. 


(iii 


we 


a,b,d€Z, where Z is the set of all intege| 
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By (ii), y ~ x is not true. So, y ~ 0, 0 ~ x, and the statement y ~ x is not 
true. 
This shows that ~ is not a transitive relation. 


Observation 9.4.26 


(i) From Observation 9.4.25 (ii), we conclude that the graph PDG(R) con- 
tains no self-loops. 
(ii) From Observation 9.4.25 (i), we conclude that xye E = yxe E is not 
true, in general, where E = PDG(R). 
(iii) From Observation 9.4.25 (ii), we conclude that xy, yze E> xze Eis 
not true, in general, where E = PDG(R). 


Note 9.4.27 


(i) If v,, v,, v3; are vertices of a graph G = (V, E) and the maximal sub- 
graph with vertex set {v,, V2, V3} forms a triangle, then we say that the 
set {v1, Vx, V3} forms a triangle. 

(ii) The number of triangles in the graph given by Figure 9.62 is zero. 
The number of triangles in the graph given by Figure 9.63 is one. 
The number of triangles in the graph given by Figure 9.65 is six. 


Lemma 9.4.28 (Lemma 4.5 of Satyanarayana, Prasad, and Nagaraju, 2010) 


Suppose I, and I, are two ideals of a ring R such that [, 7 I, = (0). If0 #4, € I, 
and 0 #4, € I,, then the set {0, a,, a,} forms a triangle. 


Proof 


Let 0 #a,¢€ I, and 0 #4, € I,. 
Since I, is also a right ideal, it follows that a,Ra, c I. 
Since I, is also a left ideal, it follows that a,Ra, C I. 
a,Ra, CI, N 1, = (0) = a,Ra, = 0 = there exists an edge between a, and a. 


This implies that 0a), aa2, a20 is a triangle. That is, {0, 4,, 4,} forms a triangle. 
The proof is complete. a 


Corollary 9.4.29 (Corollary 4.6 of Satyanarayana, Prasad, and Nagaraju, 2010) 


Suppose LU, and U, are two uniform ideals of a ring R such that U, 7 U, = (0). 
If0#a,¢€ U,and 0 #a, € U.,, then the set (0, a, a} forms a triangle. 
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Theorem 9.4.30 (Theorem 4.7 of Satyanarayana, Prasad, and Nagaraju, 2010) 


Let R be a ring with FDI (finite dimension on ideals). Then the number of tri- 
angles in PG(R) = (dim R)(dim R — 1). In other words, PG(R) contains at least 
(dim R)(dim R — 1) triangles. 


Proof 


Suppose k= dim R. 

Then by Theorem 5.1.2, there exist uniform ideals U;, 1 <i<k of R such that 
U,®U,®@...8U;,s, R. 

Let us fix 0 #a;€ U;for1<i<k. 

If a; =a; for i #j, then a;=a,; € U; 0 U;= (0), which is a contradiction. 

Hence, ay, as, ..., 4, are all distinct elements. 

By Corollary 9.4.29, if i 4 j, the set of vertices Vii = {0, a;, a;} forms a triangle 
in PG(R). 

This is true for all 1 <i,j <k. 

So, the number of such distinct V;,’s that can be formed using 4, ay, ..., a 
is k(k— 1). 

Hence, the number of distinct triangles in the graph is PG(R) 2 k(k — 1) = 
(dim R)(dim R — 1). 

The proof is complete. a 


Theorem 9.4.31 (Theorem 4.8 of Satyanarayana, Prasad, and Nagaraju, 2010) 


Suppose dim R =k and U,, 1 <i<kis a collection of uniform ideals whose 
sum is direct and essential in R. 

The number of triangles in PG(R) = won; (Zh jaan), where n;= |U,| — 1 for 
1<is<k. 


In other words, PG(R) contains at least Loin j (Zhan) triangles. 


Proof 


If0 4a, € U, and 0 #a, € U,, then by Corollary 9.4.29, it follows that {0, a, a} 
forms a triangle in PG(R). 

The number of such triangles (with one nonzero element x from U, and one 
nonzero element y from U,) that can be formed is |U,\{O}] x |U,\{0}| =1,- 1». 

Using the elements of U, and U;, the number of such triangles that can be 
formed is 1, -113. 

Thus, the number of such triangles that can be formed in this procedure 
with one element from U, and the other element from U, or .... or U;, is 
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i=2 


k 
rata ttnimanttet. rman y “} 


Similarly, the number of triangles that can be formed using one element 
from U, and the other element from U, or ... or U; is 


k 
NpN3 +N, +... + MN on ) Nn; | 


We can continue this procedure. 
Eventually, we get the number of triangles that can be formed in this way as 


The proof is complete. Oo 


9.5 Homomorphism of Graphs 


In this section, we present the concepts of the “homomorphism” of graphs 
and the “kernel” of a homomorphism with respect to a vertex in the codo- 
main, and suitable examples are provided. 


Definition 9.5.1 


Let G, =(V,, E,), G, = (V,, E,) be two graphs. A mapping f: V, > V, is said to be 
a homomorphism from G, to G, if there exists a mapping g: B > E, for some 
subset B of E, satisfying the following condition: 

If xy € E, and f(x) # f(y), then xy € Band g(xy) = A(x)fly). 

In this case, we say that fis a homomorphism with g (or (f, g) is (or forms) 
a homomorphism). 

Moreover, if f is one-one, then we say that (f, g) is a semi-monomorphism 
from G, to G,. 

If f, g are both one-one, then we say that (f, g) is a monomorphism from G, 
into G,. If there exists a monomorphism from G, into G,, then we say that G, 
is embedded into G, by (f, 9). 

If fis onto, then we say that (f, g) is a semi-epimorphism. 

Iff, g are both onto, then we say that (f, g) is an epimorphism from G, onto G,. 
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Note 9.5.2 


(i) If B= E£, and f, g are both bijections, then (f, g) is an isomorphism 
from G, onto G,. 

(ii) A graph G = (V, E) is said to be a single vertex null graph if V isa 
singleton set and E= ©. 


Example 9.5.3 


Let G, = (V,, E,), G. = (Vz, E,) be two graphs (given in Figures 9.68 and 9.69) 
with V, = {01, >, V3, V4} and V, = {a, b, c}. 

Define f: V, > V, by flv, =4, fv.) = b, flvs) =c, f(@,) =c. 

Write B = {0,02, 0203, 040;} C Ey. 

Define g: B > E, by g(v,0,) = ab, g(0503) = be, g(vyv,) = ca. 

Now, f together with g is a homomorphism from G, to G5. 


Definition 9.5.4 


Let f be a homomorphism from G, to G, with g: B > E,. Let x € V;. Consider 
the set f(x) = {ve V,| fv) = x}. If V' =f (x) # ©, then the maximal subgraph of 
G, with vertex set V’ is called the kernel of (f, x). 

Note that the kernel depends on both f and x. 


ia 2) 
Gr & ey 

V, = V5 
FIGURE 9.68 
Graph G,. 

a b 

Gy 

c 

FIGURE 9.69 


Graph G,. 
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Example 9.5.5 


Consider Example 9.5.3. 


(i) ae V, and f"@ = {v}}. 
The maximal subgraph of G, with vertex set {v,} is the null graph 
({v,}, S). 
Hence, the subgraph ({v,}, ©) of G, is the kernel of (f, a). 

(ii) ce V, and fc) = {03, v4}. a 
The maximal subgraph with the vertex set {v3, v,} is ({v3, Va}, {304}). 


So, the kernel of (f, c) is the subgraph ({03, v4}, {v304}) of G,. 


Note 9.5.6 


Let G, = (V,, E,), G, = (V,, E,), and (f, g) be a homomorphism from G, to G,. 
Then the following two conditions hold: 


(i) ker(f, x) is a single vertex null graph for every vertex x in G,. 
(ii) (fg) is a semi-monomorphism. 


Procedure 9.5.7 


Let G =(V, E) be a graph. Let O04 VV" cV. 
Step 1: Suppose V" = {x,, X, ..., x;}. Merge all the vertices x1, Xp, ..., X,- 
Step 2: Remove the self-loops, if any. 
Step 3: If e,, e, are multiple edges, then remove é, (i.e., replace multiple 
edges by a single edge). 
Step 4: Repeat Steps 2 and 3 until the graph becomes a simple graph. 
Step 5: Denote the graph obtained from G by procedure-1 by P-1(G/V’). 


Example 9.5.8 


Consider the graphs G, and G, mentioned in Example 9.5.3. 


The kernel of (fc) is the subgraph ({v3, v4}, {v3v4}). Write V" = {v3, v4}. 

Step 1: By merging v;, v, we get the graph in Figure 9.70. 

Step 2: By removing the self-loop, we get the graph in Figure 9.71. 

Step 3: As there are no multiple edges, there is no question of removing 
one of the parallel edges. 

Step 4: The graph obtained in Step 2 is a simple graph and P-1(G/V’) is 
given in Figure 9.71. 
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v4 Vo 
4 5 
V3 = V4 
&3 
FIGURE 9.70 
Graph after merging v3, 04. 
e 
Vi ; V» 
&4 5: 
V3 


FIGURE 9.71 
Graph after removing self-loop. 


Example 9.5.9 


Consider G,, G,, and P-1(G,/f(0) as in Example 9.5.8. 

Define f': VP-U(G,/f(0)) > VG.) by f@) =4,f @) =bf @) =6. 

Write B* = {e,, é, €,} = {0,02, 0.03, 0403}. 

Define g": B’->EG,) by 9°(0,0,) = ab, g°(V03) = bc, and g"(v,03) = ac. 

Now (f7, 2’) is a homomorphism from P-1(G,/f(0) into G,. 

Since both f” and g” are bijections, it follows that (f’, @°) forms an isomor- 
phism from P-1(G,/f“(c)) onto G). 

Now we explain a procedure to get a particular graph P—2(PG(R)/I) start- 
ing with PG(R) for a given ideal I of R and prove that there is a semi-onto 
homomorphism from P—2(PG(R)/I) to PG(R/I). We also prove that if I is a 
prime ideal of R, then this homomorphism is an epimorphism. 


Example 9.5.10 


Consider two rings (Z,, +, -), (Z3, +, :) and their prime graphs PG(Z,), PG(Z;) 
given in Figures 9.59 and 9.56. 
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Define a mapping f: V(PG(Z,)) > V(PG(Z,)) by f(0) = 0, fl) = 1, f= 2, (3) =0, 
f@) =1,f6) =2. 

Write B = {10, 05, 02, 04, 23, 34}. 

Define a mapping g: B > E(PG(Z;)) by g(10)=10, g(05) = 02, g(02) = 02, 
9(04) =01, g(23) = 02, and 9(34) =01. 

Now (f, g) isa homomorphism from PG(Z,) onto PG(Z,). 

Since both f and g are onto, we conclude that (f, g) is an epimorphism. 


Procedure 9.5.11 


Let I be an ideal of the given ring R. 

Step 1: If x—ye I, then merge x and y in PG(R). 

Step 2: Repeat Step 1 till no such further new step occurs. 

Step 3: Remove self-loops. 

Step 4: Replace multiple edges (if any) by a single edge (between the same 
endpoints). 

Step 5: The graph obtained from G through this procedure is denoted by 
P-2G/I). 


Example 9.5.12 


We apply procedure-2 to PG(Z,) with the ideal I = {0, 3}. 

Step 1: The vertices 1,4 € Z, with 4—1€ {0, 3}. So we merge 1 and 4. Then 
the graph obtained is given in Figure 9.72. 

Step 2: Since 2,5€ Z,with5—2e {0,3}, we merge 2 and 5, and then we get 
the graph given in Figure 9.73. 

Step 3: Since 0,3€ Z,with3—0Oe {0,3}, we merge 0 and 3. Then we get the 
graph given in Figure 9.74. 


Conclusion 
It is clear that the graph shown in Figure 9.74 is isomorphic to PG(Z)). 


FIGURE 9.72 
Graph after merging 1 and 4. 
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1=4 5=2 


FIGURE 9.73 
Graph after merging 2 and 5. 


FIGURE 9.74 
Graph after merging 0 and 3. 


Lemma 9.5.13 (Satyanarayana, Prasad, and Nagaraju, Homomorphisms of 
Graphs, communicated) 


Let R be a ring and I an ideal of R. Then there exists a semi-onto homomor- 
phism f: P—2(PG(R)/I) > PG(R/T). 


Proof 


Suppose R is a ring and / is an ideal of R. 

Define f: V(PG(R)) > V(PG(R/D) by fir) =r +1 for allre R. 

We know that R/I is the set of all equivalence classes of the form a + I 
(which is denoted by [a]). 

Let us take ay, ay, ..., a, € Rsuch that [a,], [a,], ..., [a,] are all distinct equiva- 
lence classes. 


Write B= {xy xye E(PG(R)), xe [ai], y € [a;] for somei#j,1<i<sn,1<j<n}. 
Suppose xye B. 

Then xy € E(PG(R)). 

This means that xRy = 0 or yRx = 0. 

Suppose x € [a], y € [a] with 1 4j. Now f(x) =4; + Land f(y) =4;+ 1. 
If xRy = 0, then (@; + 1I)(R/N@ + D) = fX(R/DfY) 

= («+ D(R/D(y + D) 

=xRy+I 

=0+]=0, 

and so f(x) f(y) =(4; +1)(a; + € E(PG(R/J)). 

If yRx = 0, then in a similar way, we can verify that 

FY) f(x) = (a; + D(a + De E(PG(R/])). 

Define g: B > E(PG(R/I)) by g(xy) = f(x) f(y) = (a; + D(a; + D. 
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Note that if a, b € V(PG(R)) with the property that f@) =a+Iand f(b) =b+1 
are equal, then there is no edge in B between a and b. 
If f(a) =a + Lis not equal to f(b) = b +1 and abe E(PG(R)), then a, b belong to 


distinct equivalence classes and so abe B. 

From this discussion, we can conclude that fis a semi-onto homomorphism 
with g: B > E(PG(R/I). 

The proof is complete. a 


Theorem 9.5.14 (Satyanarayana, Prasad, and Nagaraju, Homomorphisms 
of Graphs, communicated) 


If lis a prime ideal of R, then f (defined in Lemma 9.5.13) is an epimorphism. 
Proof 
Suppose I is a prime ideal of R. We verify that g is an onto mapping. 
Let (a;+ D(a; + De E(PG(R/1)). 
Then (a; + I)(R/N@; + 1) =0 
= a,Ra;+I1=0 


=> a,Ra = Ly 
Since I is a prime ideal, it follows that a; = 0 or a; =0. 
If a;=0, then Oa; € Band 


g(0a;)= f(0)f(a)) 
= (a; + I)(a; +1). 


The other case is similar. This shows that g is onto. 
Hence, f: P-2(PG(R)/I)  PG(R/TD) is an epimorphism. The proof is complete. 


9.6 Graph of a Near Ring with Respect to an Ideal 


In this section, we present some results relating to 3-prime ideals, equi- 
prime ideal and its corresponding graphical aspects from Babushri (2009), 
Satyanarayana, Prasad and Babushri (2010). 

Satyanarayana and Vijaya Kumari (Prime Graph of a Nearring, communi- 
cated) presented the concept of a prime graph of a near ring. In this section, 
we present a method of relating a near ring N to a graph by introducing the 
concept of a prime graph of a near ring N. The prime graph of a near ring N 
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is a graph with the elements of N as the vertices, and any two vertices x, y are 
adjacent if and only if xNy = 0 or yNx = 0. If N is a commutative ring, then the 
zero—divisor graph of N is a subgraph of the prime graph of N. We present the 
concept called the “graph of a near ring N with respect to an ideal I” denoted 
by G,(N). We define a new type of symmetry (called ideal symmetry) of a near 
ring with respect to an ideal (denoted by G,(N)). The ideal symmetry of G,(N) 
implies the symmetry determined by the automorphism group of G,(N). 

Beck (1988) related a commutative ring R to a graph using the elements 
of R as vertices, and any two vertices x, y are adjacent if and only if xy = 0. 
Anderson and Livingston (1999) proposed a modified method of associating 
a commutative ring to a graph by introducing the concept of a zero—divisor 
graph of a commutative ring. The zero—divisor graph of a commutative ring 
R is a graph with vertices as the set of nonzero divisors of R, and there is an 
edge between the vertices x, y if and only if x # y and xy = 0. Zero—divisor 
graphs are highly symmetric. We present the symmetry exhibited by G,(N). 
The related concepts are studied by Godsil and Royle (2001), Satyanarayana, 
Prasad, and Babushri (2010). For example, a human being is symmetric but 
only with respect to a specific vertical plane. We find that if I is a 3-prime 
ideal of a zero—symmetric near ring N, then I plays a role in G,(N) similar to 
the role of a specific vertical plane in case of a human being. Babushri (2009), 
Babushri, Prasad and Satyanarayana (2009, 2010), Booth and Groenewald 
(1991a, 1991b) studied the concepts of equiprime, 3-prime, and prime ideals 
of near rings. It is clear that the notions coincide in the case of rings. 


Definition 9.6.1 


Let I be an ideal of N. The graph of N with respect to J is a graph with each 
element of N as a vertex, and two distinct vertices x and y are connected by an 
edge if and only if xNy CI or yNx CI. We denote the graph of N with respect 
to Iby G,(N). An ideal I of N is called c-prime if a,b € N and ab € Iimpliesae 
Tor be I. N is called c-prime near ring if {0} is a c-prime ideal of N. An ideal 
Tof Nis called 3-prime ifa,be Nandanbe I forallne Nimpliesae [or be I. 


Example 9.6.2 


Z, has the ideals I, = {0}, I, = {0, 1}. Then G,,(Z2)=G,,(Z2) is as shown in 
Figure 9.75. 


0 1 


FIGURE 9.75 


Graph with respect to I; and I,. 
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0 
1 2 

FIGURE 9.76 
Graph with respect to ,. 

0 

1 2 

FIGURE 9.77 
Graph with respect to I). 


Example 9.6.3 


Z, has the ideals I, = {O}, I, = Z3. 


(i) G,, (Z;) (Figure 9.76) 
(ii) G,, (Z;) (Figure 9.77) 


Example 9.6.4 


Z, has the ideals I, = {0}, I, = {0, 2}, I, = Z,. 
(i) G,, (Z,) (Figure 9.78) 


FIGURE 9.78 
Graph with respect to I,. 
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0 
1 2 3 
FIGURE 9.79 
Graph with respect to I. 
0 
1 2 3 
FIGURE 9.80 
Graph with respect to 1. 
(ii) G,, (Z,) (Figure 9.79) 
(iii) G,, (Z,) (Figure 9.80) 
Example 9.6.5 
Z; has ideals I, = {0}, I, = Zs. 
(i) G,,(Z) (Figure 9.81) 
(ii) G,,(Z.) (Figure 9.82) 
0 
1 2 3 4 


FIGURE 9.81 
Graph with respect to ]). 
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FIGURE 9.82 
Graph with respect to I). 


Example 9.6.6 


Z,, has ideals I, = {0}, I, = {0, 3}, I, = {0, 2, 4}, L, = Z,. 


(i) G;,, (Z.) (Figure 9.83) 
(ii) G,, (Z,) (Figure 9.84) 
(iii) G,, (Z,) (Figure 9.85) 
(iv) G,,(Z,) (Figure 9.86) 


0 
1 2 3 4 ? 
FIGURE 9.83 
Graph with respect to I,. 
0 
FIGURE 9.84 


Graph with respect to 1). 
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FIGURE 9.85 
Graph with respect to 1. 


FIGURE 9.86 
Graph with respect to I). 


Example 9.6.7 


Let N = (0, a, b, c} be aset with binary operations + and - defined as in Tables 9.3 
and 9.4. 
Then (N, +, :) is a near ring with the ideals I, = {0}, I, = {0, a}, I; = {0, b}, L=N. 


(i) G,(N) (Figure 9.87) 
(ii) G,(N) (Figure 9.88) 


TABLE 9.3 

Addition Table 
+ 0 a b c 
0 0 a b (e 
a a 0 c b 
b b c 0 a 


c c b a 0 
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FIGURE 9.87 
Graph with respect to ],. 


FIGURE 9.88 
Graph with respect to I. 


Near Rings, Fuzzy Ideals, and Graph Theory 


TABLE 9.4 
Multiplication Table 
e 0 a b Cc 
0 0 0 0 0 
a 0 a 0 a 
b b b b b 
ic b c b c 
0 
a b c 
0 
b a c 


(iii) G),(N) (Figure 9.89) 
(iv) G),(N) (Figure 9.90) 


Remark 9.6.8 


(i) G,N) is a connected graph without self-loops and multiple edges. 
(ii) The maximum distance between any two vertices of GN) is at 
most 2. That is, d(G,(N)) < 2. 
The proofs of the following proposition and remark are straight- 


forward. 


Proposition 9.6.9 (Babushri, 2009; Proposition 3.9 of Satyanarayana, Prasad, 


and Babushri, 2010) 


Let Iand J be ideals of N such that I c J. Then Gi(N) c G(N) € GN) € Gy(N). 
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0 
a b c 
FIGURE 9.89 
Graph with respect to I,. 
0 
a b c 
FIGURE 9.90 
Graph with respect to I). 
Remark 9.6.10 


G,o(N) is the prime graph of N defined by Satyanarayana and Vijaya Kumari 
(Prime Graph of a Nearring, communicated). If |N| =n, then G,(N) is the 
complete graph on n vertices K,, 


Proposition 9.6.11 (Babushri, 2009; Proposition 3.11 of Satyanarayana, 
Prasad, and Babushri, 2010) 


Let N be integral as well as simple. Let I be an ideal of N. Then G,N) = K,, or 
GN) is a rooted tree with root vertex 0. 


Proof 


If [= N, then G,(N) = K,,. Suppose I # N. Then I = {0}. Let 0 #x #y #0. Suppose 
there exists an edge between x and y in G(N). Then xNy = 0. As N is integral, 
either xN = 0 or Ny = 0. This implies that either x? = 0 or y* = 0. Again, as N is 
integral, either x = 0 or y = 0. This is a contradiction. Hence, G,(N) is a rooted 
tree with vertex 0. 
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Definition 9.6.12 


Let G bea graph with the vertex set V(G). Then a strong vertex cut of a graph 
G is a subset S c V(G) such that G — S is totally disconnected. The strong 
vertex connectivity of G is defined by K(G) = min{n 20 | there exists a strong 
vertex cut S c VG) such that |S| =n}. The vertex connectivity (or connectiv- 
ity) of a connected graph G is defined as the minimum number of vertices, 
whose removal from G provides the disconnected graph. We denote the ver- 
tex connectivity by k(G). 


Remark 9.6.13 (Babushri, 2009; Remark 3.13 of Satyanarayana, Prasad, 
and Babushri, 2010) 


(i) k(G) < KG). 

(ii) Consider the graph G, (Z,) given in Example 9.6.6 (i). We can observe 
that {0} is a vertex cut but nota strong vertex cut of G,»(N) (as there is 
an edge between vertices 2 and 3). Note that {0, 3} is a strong vertex 
cut. Hence, k(Gio(Z,)) = 1 and K(Go(Z,)) = 2. 


Theorem 9.6.14 (Babushri, 2009; Theorem 3.14 of Satyanarayana, Prasad, 
and Babushri, 2010) 


Let I be an ideal of N. If I is 3-prime, then I is a strong vertex cut of G,(N). If I 
is 3-semiprime and I is a strong vertex cut of G,(N), then I is 3-prime. 


Proof 


Let I be a 3-prime ideal of N. If I = N, then there is nothing to prove. Let 
I#Nand x, y € N\I such that x # y. If possible, suppose there exists an edge 
between the vertices x and y in GN). Then xNy ¢I or yNx CI. Without loss 
of generality, assume xNy CI. As lis a 3-prime ideal of N, either x € Tory eé 1. 
This is a contradiction since x € N\J and y € N\I. Hence, I is a strong vertex 
cut of G,(N). 


Converse 


Suppose I is 3-semiprime and I is a strong vertex cut of GN). To prove I is 
3-prime, take x, y € N such that xNy cI. Since I is 3-semiprime, x = y implies 
that x « I. Let x4 y. If possible, suppose x € N\J and y € N\I. As [is a strong 
vertex cut of G,(N), there is no edge between x and y in G,N). This implies 
that xNy ZI and yNx ¢ I. This is a contradiction since xNy Cc I. Thus, I is a 
3-prime ideal of N. | 
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Remark 9.6.15 


(i) In Example 9.6.6 (i), we can observe that I, = {0} is not a strong vertex cut. 
(ii) Using Theorem 9.6.14, we can conclude from Example 9.6.7 (ii) that 
the ideal I, = {0, a} is a 3-prime ideal of N. 
(iii) The converse of Theorem 9.6.14 does not hold if the condition that I 
is 3-semiprime is omitted. For example, consider G;, (Z,); however, I; 
is not a 3-prime ideal since 2N2 cI, but 2 ¢ I. 


Corollary 9.6.16 


Let I be a minimal 3-prime ideal of N. Then K(G,N)) = [J]. 


Lemma 9.6.17 (Babushri, 2009; Lemma 3.17 of Satyanarayana, Prasad, and 
Babushri, 2010) 


(i) Let I be a 3-prime ideal of N and x be a vertex in G,(N). If deg(x) = 
deg(0), then x € I. 
(ii) Let n be a zero-symmetric near ring and x be a vertex in G,(N). If x € [, 
then deg(x) = deg(0). 
(iii) Let N be a zero-symmetric near ring and I be a 3-prime ideal of N. 
Then x € lif and only if deg(x) = deg(0) in G,(N). 


Proof 


To prove (i), suppose that deg(x) = deg(0). Then xNy CI or yNx CI forallye N 
such that y # x. Without loss of generality, assume xNy CI for all y €¢ N such 
that y # x. If [= N, then x € I. Let 14+ N. Choose y € N\I. As [is a3-prime ideal 
of Nand xNy Cl, we have x € I. To prove (ii), take x € I. If x =0, then the result 
is true. Let x #0. If possible, suppose that deg(x) < deg(0). Then there exists a 
vertex y such that y is not adjacent to x in G,(N). This implies that xNy ¢ I and 
yNx ¢ I. Now as x € I and J is an ideal of N, we have xN CI. Hence, xNy C ly. 
But since N is zero-symmetric, we have ly c I. It follows that xNy c I, which 
is a contradiction. This proves deg(x) = deg (0). a 


Proposition 9.6.18 (Babushri, 2009; Proposition 3.18 of Satyanarayana, 
Prasad, and Babushri, 2010) 


Let |N| =n and I be an ideal of N. Then 
(i) I< kK(G,N)) < MG(N)) < &(G(N)) < n= 1. 
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(ii) Further, if N is zero-symmetric and I is a minimal 3-prime ideal of 
N, then |I| <k(G,N)) < 6(G,(N)). 


Proof 


For any graph G, it is well known that k(G) < 1(G) < &(G). As GN) is a con- 
nected graph, the minimum number of vertices whose removal results in a 
disconnected or trivial graph is 1. Hence, 1 < k(G(N)). As |N| =n, (G,N)) $ 
deg(0) = n — 1. This proves (i). To prove (ii), let N be a zero-symmetric near 
ring and I be a minimal 3-prime ideal of N. By Corollary 9.6.16, we have |I| = 
K(G{N)). Let y be a vertex in GN) of minimum degree. By Lemma 9.6.17 (iii), 
y is adjacent to every element of I in G,(N) = |I| = K(G,(N). | 


Definition 9.6.19 


The graph G,(N) is said to be ideal symmetric if for every pair of vertices x, y 
in GN) with an edge between them, either deg(x) = deg(0) or deg(y) = deg(0). 


Remark 9.6.20 


The graphs in Examples 9.6.6 (i) and 9.6.7 (i) are not ideal symmetric, whereas 
all the other graphs given in Examples 9.6.2 through 9.6.7 are ideal symmetric. 

Note that all the graphs given in Examples 9.6.2 through 9.6.7 are symmetric 
(symmetry is determined by the automorphism group) (Beineke, Wilson, 
and Camerong, 2004; Erdos and Renyi, 1963). The smallest nontrivial graph 
(apart from the one-vertex graph) that is asymmetric has six vertices. 


Proposition 9.6.21 (Babushri, 2009; Proposition 3.21 of Satyanarayana, Prasad, 
and Babushri, 2010) 


The ideal symmetry of GN) implies the symmetry determined by the auto- 
morphism group of G,(N). 


Proof 


Suppose no edges exist between any two distinct nonzero vertices of G,(N). 
Then GN) is symmetric as it is a rooted tree with root vertex 0. Suppose 
there is an edge between x and y in G(N) and0#x #y #0. As G,(N) is ideal 
symmetric, either deg(x) = deg(0) or deg(y) = deg(0). Without loss of gener- 
ality, assume deg(x) = deg(0). This implies that x is adjacent to every other 
vertex in G,(N). Hence, the permutation of the vertex x with the vertex “0” 
preserves adjacency. Thus, the automorphism group of G,(N) is not the iden- 
tity group. This proves that GN) is symmetric. a 
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Example 9.6.22 


The graph in Example 9.6.7 (i) is symmetric but not ideal symmetric. This 
shows that the converse of Proposition 9.6.21 does not hold in general. 


Theorem 9.6.23 (Babushri, 2009; Theorem 3.23 of Satyanarayana, Prasad, 
and Babushri, 2010) 


Let I be an ideal of N. 


(a) Suppose (i) N is zero—symmetric and (ii) I is 3—prime; then G,N) is 
ideal symmetric. 

(b) (i) GN) is ideal symmetric. (ii) J is 3-semiprime. (iii) For every x € N, 
deg(x) = deg(0) in GN) implies that x € I. Then I is 3-prime and I is a 
strong vertex cut of G,(N). 


Proof 


To prove (a), let x, y be distinct vertices of GN) with an edge between x and y. 
Then xNy cI or yNx c I. Without loss of generality, assume xNy CI. As I is 
a 3-prime ideal of N, we have x € I or y € I. Now as N is a zero-symmetric 
near ring, by Lemma 9.6.17 (ii), we get deg(x) = deg(0) or deg(y) = deg(0). Thus, 
GN) is ideal symmetric. 

To prove (b), let x, ye Nand xNy CI. As lis 3-semiprime, x = y implies that x € 
I. Let x # y. Now there exists an edge between x and y in GN). As G,(N) is ideal 
symmetric, deg(x) = deg(0) or deg(y) = deg(0). This implies that x « Iorye IL. 
Thus, I is a 3-prime ideal of N. By Theorem 9.6.14, J is a strong vertex cut of GN). 


Theorem 9.6.24 (Babushri, 2009; Satyanarayana, Prasad, and Babushri, 2010) 


Suppose N is zero-symmetric and | is a 3-semiprime ideal of N. If J is a strong 
vertex cut of GN), then G,N) is ideal symmetric. 


Proof 


By Theorem 9.6.14, I is a 3-prime ideal of N. Using part (a) of Theorem 9.6.23, 
GN) is ideal symmetric. 


Corollary 9.6.25 (Babushri, 2009; Corollary 3.25 of Satyanarayana, Prasad, 
and Babushri, 2010) 


Suppose N is a commutative ring with unit element 1. Let I be a completely 
semiprime ideal of N. If GN) is ideal symmetric, then I is c-prime, and I is 
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a strong vertex cut of GN). An ideal I of N is called c-prime if a, b € N and 
ab € Iimpliesa eé I or be I. N is called c-prime nearring if {0} is a c-prime 
ideal of N. 


Proof 


Note that if I= N, then J is c-prime and [is a strong vertex cut of GN). Hence, 
assume | 4 N. Let I be completely semiprime. As N is a commutative ring, | is 
a 3-semiprime ideal. Suppose GN) is ideal symmetric. Now, let x ¢ N such 
that y # x. 

Case (i): Suppose x = 1. Then 1-1-y € I for all y € N such that y # 1. Suppose 
|N| =m. Then |I| =m — 1. We know that |I| =m —- 1 must divide |N| =m. 
This happens only if |N| =m = 2, that is, N must have exactly two elements, 
namely, 0 and the unit element 1. Now, Z, (Example 9.6.2) is the only ring of 
order with unit element 1. Note that I = {0} is a c-prime ideal of Z, and I = {0} 
is a strong vertex cut of G,(Z,). 

Case (ii): Suppose x # 1. Then we have x-1-1 € I. Hence, x € I. Using part 
(b) of Theorem 9.6.23, a 3-prime ideal and c-prime ideal coincide. Thus, I is 
c-prime, and also a strong vertex of G,(N). 


Remark 9.6.26 (Babushri, 2009; Remark 3.26 of Satyanarayana, Prasad, 
and Babushri, 2010) 


(a) Part (a) of Theorem 9.6.23 does not hold in general if any one of the 

assumptions (i) and (ii) is excluded. We present the following examples. 

Consider G;,(N) in Example 9.6.7. I, is a 3-prime ideal of N. N is not a 

zero-symmetric near ring. Note that G;,(N) is not ideal symmetric. 

(ii) Consider G;,(N) in Example 9.6.6. N is a zero-symmetric near ring. I, 
is not a 3-prime ideal of N. Note that G;,(N) is not ideal symmetric. 

(b) The class of equiprime near rings is well known in near rings. A 
rigorous study of equiprime near rings can be found in Veldsman 
(1992) with an extensive set of examples. An equiprime near ring N 
is always zero-symmetric. If N is an equiprime near ring, then I = 
{O} is an equiprime ideal of N. This further implies that I = {0} is a 
3-prime ideal of N. Hence, if N is an equiprime near ring, then Gj(N) 
is an ideal symmetric (by part (a) of Theorem 9.6.23). Thus, if N is an 
equiprime near ring, then the prime graph of N is ideal symmetric. 
We summarize this discussion with the following corollary. 


(i 


eS 


Corollary 9.6.27 (Corollary 3.27 of Satyanarayana, Prasad, and Babushri, 
2010) 


If N is an equiprime near ring, then G,(N) is ideal symmetric. 
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